Partition hook lengths

PARTITION HOOK LENGTHS
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Partition hook lengths
Partitions

THE PARTITION FUNCTION p(n)
DEFINITION
A partition of an integer n is any nonincreasing sequence

A={A, A N

of positive integers which sum to n.
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Partition hook lengths
Partitions

THE PARTITION FUNCTION p(n)

DEFINITION

A partition of an integer n is any nonincreasing sequence

A={A, A N

of positive integers which sum to n.

NOTATION

The partition function

p(n) := # partitions of n.

4=3+1=2+2=2+141=14+1+1+1 = p(4)=5.

v
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We have that

«gr «F»r «=>» .
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Partition hook lengths
Partitions

PARTITIONS IN NUMBER THEORY

THEOREM (HARDY AND RAMANUJAN)
We have that

1 o/ 2n

p(n)~4n\/§e e

THEOREM (RAMANUJAN)

For every n, we have that
p(bn+4)=0 (mod 5),

p(Tn+5)=0 (mod 7),
p(1lln+6) =0 (mod 11).
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Partition hook lengths
Partitions

PARTITIONS IN REPRESENTATION THEORY

THEOREM (CLASSICAL)

@ There are p(n) many irreducible representations of Sy,.
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Partition hook lengths
Partitions

PARTITIONS IN REPRESENTATION THEORY

THEOREM (CLASSICAL)

@ There are p(n) many irreducible representations of Sy,.

@ For A+ n, the symmetric group S, acts on its tableaux
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Partitions

PARTITIONS IN REPRESENTATION THEORY

THEOREM (CLASSICAL)
@ There are p(n) many irreducible representations of Sy,.

@ For A& n, the symmetric group S, acts on its tableaux giving

PA - Sn = GLd(A) (Z)7
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Partitions

PARTITIONS IN REPRESENTATION THEORY

THEOREM (CLASSICAL)
@ There are p(n) many irreducible representations of Sy,.
@ For A n, the symmetric group S,, acts on its tableaux giving
PA : Sn = GLd(A) (Z)7

where d(A) := #{standard tableaux} (i.e. T rows & columns).
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Partitions

PARTITIONS IN REPRESENTATION THEORY

THEOREM (CLASSICAL)
@ There are p(n) many irreducible representations of Sy,.
@ For A& n, the symmetric group S, acts on its tableaux giving
pA : Sn = GLga)(Z),
where d(A) := #{standard tableaux} (i.e. T rows & columns).
@ In terms of hook numbers, we have

n!

W = o D)
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Partition hook lengths
Partitions

HOOK NUMBERS?

DEFINITION
Each partition A1 > A9 > --- > A\, has a Young diagram

e ... < )\ mnodes
° < Ao nodes
e ... o < Ay nodes,
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Partitions

HOOK NUMBERS?

DEFINITION
Each partition A1 > A9 > --- > A\, has a Young diagram

e ... < )\ mnodes
° < Ao nodes
e ... o < Ay nodes,

The node in row k£ and column j has hook number

h(k,j) == (A = §) + (N — k) + 1,
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Partition hook lengths
Partitions

HOOK NUMBERS?

DEFINITION
Each partition A1 > A9 > --- > A\, has a Young diagram

e ... < )\ mnodes
° < Ao nodes
e ... o < Ay nodes,

The node in row k£ and column j has hook number
h(k,j) = (A — J) + (N — k) + 1,

where )\; is the number of nodes in column j.
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Partitions

EXAMPLE
e The partition A =2+ 1 + 1 has the 3 standard tableaux

4] 3] 2]

1 1 1
12l 120 3
Bl 1B 4
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Partitions

EXAMPLE

e The partition A =2+ 1 + 1 has the 3 standard tableaux

4]

3]

2]

1 1
12/ 2]
31 4]

1
13
4]

And so, we directly see that pa : Sy — GL3(Z).

T. Amdeberhan, G. E. Andrews, K. Ono, & A. Singh

Partition hook lengths




Partition hook lengths
Partitions

EXAMPLE
e The partition A =2+ 1 + 1 has the 3 standard tableaux

4] 3] 2]

1 1 1
12l 120 3
Bl 1B 4

And so, we directly see that pp : Sy — GL3(Z).
The hook numbers of A are

1]

’>—l|l\’> =~
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Partition hook lengths
Partitions

EXAMPLE
e The partition A =2+ 1 + 1 has the 3 standard tableaux

4] 3] 2]

1 1 1
12l 120 3
Bl 1B 4

And so, we directly see that pp : Sy — GL3(Z).
The hook numbers of A are

1]

4
2
1

We have the “hook multiset” H(A) = {1,1,2,4}, and so

4!

1211 >

d(A)
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Partition hook lengths
Partitions

HOOK NUMBERS IN REPRESENTATION THEORY

REMARK

For primes p, the p-hooks “control” the reduction modulo p

PA i Sn = GLy(a)(Z) (mod p) = GLya)(Z/pZ).
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Partitions

HOOK NUMBERS IN REPRESENTATION THEORY

REMARK

For primes p, the p-hooks “control” the reduction modulo p

PA i Sn = GLy(a)(Z) (mod p) = GLya)(Z/pZ).

THEOREM (GRANVILLE-O, ’98)

Every finite simple group has an irreducible representation that
remains 1rreducible “mod p” for p > 5.
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Partition hook lengths
t-hooks in number theory

HOOKS AND INFINITE PRODUCTS

THEOREM (NEKRASOV-OKOUNKOV, 2003)

For any complex number z, we have

Ha-ar =S T (1-7).
n=1 A heH(A)
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t-hooks in number theory

HOOKS AND INFINITE PRODUCTS

THEOREM (NEKRASOV-OKOUNKOV, 2003)

For any complex number z, we have

Ha-ar =S T (1-7).
n=1 A heH(A)

REMARK

“Partition formula” for powers of Dedekind’s eta function!

T. Amdeberhan, G. E. Andrews, K. Ono, & A. Singh  Partition hook lengths



-



Let’s first classify all 2-hooks.
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Partition hook lengths
t-hooks in number theory

AN APPLICATION OF NEKRASOV-OKOUNKOV

Let’s first classify all 2-hooks.

10

P | o | Ot

#;M 'sN

8
7
1
2

241 ru.

7
5
4
1
1 %/

2-hooks follow from gaps >1 or repeated parts
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Partition hook lengths
t-hooks in number theory

AN APPLICATION OF N-O CONT.
e The only partitions without a 2-hook are triangular:

kE+(k-1)+(k—-2)+---+1
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Partition hook lengths
t-hooks in number theory

AN APPLICATION OF N-O CONT.
e The only partitions without a 2-hook are triangular:

kE+(k-1)+(k—-2)+---+1

e The triangular partitions are the only ones that matter here:

> I (1) -

AFn heH(A)
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t-hooks in number theory

AN APPLICATION OF N-O CONT.
e The only partitions without a 2-hook are triangular:

kE+(k-1)+(k—-2)+---+1
e The triangular partitions are the only ones that matter here:

(—DFQRE+1) ifn=Fk(k+1)/2,
> I (-1 |

A hEH(A) otherwise.
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t-hooks in number theory

AN APPLICATION OF N-O CONT.
e The only partitions without a 2-hook are triangular:

kE+(k-1)+(k—-2)+---+1

e The triangular partitions are the only ones that matter here:

(—DFQRE+1) ifn=Fk(k+1)/2,
> I (-1 |

A hEH(A) otherwise.

e New proof of Jacobi’s identity

o0 oo

[T0-a" =TI -a" = S (-1Fer+ 16"

n=1 n=1 k>0
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@ How are t-hooks distributed among size n partitions?
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Partition hook lengths
t-hook distributions

SO WE'RE CRAZY ABOUT HOOKS!

PROBLEMS
@ How are t-hooks distributed among size n partitions?

@ Is there a limiting distribution as n — 400 ?
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AF5000

37 o# Y = 04 704z + 921171222 + - - + 1805943379138z + 22%.

i
.

«O>» «F»r «E» < -



Partition hook lengths
t-hook distributions

EXAMPLE. t = 2 AND n = 5000

Z p#REHMY — 0 4 7042 4+ 921171222 +

-+ 4 1805943379138z% 4 2299,
AF5000
2.x 10" "°
15 %1071 °e
1.x 1071 -
5.%x 1021 s

0 10 20 30 40 50 60 70 80 90
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t-hook distributions

DISTRIBUTION OF t-HOOKS

THEOREM (GRIFFIN, O, Tsar (2022))

Among size n partitions, t-hooks are asymptotically normal

; Voen ¢ . 2 (72 —6)v6n
with mean pg(n) ~ Y2 — 5 and variance o (n) ~ 55—
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t-hook distributions

DISTRIBUTION OF t-HOOKS

THEOREM (GRIFFIN, O, Tsar (2022))

Among size n partitions, t-hooks are asymptotically normal

; Voen ¢ . 2 (72 —6)v6n
with mean pg(n) ~ Y2 — 5 and variance o (n) ~ 55—

A key tool in the proof:
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Partition hook lengths
t-hook distributions

DISTRIBUTION OF t-HOOKS

THEOREM (GRIFFIN, O, Tsar (2022))

Among size n partitions, t-hooks are asymptotically normal

; Voen ¢ . 2 (72 —6)v6n
with mean pg(n) ~ Y2 — 5 and variance o (n) ~ 55—

A key tool in the proof:

THEOREM (HAN, 2008)
If ny(A) := #{t € H(A)}, then

me |A\ H (1+ (xz— l)qtn)t‘

n=1 1—(]
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Our setting: self-conjugate partitions

QUESTION
How about self-conjugate partitions?
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Partition hook lengths
Our setting: self-conjugate partitions

SELF-CONJUGATE PARTITIONS

DEFINITION

The conjugate of a partition is obtained by switching the rows
and columns of its Young diagram.
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Partition hook lengths
Our setting: self-conjugate partitions

SELF-CONJUGATE PARTITIONS

DEFINITION

The conjugate of a partition is obtained by switching the rows
and columns of its Young diagram.

A partition is self-conjugate if it equals its conjugate.
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Partition hook lengths
Our setting: self-conjugate partitions

SELF-CONJUGATE PARTITIONS

DEFINITION

The conjugate of a partition is obtained by switching the rows
and columns of its Young diagram.

A partition is self-conjugate if it equals its conjugate.

EXAMPLES (SELF-CONJUGATES OF SIZE 3 < n < 10)

n=3 80 | n=8 e gs
s oo
n=4 8
n=9 :oooo :::
n=5 9%® . Ty
: H
n=6 98¢ n=10 33%°¢  333°
. . g
s .
n=17 :.oo
.
.
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Our setting: self-conjugate partitions

ELEMENTARY OBSERVATION

THEOREM (EZ)
If sc(n) = #{self-conjugate partitions of size n}, then

o0

Z se(n) (1+ g2+,

n=0 n=0
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Our setting: self-conjugate partitions

ELEMENTARY OBSERVATION

THEOREM (EZ)

If sc(n) = #{self-conjugate partitions of size n}, then

o0

se(n)g™ = H (1 + ¢*™th).
n=0 n=0

PROOF BY PICTURE.
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Our setting: self-conjugate partitions

ELEMENTARY OBSERVATION

THEOREM (EZ)

If sc(n) = #{self-conjugate partitions of size n}, then

i sc(n) ﬁ 1+ ¢®"th).
n=0

n=0

PROOF BY PICTURE.

e Each “right angle” has odd length and cannot be repeated.
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Our setting: self-conjugate partitions

NATURAL QUESTIONS

PROBLEMS (SC = {self-conjugate partitions})

@ In analogy with Han’s work, what is the generating function

3 am@glAl =

AeSC
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Partition hook lengths
Our setting: self-conjugate partitions

NATURAL QUESTIONS

PROBLEMS (SC = {self-conjugate partitions})

@ In analogy with Han’s work, what is the generating function

3 am@glAl =

AeSC

@ How many t-hooks are there among the partitions in SC(n)?
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Partition hook lengths
Our setting: self-conjugate partitions

NATURAL QUESTIONS

PROBLEMS (SC = {self-conjugate partitions})

@ In analogy with Han’s work, what is the generating function

3 am@glAl =

AeSC

@ How many t-hooks are there among the partitions in SC(n)?

@ How are t-hooks among partitions SC(n) distributed as n — +00?

V.
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Our setting: self-conjugate partitions

BBCFW CONJECTURE (2023)

CONJECTURE (BALLANTINE, BURSON, CRAIG, FOLSOM, WEN)

For t > 2 and positive integers n, then let

ay(n) := Z n¢(A) = #{t-hooks in all size n self-conj A}.
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Our setting: self-conjugate partitions

BBCFW CONJECTURE (2023)

CONJECTURE (BALLANTINE, BURSON, CRAIG, FOLSOM, WEN)

For t > 2 and positive integers n, then let

ay(n) := Z n¢(A) = #{t-hooks in all size n self-conj A}.
AESC(n)

If m > 1, then for all n we have

as,,(n) =0 (mod 2m).

T. Amdeberhan, G. E. Andrews, K. Ono, & A. Singh  Partition hook lengths



Partition hook lengths
Our results

SOME NOTATION

NoTATION (POCHHAMMER SYMBOL)

1 if n=0,
(@;q)n =4 (1 —a)(1 —aq)---(1 —ag™ ) ifneZy,
[T720(1 - ag’) if n = +o0.
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Our results

SOME NOTATION

NoTATION (POCHHAMMER SYMBOL)

1
(a§ Q)n = (1 —a)(l—aq)...(l_aqn—l)
Hgo‘io(l - aqj)

if n =0,
ifn€Z+,
if n = +o0.

REMARK (EZ OBSERVATION REVISITED)

(e.e]

> se(n)g” = (=5 ¢)oo-

n=0
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If t is even, then we have that

Aesc

3 @ gl = (g% - (1 - 22) 6% .
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Partition hook lengths
Our results

THEOREM 1 (AAOS)

If t is even, then we have that

t
Z 2 () q|A| = (—q; q2)oo . ((1 - xz)q%; qzt)go-
AesSC

THEOREM 2 (AAOS)
If t is odd, then we have that

Y & g = (g P - H (a3 - (1 = a2)g? )

AeScC
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Our results

THEOREM 1 (AAOS)

If t is even, then we have that

Z 2 () q|A| = (—q; q2)oo . ((1 - 1'2)(]%; q2t)go-
AesSC

THEOREM 2 (AAOS)
If t is odd, then we have that

tjil
> 2 g = (—g5¢7) o - H (30" - (1 — 2)g™; )2
AeSC

where

H(aiq) = B0 {(1_1)Z(<—I>4+12(<—l>q |

(=% ") = (@) (=4:¢")nt1 * (0% ¢*)n(= ¢*)n
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Partition hook lengths
Our results

NUMBER OF t-HOOKS: EVEN CASE

THEOREM 3 (AAOS)

If t is even, then we have that
2t 2
- (=49)
D g =t
n>1
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Our results

NUMBER OF t-HOOKS: EVEN CASE

THEOREM 3 (AAOS)

If t is even, then we have that

e 2
Za;(n)qn:t-q Q7Q)oo

_ g2t
n>1 1 q

2 (

Furthermore, we have that

ay(n) = tZsc(n — 2tj).

Jj=1
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Partition hook lengths
Our results

NUMBER OF t-HOOKS: EVEN CASE

THEOREM 3 (AAOS)

If t is even, then we have that

e 2
Za;(n)qn:t-q Q7Q)oo

_ g2t
n>1 1 q

2 (

Furthermore, we have that

ay(n) = tZsc(n — 2tj).

Jj=1

COROLLARY (AAOS)
The BBCFW Congjecture is true.
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Partition hook lengths
Our results

EXAMPLE: SC(16)

15

s[s[a]3]2]1] 5

= | oo

| oo

6[4]s]2]1]
1

[F[e[=[~][=]=]=

2[1]

|

=
[-—-jupmm,_,

o en| oo
(N]

W lw|e|oo| o

||| ~1| o0

FIGURE 1. Hook lengths of the self-conjugate partitions of 16

=l e =

@ elo| e

o|eo| | en

LIS

t | 1]12]|3|4]|5|6|7

81910

11

12

af(16) 14|14 1212|816 |2

8/1]0

1

0

TABLE 1. Values of a}(16)
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Our results

EXAMPLE CONTINUED

e The first few terms of the generating function for sc(n):

o0

> se(n)g" = (=67

n=0

=1+q++¢"+ P+ + ¢ +2¢° +2¢° +2¢"0 +2¢" + 3¢ + - -,
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Our results

EXAMPLE CONTINUED

e The first few terms of the generating function for sc(n):

o0

> se(n)g" = (=67

n=0

=1+q+*+¢" + @+ +¢" +2¢° +2¢° +2¢"° + 2¢" + 3¢ + - -

e For even ¢, Theorem 3 gives

ay(n) =t (sc(n —2t) + sc(n — 4t) + sc(n — 6t) +...).
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Partition hook lengths
Our results

EXAMPLE CONTINUED

e The first few terms of the generating function for sc(n):

> se(n)g" = (=67

=1+q+*+¢" + @+ +¢" +2¢° +2¢° +2¢"° + 2¢" + 3¢ + - -

e For even ¢, Theorem 3 gives
ay(n) =t (sc(n —2t) + sc(n — 4t) + se(n — 6t) +...).

e And so, we have

a’(16) = 2 (sc(16 — 4) 4 sc(16 — 8) + se(16 — 12) + sc¢(0)) = 14,
a3 (16) = 4 (sc(16 — 8) + sc(16 — 16)) = 12,

az(16) = 6s¢(16 — 12) = 6,

a3 (16) = 8s¢(16 — 16) = 8.
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Partition hook lengths
Our results

NUMBER OF t-HOOKS: ODD CASE

THEOREM 4 (AAOS)
If t is odd, then we have that

S at(n)q" = q'(1+ (t — 1)¢" +tg*)

1-—¢)(1+q) (-6:¢")eo

n>1
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Partition hook lengths
Our results

NUMBER OF t-HOOKS: ODD CASE
THEOREM 4 (AAOS)
If t is odd, then we have that

won o A+ =1)g" +t¢*) ,
;at(n)q = 0D (=407

Furthermore, we have that
ay(n) = Z ((=1) 74 - se(n —tj) +t - sc(n — 2tj))
i>1

=> (- ¢"(n—tj) +t-q"(n—2t5)) .

j>1
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Partition hook lengths
Our results

t-HOOK DISTRIBUTIONS IN SC

THEOREM 5 (CRAIG + OS)
As n — 400, the t-hooks are asymptotically normal in SC(n).
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A partition A is a t-core if its hook numbers are all coprime to t. '
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Partition hook lengths
Obtaining Generating Functions

t-CORE PARTITIONS

DEFINITION

A partition A is a t-core if its hook numbers are all coprime to t.

REMARK
Equivalently, a partition A is a t-core if t € H(A).
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Partition hook lengths
Obtaining Generating Functions

t-CORE PARTITIONS

DEFINITION

A partition A is a t-core if its hook numbers are all coprime to t.

REMARK
Equivalently, a partition A is a t-core if t € H(A).

THEOREM (CLASSIC)
If c,(n) denotes the number of t-core partitions of size n, then
o t. o\t
S ey = L)
(¢ @)oo

n=0

T. Amdeberhan, G. E. Andrews, K. Ono, & A. Singh  Partition hook lengths



Partition hook lengths
Obtaining Generating Functions

SELF-CONJUGATE t-CORES

THEOREM (GARVAN, KIM, STANTON)
If sci(n) := #{size n self-conjugate size t-cores}, then TFAT.
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Obtaining Generating Functions

SELF-CONJUGATE t-CORES

THEOREM (GARVAN, KIM, STANTON)

If sci(n) := #{size n self-conjugate size t-cores}, then TFAT.
(1) If t is even, then we have that

T
> san) ¢ = (—¢: %) (6507 %.
n>0
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Partition hook lengths
Obtaining Generating Functions

SELF-CONJUGATE t-CORES

THEOREM (GARVAN, KIM, STANTON)

If sci(n) := #{size n self-conjugate size t-cores}, then TFAT.

(1) If t is even, then we have that

> sa(n) ¢ = (—¢;¢%) oo

n>0

(2) If t is odd, then we have that

Z sc(n) "

n>0

(4 ¢%)oo -

t
(¢ ") 2.

t

—1

2
[e.e]

(¢*%; ¢*)

(=45 %)
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Partition hook lengths
Obtaining Generating Functions

LITTLEWOOD’S BIJECTIONS

“THEOREM” (LITTLEWOOD)

(1) The “Littlewood algorithm” associates to each A € P a t-core
w € Py and a t-quotient (v M -1y c pt,
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Partition hook lengths
Obtaining Generating Functions

LITTLEWOOD’S BIJECTIONS

“THEOREM” (LITTLEWOOD)

(1) The “Littlewood algorithm” associates to each A € P a t-core
w € Py and a t-quotient (v M -1y c pt,

(2) This map defines a bijection ¢; : P — Py x Pt given by
dt(A) = (w; O ,I/(tfl)),

where [A] = ||+t X023 (v 0],
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Partition hook lengths
Obtaining Generating Functions

LITTLEWOOD FOR SELF-CONJUGATES

THEOREM (PETREOLLE)
If A € SC, then TFAT.
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Obtaining Generating Functions

LITTLEWOOD FOR SELF-CONJUGATES

THEOREM (PETREOLLE)

If A € SC, then TFAT.
(1) We have that w € SC; is a t-core and (v, ... v(=1) ¢ Pt
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Partition hook lengths
Obtaining Generating Functions

LITTLEWOOD FOR SELF-CONJUGATES

THEOREM (PETREOLLE)

If A € SC, then TFAT.

(1) We have that w € SC; is a t-core and (v, ... v(t=1) ¢ Pt
(2) We have v) = (vE=1=DY for j € {0,1,...,|t/2] — 1}.
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Partition hook lengths
Obtaining Generating Functions

LITTLEWOOD FOR SELF-CONJUGATES

THEOREM (PETREOLLE)

If A € SC, then TFAT.

(1) We have that w € SCy is a t-core and (v(0,... v(=D) ¢ Pt
(2) We have v) = (vE=1=DY for j € {0,1,...,|t/2] — 1}.

(3) If t is odd, then v((t=D/2) = (L, ((E-1)/2)) .— |, € SC.
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Partition hook lengths
Obtaining Generating Functions

LITTLEWOOD FOR SELF-CONJUGATES

THEOREM (PETREOLLE)

If A € SC, then TFAT.

(1) We have that w € SCy is a t-core and (1/(0), D) e Pt
(2) We have v) = (vE=1=DY for j € {0,1,...,|t/2] — 1}.

8) If t is odd, then v((¢=1/2) = (L,(E=1/2)) .— /€ SC.

(3) If =

(4) We have that

A = lw| + 2t Zt/2 L@ if t is even
lw| + 2t Eiiol)m L@+t if t is odd.
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LITTLEWOOD FOR SELF-CONJUGATES

THEOREM (PETREOLLE)

If A € SC, then TFAT.

(1) We have that w € SCy is a t-core and (1/(0), D) e Pt
(2) We have v) = (vE=1=DY for j € {0,1,...,|t/2] — 1}.

8) If t is odd, then v((¢~—1/2) = (p,(¢-1/2)) .— |, ¢ SC.

(3) If =

(4) We have that

A = lw| + 2t Zt/2 L@ if t is even
lw| + 2t Eiiol)m L@+t if t is odd.

(5) The hooks that are multiples of ¢ in A are tH(v).
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Obtaining Generating Functions

LITTLEWOOD FOR SELF-CONJUGATES

THEOREM (PETREOLLE)

If A € SC, then TFAT.

(1) We have that w € SCy is a t-core and (1/(0), D) e Pt
(2) We have v) = (vE=1=DY for j € {0,1,...,|t/2] — 1}.

8) If t is odd, then v((¢~—1/2) = (p,(¢-1/2)) .— |, ¢ SC.

(3) If =

(4) We have that

A = lw| + 2t Zt/2 L@ if t is even
lw| + 2t Eiiol)m L@+t if t is odd.

(5) The hooks that are multiples of ¢ in A are tH(v).

REMARK

By (5), nt(A) is determined from 1-hooks of the quotient v.
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Partition hook lengths
Obtaining Generating Functions

COUNTING 1-HOOKS

THEOREM (AAOS)

(1) We have that

5 g g = (GO [(1_,/;73 (—m;—q)m+(1+ :i) (M;_@w}

Aesc
(2) We have that

1 (12 _ 1)nq2n2+n 1 ($2 _ 1)nq2n2—n
> 2@ g = (—g;) o0 - (17—) ) +-) .
( ) 2) 5 (%P0 T 55 (0% 0)n(-4¢%)n

Aesc
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Partition hook lengths
Obtaining Generating Functions

COUNTING 1-HOOKS

THEOREM (AAOS)

(1) We have that

Y am g = (40 [(l— 1‘“’”) (—m;—q)w(u l‘z) (JW;—q)m].

Aesc
(2) We have that

x _1n2n+n

3 e ® gl = (—g;q [(1*—)2 (4% ¢)n(—a;q

Aesc >0

1 z_l)nZnn
Ly & |

D1 = (@8- 4)n

REMARK (TWO TYPES OF SELF-CONJUGATES)

FIGURE 4. Self-conjugate partitions of 17 of Type 1 and Type 2
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Partition hook lengths
Obtaining Generating Functions

PROOF OF 1-HOOKS IN SC

e We have that

> am WAl =1+ Dy(259) + Da(x3q),
AeSC
where

Di(x;q):= Y a™WgH
AeSCy

Dy(w;q) = Y am gl
AeSCo
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Partition hook lengths
Obtaining Generating Functions

PROOF OF 1-HOOKS IN SC

e We have that

> am WAl =1+ Dy(259) + Da(x3q),
AeSC

where

Di(x;q):= Y a™WgH
AeSCy

Dy(w;q) = Y am gl
AeSCo

e One sees that these series are

n—1
Di(x;9) = qu"z H(l +2%¢¥ + 2% 4+...)  (lonely 1-hook + paired 1-hooks)
j=1

n>1
n—1
Dy(z;q) = Z ¢” (%" + 2¢" + ) H(l +2%¢% +2%% +---).  (paired 1-hooks)
n>1 j=1
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Partition hook lengths
Obtaining Generating Functions

PROOF OF 1-HOOKS IN SC CONT.

e By combining these, we obtain

n? 2n 2),2. 2
Z xnl(A)q|A| :1_’_3;.241 '(1—(1—33)42.) '2((1—33 4% q )n71_
AeSC nZl (q 7q )n
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Partition hook lengths
Obtaining Generating Functions

PROOF OF 1-HOOKS IN SC CONT.
e By combining these, we obtain

n? 2n 2\ 2. ,2
me(/\)qw:l_'_m_zq (1-(1-12)g )'2((1—$)Q7Q)n71_
AeSc n>1 (4% 4*)n

o If we let

n? .2
koG S

n>0

qn2+2n(A; q2>n
e[V R P ———k
= (@54
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Partition hook lengths
Obtaining Generating Functions

PROOF OF 1-HOOKS IN SC CONT.
e By combining these, we obtain

2
n° (1 — (1 _ x)an) . ((1 _ x2)q2'q2) 4
wnl(A)qlAI I q ( 19 )n—1
> > P,

AESC n>1
o If we let
2
q" (A5 ¢*)n
F(A;q) =) ——5—5",
T; (@%¢*)n
qn2+2n(A. q2>n

G(A;q) = Z W,

n>0

then we obtain

D am Wt =14 é J(FQ=2%9) = 1) + (- 1)- (G(L —2%q) - 1)].
AeScC
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Partition hook lengths
Obtaining Generating Functions

PROOF OF 1-HOOKS IN SC CONT.

e Heine’s 9¢1 basic hypergeometric series transformation gives

Lemma 3.2. The following are true.
7L2 .
(1) If we let F(A;q) := 3,5, ‘I(qgflffn’", then we have that
1
F(Aiq) = 5 - (-6:0') [(—ﬂ; ~0)o + (V4; —q)oo] :

7L2 a .
(2) If we let G(A;q) =350 %, then we have that

G(4;q) = 2\% (~40%)x [(—\/Z; —0)o — (V4; —Q)oo] :
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Partition hook lengths
Obtaining Generating Functions

PROOF OF 1-HOOKS IN SC CONT.

e Heine’s 5¢1 basic hypergeometric series transformation gives:

Lemma 3.2. The following are, true.
(1) If we let F(A;q) := 3,5, ¢ (Ag)e , then we have that

(¢%:¢%)n
F(A;q) = % (~4¢")o [(—\/2; ~@)ee + (V4 —q)oo] -

qn +21L(

(2) If we let G(A;q) =350 (qu)’q)" then we have that
(=4:0") [(—\/Z; —q)oc — (V4; —Q)oo] :

G(4;q) = 2xf

e This completes the proof of the 1-hook SC gen fun formulas. [J
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Partition hook lengths
Obtaining Generating Functions

GENERATING FUNCTIONS

THEOREM 1 (AAOS)

If t is even, then we have that

x
Y W = (g - (1 - 2)d™; 4%
AeSC

T. Amdeberhan, G. E. Andrews, K. Ono, & A. Singh  Partition hook lengths



Partition hook lengths
Obtaining Generating Functions

GENERATING FUNCTIONS

THEOREM 1 (AAOS)

If t is even, then we have that

x
Y W = (g - (1 - 2)d™; 4%
AeSC

THEOREM 2 (AAOS)
If t is odd, then we have that

t—1
> WM = (=360 - B (w30 - (1= 2)g™0%)eZ -
AeSC
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Partition hook lengths
Obtaining Generating Functions

PROVING THE GENERATING FUNCTIONS

e For A € SC, Pétréolle’s “Littlewood bijection” gives

Pr(A) := (w; O, ... vty e P, x P
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Obtaining Generating Functions

PROVING THE GENERATING FUNCTIONS

e For A € SC, Pétréolle’s “Littlewood bijection” gives

Pr(A) := (w; O, ... vty e P, x P

e The quotient v satisfies “conjugation” properties.
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Partition hook lengths
Obtaining Generating Functions

PROVING THE GENERATING FUNCTIONS

e For A € SC, Pétréolle’s “Littlewood bijection” gives

¢t(A) = (U), V(O), ey V(t_l)) S Pt X Pt.

e The quotient v satisfies “conjugation” properties.

e If ¢ is odd, then the middle “quotient partition” is self-conjugate.
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Obtaining Generating Functions

PROVING THE GENERATING FUNCTIONS

e For A € SC, Pétréolle’s “Littlewood bijection” gives

¢t(A) = (U), V(O), ey V(t_l)) S Pt X Pt.

e The quotient v satisfies “conjugation” properties.
e If ¢ is odd, then the middle “quotient partition” is self-conjugate.
e The t-hooks of A arise from 1-hooks in the quotient.
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Obtaining Generating Functions

PROVING THE GENERATING FUNCTIONS

e For A € SC, Pétréolle’s “Littlewood bijection” gives

¢t(A) = (w, V(O), ey V(t_l)) S Pt X Pt.

e The quotient v satisfies “conjugation” properties.
e If ¢ is odd, then the middle “quotient partition” is self-conjugate.
e The t-hooks of A arise from 1-hooks in the quotient.

e Han counted 1-hooks in all partitions.
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Obtaining Generating Functions

PROVING THE GENERATING FUNCTIONS

e For A € SC, Pétréolle’s “Littlewood bijection” gives

¢t(A) = (w, V(O), ey V(t_l)) S Pt X Pt.

e The quotient v satisfies “conjugation” properties.

e If ¢ is odd, then the middle “quotient partition” is self-conjugate.
e The t-hooks of A arise from 1-hooks in the quotient.

e Han counted 1-hooks in all partitions.

e We just counted 1-hooks in SC (needed for odd t).

T. Amdeberhan, G. E. Andrews, K. Ono, & A. Singh  Partition hook lengths



Partition hook lengths
Obtaining Generating Functions

PROVING THE GENERATING FUNCTIONS

e For A € SC, Pétréolle’s “Littlewood bijection” gives

¢t(A) = (w, V(O), ey V(t_l)) S Pt X Pt.

e The quotient v satisfies “conjugation” properties.

e If ¢ is odd, then the middle “quotient partition” is self-conjugate.
e The t-hooks of A arise from 1-hooks in the quotient.

e Han counted 1-hooks in all partitions.

e We just counted 1-hooks in SC (needed for odd t).

o Recall the generating functions for sc(n) and sc,(n).
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Partition hook lengths
Obtaining Generating Functions

PROVING THE GENERATING FUNCTIONS

e For A € SC, Pétréolle’s “Littlewood bijection” gives

Pr(A) := (w; O, ... vty e P, x P

e The quotient v satisfies “conjugation” properties.

e If ¢ is odd, then the middle “quotient partition” is self-conjugate.
e The t-hooks of A arise from 1-hooks in the quotient.

e Han counted 1-hooks in all partitions.

e We just counted 1-hooks in SC (needed for odd t).

o Recall the generating functions for sc(n) and sc,(n).

e Assemble these pieces! [
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Partition hook lengths
Counting t-hooks & BBCFW Conjecture

COUNTING t-HOOKS: EVEN CASE

THEOREM 3 (AAOS)

If t is even, then we have that

3 (W) = Yy g = ¢ LB Do

1—
AeSC n>1 q
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Partition hook lengths
Counting t-hooks & BBCFW Conjecture

COUNTING t-HOOKS: EVEN CASE

THEOREM 3 (AAOS)

If t is even, then we have that
2t 2
A - (—¢:q7)
D L
AeSC n>1
Furthermore, we have that

ay(n) = tZsc(n — 2tj).

Jj=21
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Partition hook lengths
Counting t-hooks & BBCFW Conjecture

COUNTING t-HOOKS: EVEN CASE

THEOREM 3 (AAOS)
If t is even, then we have that
2t 2
A - (—¢:q7)
> mM)g™ =3 ai(n)q =1t ?21&00‘
AeSC n>1
Furthermore, we have that
ay(n) = tZsc(n — 2tj).
j>1

In particular, the BBCEFW Conjecture is true.
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Partition hook lengths
Counting t-hooks & BBCFW Conjecture

PROOF OF THEOREM 3

e As t is even, Theorem 1 gives

Y "W g = (=g - (1= 2%)g%5¢%)

AeSC
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Partition hook lengths
Counting t-hooks & BBCFW Conjecture

PROOF OF THEOREM 3

e As t is even, Theorem 1 gives

1

Y "W = (g ) - (1 - 2)d™; 4%

AeSC
e Differentiating with respect to x and letting z = 1 gives

2t 2
q =44

> ai(n)g" = t'1(_q2t)oo = t-(¢*+q"+¢"+ ) (01 ¢*) oo
n>1
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Partition hook lengths
Counting t-hooks & BBCFW Conjecture

PROOF OF THEOREM 3

e As t is even, Theorem 1 gives

1

Y "W = (g ) - (1 - 2)d™; 4%

AeSC
e Differentiating with respect to x and letting z = 1 gives

2t 2
q =44

> ai(n)g" = t'1(_q2t)oo = t-(¢*+q"+¢"+ ) (01 ¢*) oo
n>1

e The recursive formula follows from

> s = [11+a ) = (~a:¢%)e
n>0 n=0

&
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Partition hook lengths
Summary

MOTIVATION: t-HOOKS FOR all partitions

THEOREM (GRIFFIN, O, TsAI (2022))

Among size n partitions, t-hooks are asymptotically normal
Vén 2 (72—6)v6n

t .
V20— 5 and variance op (n) ~ S 5.

with mean pg(n) ~ 53
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Partition hook lengths
Summary

MOTIVATION: t-HOOKS FOR all partitions

THEOREM (GRIFFIN, O, TsAI (2022))

Among size n partitions, t-hooks are asymptotically normal

o 2_6)/6n
with mean py(n) ~ % — £ and variance of(n) ~ %.

THEOREM (HAN, 2008)

€9 n
S ghig#en} Z I (1+(z—Dg™)"
A L—q"

n=1
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Partition hook lengths
Summary

GENERATING FUNCTIONS FOR SC

THEOREM (AAOS)
(1) If t is even, then we have that

t
3 e W g = (%) e - (1 — 22)g%; ¢*) .
AeSC
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Partition hook lengths
Summary

GENERATING FUNCTIONS FOR SC

THEOREM (AAOS)
(1) If t is even, then we have that

3 e g = (g5 ¢%)0 - (1 —22)¢%; ¢*) %
AeSC

(2) If t is odd, then we have that

> W g = (%) - B (@30) - (1 = 22 4™):2
AeSC

where
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Partition hook lengths
Summary

GENERATING FUNCTIONS FOR SC

THEOREM (AAOS)
(1) If t is even, then we have that

‘ t
Y "W = (—g;¢%) e - (1 - 2%)0™; ) -
AeSC

(2) If t is odd, then we have that

> @M M = (—g;¢%)0 - H*(z50") - (1 — 2%)¢™5 ¢*)oZ
AeSC

where

e (CB8)o0 1 (22 — 1)@+ 1 (a2 — 1)ng2n*=n
H@0) = o (1= 2 ) 2 o om) (oo 1 2 T2 a?) (o ) |-
(—¢%6*) 2) S (05 (G Pnrr 7 55 (@3 0)n(=4¢)n
v
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Partition hook lengths
Summary

NUMBER OF t-HOOKS: EVEN CASE

THEOREM (AAOS)

If t is even, then we have that

3 (W) = Y apnygn = ¢ LB Do

1—
AeSC n>1 q
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Partition hook lengths
Summary

NUMBER OF t-HOOKS: EVEN CASE

THEOREM (AAOS)

If t is even, then we have that

Z ”t(A)(I'A‘ = Zai(n) " =t- %

1—
AeSC n>1 q

Furthermore, we have that

ay(n) = tZsc(n — 2tj).

Jj=21
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Partition hook lengths
Summary

NUMBER OF t-HOOKS: EVEN CASE

THEOREM (AAOS)

If t is even, then we have that

Z ”t(A)(I'A‘ = Zai(n) " =t- %

AESC n>1 1—gq
Furthermore, we have that
ay(n) = tZsc(n — 2tj).
j=1

In particular, the BBCEFW Conjecture is true.
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Partition hook lengths
Summary

NUMBER OF t-HOOKS: ODD CASE

THEOREM (AAOS)
If t is odd, then we have that

S at(n)q" = q'(1+ (t — 1)¢" +tg*)

1-—¢)(1+q) (-6:¢")eo

n>1
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Partition hook lengths
Summary

NUMBER OF t-HOOKS: ODD CASE
THEOREM (AAOS)
If t is odd, then we have that

won o A+ =1)g" +t¢*) ,
;at(n)q = 0D (=407

Furthermore, we have that
ay(n) = Z ((=1) 74 - se(n —tj) +t - sc(n — 2tj))
i>1

=> (- ¢"(n—tj) +t-q"(n—2t5)) .

j>1
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Partition hook lengths
Summary

t-HOOK DISTRIBUTIONS IN SC

THEOREM (CRAIG+OS)

As n — 400, we have that t-hooks are asymptotically normally
distributed in SC(n).
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