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Integer partitions
λ “ pλ1, λ2, λ3, . . .q: partition of n if

λ1 ě λ2 ě λ3 ě ¨ ¨ ¨ ą 0 and n “ λ1 ` λ2 ` λ3 ` ¨ ¨ ¨ .

Write |λ| :“ λ1 ` λ2 ` λ3 ` ¨ ¨ ¨ , and ℓpλq :“ number of parts.

Example. n “ 4: p4q, p3, 1q, p2, 2q, p2, 1, 1q, p1, 1, 1, 1q.

4 “ 4
“ 3 ` 1
“ 2 ` 2
“ 2 ` 1 ` 1
“ 1 ` 1 ` 1 ` 1

ppnq :“ total number of partitions of n.
ÿ

ně0

ppnqqn “
1

p1 ´ qqp1 ´ q2qp1 ´ q3q ¨ ¨ ¨
.
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The Rogers–Ramanujan identities
The Rogers–Ramanujan identities:

ÿ

ně0

qn2

p1 ´ qq ¨ ¨ ¨ p1 ´ qnq
“

ź

ně0

1
p1 ´ q5n`1qp1 ´ q5n`4q

,

ÿ

ně0

qn2
`n

p1 ´ qq ¨ ¨ ¨ p1 ´ qnq
“

ź

ně0

1
p1 ´ q5n`2qp1 ´ q5n`3q

.

First given by Rogers (1894), and rediscovered later by
Ramanujan (1919).

The Andrews–Gordon generalization:

ÿ

N1ě¨¨¨ěNk´1ě0

qN2
1 `¨¨¨`N2

k´1

śk´1
j“1 p1 ´ qq ¨ ¨ ¨ p1 ´ qNj´Nj`1 q

“
ź

ně1
nı0,˘k pmod 2k`1q

1
1 ´ qn .

Appear in other areas, e.g., representation theory of Lie
algebras.
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The Ariki–Koike Algebras

Ariki–Koike Algebras HC,v;Q1,...,Qm

`

Gpm, 1, nq
˘

: Iwahori-Hecke
algebras associated to the complex reflection groups
Gpm, 1, nq – pZ{mZqn ¸ Sn, where v,Q1, . . . ,Qm are parameters.
Introduced by Ariki–Koike (1994) and Broué–Malle (1993)
independently.

Ariki–Mathas (2000): Simple modules of the algebras are labeled
by partitions of a certain type, namely Kleshchev multipartitions.
These partitions are defined recursively, and in general no simple
description is known except for v “ ´1.

To state their result, we need to define Kleshchev multipartitions. I’m
going to define them for a special case.
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Kleshchev multipartitions (Special case)

For 1 ď a ď m, assume

v “ ´1,Q1 “ ¨ ¨ ¨ “ Qa “ ´1,Qa`1 “ ¨ ¨ ¨ “ Qm “ 1,

and set
t1 “ ¨ ¨ ¨ “ ta “ 0, ta`1 “ ¨ ¨ ¨ “ tm “ 1.

A Kleshchev multipartition λ “ pλp1q, . . . , λpmqq is a multipartition
satisfying the following conditions:

1 each λpiq is a strict partition, i.e., partition into distinct parts;

2 λ
piq
1 ď ℓ

`

λpi`1q
˘

` pti`1 ´ tiq for 1 ď i ď m ´ 1.

Λa,m :“ t Kleshchev multipartitions u.
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Exmaple: a “ 2,m “ 3

λp3q

λp2q

λp1q

Figure: λ “ pλp1q, λp2q, λp3q
q P Λ2,3

The Ariki–Koike Algebras and q-Appell Functions (7 / 33)



Notation

px; qqn :“ p1 ´ xqp1 ´ xqq ¨ ¨ ¨ p1 ´ xqn´1q,

px; qq8 :“ lim
nÑ8

px; qqn,

px1, . . . , xk; qqn :“ px1; qqn ¨ ¨ ¨ pxk; qqn,

px1, . . . , xk; qq8 :“ px1; qq8 ¨ ¨ ¨ pxk; qq8,

„

n
k

ȷ

:“

„

n
k

ȷ

q
:“

pq; qqn

pq; qqkpq; qqn´k
for 0 ď k ď n.
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Theorem (Ariki–Mathas (2000))
ÿ

λPΛa,m

q|λ| “
pqa`1, qm´a`1, qm`2; qm`2q8

pq; q2q8pq; qq8

.

Their proof is based on the categorification theorem and the
Weyl–Kac character formula.

Recently, a q-series proof is given by Chern–Li–Stanton–Xue–Y.

Theorem (Chern–Li–Stanton–Xue–Y. (2024))

ÿ

N1,...,Nmě0

q
řm

i“1 p
Ni`1

2 q

pq; qqNm

„

N2 ` δa`1,2
N1

ȷ „

N3 ` δa`1,3
N2

ȷ

¨ ¨ ¨

„

Nm ` δa`1,m
Nm´1

ȷ

.

“
pqa`1, qm´a`1, qm`2; qm`2q8

pq; q2q8pq; qq8

.
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Blocks of Ariki–Koike algebras

Lyle–Mathas (2007) classified the blocks of the Ariki–Koike
algebras.
This classification is given in combinatorial terms, but they didn’t
even compute the generating function for simple modules in a
fixed block.

Question: Find a generating function formula for the number of
simple modules in a fixed block.

The m “ 2 case is done by Chern–Li–Stanton–Xue–Y. But, this
question is still open for m ą 2.
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2-Residues
For a partition λ,

2-residue of a node x “ pi, jq P λ:

Respxq :“ pj ´ iq mod 2.

0
1
0
1

1
0
1
0

0
1
0

1
0
1

0

Figure: 2-residue diagram of p5, 4, 4, 2q

Statistic ωpλq:

ωpλq :“ p# nodes with residue 0q ´ p# nodes with residue 1q.

Remark: This ω statistic is the same as the BG-rank of Berkovich
and Garvan introduced in 2008.
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2-Residues for Kleshchev multipartitions

For λ “ pλp1q, . . . , λpmqq P Λa,m,
2-residue of a node x “ pi, jq P λpsq:

Respxq :“ pj ´ i ` tsq mod 2.

Statistic ωpλq:

ωpλq :“
`

ωpλp1qq ` ¨ ¨ ¨ ` ωpλpaqq
˘

´
`

ωpλpa`1qq ` ¨ ¨ ¨ ` ωpλpmqq
˘

.

1
0
1

0
1
0

1
0

0 10
1

1
0

0
1

1

Figure:
`

p4, 3q, p5, 3, 2q
˘

P Λ1,2, ω “ ´1

Λa,m
ω :“ tλ P Λa,m |ωpλq “ ωu.
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Theorem (Lyle–Mathas (2007))
Simple modules in a fixed block of the Ariki–Koike algebras are
labeled by Λa,m

ω .
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Theorem (Chern–Li–Stanton–Xue–Y. (2024))

ÿ

λPΛ1,2

xωpλqq|λ| “ p´q2,´xq,´q{x; q2q8,

ÿ

λPΛ2,2

xωpλqq|λ| “
1
2

´

p´q,´x,´q2{x; q2q8 ` pq, x, q2{x; q2q8

¯

.

Corollary

ÿ

λPΛ1,2
ω

q|λ| “ qω
2 p´q2; q2q8

pq2; q2q8

,
ÿ

λPΛ2,2
ω YΛ2,2

1´ω

q|λ| “ qωpω´1q p´q; q2q8

pq2; q2q8

.

NOTE. These results can be derived by combining results of
Ariki–Mathas–Lyle and the Weyl–Kac character formula computations
for affine Lie algebras.
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Combinatorial Questions

Recall

ÿ

λPΛ1,2
ω

q|λ| “ qω2 p´q2; q2q8

pq2; q2q8

.

Any combinatorial explanations on the following identities?

|Λ1,2
ω pnq| “ |Λ1,2

´ωpnq|,

|Λ1,2
ω pnq| “ |Λ1,2

0 pn ´ ω2q|,

|Λ1,2
ω pnq| “ p

`

pn ´ ω2q{2
˘

.
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Identities arising from Kleshchev bipartitions

Theorem (Chern–Li–Stanton–Xue–Y., (2024))

ÿ

r,sě0

qr2
`s2

`r`spq2; q2qr`s`1

pq2; q2qrpq2; q2qrpq2; q2qspq2; q2qs`1
“

p´q2; q2q8

pq2; q2q8

,

ÿ

r,sě0

qr2
`s2

`2spq2; q2qr`s

pq2; q2qrpq2; q2qspq2; q2qrpq2; q2qs

`
ÿ

r,sě0

qr2
`s2

`2r`2s`2pq2; q2qr`s`1

pq2; q2qrpq2; q2qr`1pq2; q2qspq2; q2qs`1
“

p´q; q2q8

pq2; q2q8

.
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Generalizations

Theorem (Li–Seo–Stanton–Y. (preprint))

ÿ

r,sě0

zrqr2
`s2

`r`spzq2; q2qr`s`1

pzq2; q2qrpq2; q2qrpq2; q2qspzq2; q2qs`1
“

p´q2; q2q8

pzq2; q2q8

,

ÿ

r,sě0

zsqr2
`s2

`2spzq2; q2qr`s

pzq2; q2qrpq2; q2qrpzq2; q2qspq2; q2qs

`
ÿ

r,sě1

zsqr2
`s2

pzq2; q2qr`s´1

pzq2; q2qrpq2; q2qr´1pzq2; q2qspq2; q2qs´1
“

p´q; q2q8

pzq2; q2q8

.
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Non-negativity

Define
gr,spzq “

pzq; qqr`s`1

pzq; qqrpq; qqrpq; qqspzq; qqs`1
.

Note

gr,sp1q “
1

pq; qqrpq; qqs

„

r ` s ` 1
s ` 1

ȷ

.

Proposition
As a formal power series in q and z, gr,spzq has non-negative
coefficients.

NOTE. We know what statistic z keeps track of in the r, s double sum.
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Jackson’s Transformation Formula
Let

Ψ1pa; b; c, c1; x, y;λq “

8
ÿ

m“0

8
ÿ

n“0

pa; qqm`npb; qqm xmynqλnpn´1q

pq, c; qqmpq, c1; qqn
,

ΦpA,B;C;Xq “

8
ÿ

m“0

pA; qqmpB; qqm

pq; qqmpC; qqm
Xm,

1Φ1pA;C;Y;λq “

8
ÿ

n“0

pA; qqn

pq; qqnpC; qqn
Ynqλnpn´1q.

Theorem (Jackson (1944))

Ψ1pa; b; c, c1; x, y;λq

“

8
ÿ

r“0

pa, b; qqr xryrarqp1`λqrpr´1q

pq, c, c1; qqr
Φpaqr; bqr; cqr; xq1Φ1paqr; c1qr; yq2λr;λq.
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Sketch of Proof
The double sum, once q2 is replaced by q, is

lim
bÑ8

Ψ1pa; b; c, c1; x{b, y;λq

with a “ c1 “ zq2, c “ zq, x “ ´c “ ´zq, y “ q, λ “ 1{2.

1Φ1paqr; aqr; qr`1; 1{2q “ p´qr`1; qq8,

lim
bÑ8

Φpaqr, bqr; cqr;´c{bq “
1

1 ´ cqr p´cqr`1; qq8.

The right hand side of Jackson’s transformation identity:

8
ÿ

r“0

pcq; qqrq4pr
2qc2rq2r

pq; qqrpc; qqrpcq; qqr
p´qr`1; qq8

p´cqr`1; qq8

1 ´ cqr

“
p´q; qq8

pc; qq8

“
p´q; qq8

pzq; qq8

.
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Recall

ÿ

λPΛ1,2
0

q|λ| “
p´q2; q2q8

pq2; q2q8

and

ÿ

r,sě0

qr2
`s2

`r`spq2; q2qr`s`1

pq2; q2qrpq2; q2qrpq2; q2qspq2; q2qs`1
“

p´q2; q2q8

pq2; q2q8

.

Theorem

ÿ

λPΛ1,2
0

q|λ| “
ÿ

r,sě0

qr2
`s2

`r`spq2; q2qr`s`1

pq2; q2qrpq2; q2qrpq2; q2qspq2; q2qs`1
.
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t-Core Partitions

Hook and hook length:

t-Core if no hook lengths are divisible by t.

EXAMPLE. The partition p4, 2, 2, 1q is 6-core.

7 5 2 1
4 2
3 1
1

There is a well-known algorithm for getting a t-core partition
λt-core from an arbitrary partition λ. This algorithm can be
described using an abacus diagram.

The Ariki–Koike Algebras and q-Appell Functions (22 / 33)



λ “ p4, 2, 2, 1q:

...
...

8 9
6 7
4 5
2 3
0 1

ÝÑ

...
...

8 9
6 7
4 5
2 3
0 1

ÝÑ

...
...

8 9
6 7
4 5
2 3
0 1

Figure: 2-abacus of p4, 2, 2, 1q

The 2-core partition of λ can be easily constructed from the abacus
on the right side, namely λ2-core “ p2, 1q.
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2-Core Partitions
Let

∆j :“ pj, j ´ 1, . . . , 1q.

Proposition
λ is a 2-core partition if and only if λ “ ∆j for some j ě 1.

Let
P :“ t partitions u.

Theorem (Littlewood decomposition)

ÿ

λPP
λ2-core“∆j

q|λ| “
qpj`1

2 q

pq2; q2q2
8

.
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Results on strict partitions

Let
D :“ t strict partitions u.

Theorem (Li–Seo–Stanton–Y. (preprint))

ÿ

λPD
λ2-core“∆j

q|λ| “
qpj`1

2 q

pq2; q2q8

.

NOTE. Huang, Senger, Wear and Wu proved the above theorem
combinatorially, and their proof is essentially the same as ours.
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Berkovich–Uncu’s Result

Theorem (Berkovich–Uncu)

ÿ

λPD, λ1ďN
λ2-core“∆j

q|λ| “ qpj`1
2 q

„

N
tpN ´ jq{2u

ȷ

q2

.

NOTE. We can also prove this finite form using our proof.

NOTE. Recently, Dhar and Mukhopadhyay gave another
combinatorial proof.
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Theorem

ÿ

λPD
xωpλqq|λ| “ p´xq,´q3{x; q4q8p´q2; q2q8.

Key Ingredients of the proof:

ωpλq “ ωpλ2-coreq,

ωp∆jq “ p´1qj`1
R

j
2

V

.
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Generating function for Λ1,2
0

Recall

Theorem

ÿ

λPΛ1,2
0

q|λ| “
ÿ

r,sě0

qr2
`s2

`r`spq2; q2qr`s`1

pq2; q2qrpq2; q2qrpq2; q2qspq2; q2qs`1
“

p´q2; q2q8

pq2; q2q8

.
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Sketch of Proof

Let λ “ pλp1q, λp2qq P Λ1,2
0 .

Since

ωpλq “ ωpλp1qq ´ ωpλp2qq “ ωpλ
p1q

2-coreq ´ ωpλ
p2q

2-coreq “ 0,

λ
p1q

2-core “ λ
p2q

2-core.

Let

si :“ # beads in the i-runner in the 2-abacus for λp2q.

Then

s1 ` s2 “ ℓpλp2qq and λ
p1q

1 ď ℓpλp2qq ` 1 “ s1 ` s2 ` 1.

λp2q has its 2-core equal to ∆j when ps1, s2q “ ps ` j, sq or
ps, s ` j ` 1q for some s ě 0.
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ÿ

sě0

ÿ

λ
p2q
2-core“∆j

ps1,s2q“ps,s`jq

q|λp2q
|

ÿ

λ
p1q

2-core“∆j

q|λp1q
| “

ÿ

sě0

q2sps`j`1q`2pj`1
2 q

pq2; q2qspq2; q2qs`j

„

2s ` j ` 1
s

ȷ

q2,

and

ÿ

sě0

ÿ

λ
p2q
2-core“∆j

ps1,s2q“ps`j`1,sq

q|λp2q
|

ÿ

λ
p1q

2-core“∆j

q|λp1q
| “

ÿ

sě0

q2ps`1qps`j`1q`pj`1
2 q

pq2; q2qspq2; q2qs`j`1

„

2s ` j ` 2
s ` 1

ȷ

q2.

These are the r ě s and r ă s cases, respectively, in the theorem.
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Combinatorial Questions

Recall

ÿ

λPΛ1,2
ω

q|λ| “ qω2 p´q2; q2q8

pq2; q2q8

.

Any combinatorial explanations on the following identities?

|Λ1,2
ω pnq| “ |Λ1,2

´ωpnq|,

|Λ1,2
ω pnq| “ |Λ1,2

0 pn ´ ω2q|,

|Λ1,2
ω pnq| “ p

`

pn ´ ω2q{2
˘

.
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Combinatorial Proof of |Λ1,2
ω pnq| “ |Λ1,2

´ωpnq|

1 λ
p1q

1 ă ℓpλp2qq:
Move the first column of λp2q to the top of the first row of λp1q.

2 λ
p1q

1 ě ℓpλp2qq:
Move the first row of λp1q to the left of the first column of λp2q.

ðñ1 0 1 0
0 1
1

0 1
1

0
0 1
1

0 1 0
1 0
0

1 0 1
0
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Thank you!

The Ariki–Koike Algebras and q-Appell Functions (33 / 33)


