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Partition

Definition 1 (Partition of a positive integer).

A partition of a positive integer 7 is a finite nonincreasing sequence of
positive integers (4, Az, . . ., A7) such that

/l|+/lz+"‘+/1{=l’l.
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Partition

Definition 1 (Partition of a positive integer).

A partition of a positive integer » is a finite nonincreasing sequence of
positive integers (4, Az, . . ., A7) such that

/l|+/12+"‘+/15=l’l.

The integers A; are called the parts of the partition. The number of partitions
of n is denoted by p(n). By convention p(0) := 1.
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Partition

Definition 1 (Partition of a positive integer).

A partition of a positive integer 7 is a finite nonincreasing sequence of
positive integers (4, Az, . . ., A7) such that

/l|+/lz+"‘+/1{=l’l.

The integers A; are called the parts of the partition. The number of partitions
of n is denoted by p(n). By convention p(0) := 1.

Example 2.

For example, p(4) = 5 with the corresponding partitions
4. G 1, 2,2, 2,1,1),1,1,1,1).
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Generating function

Definition 3 (Generating function).

For a, € C, n > 0, the generating function f(g) for the sequence (a,),>0 is
the power series

flg) = Z anqn~

n>0
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Generating function

Definition 3 (Generating function).

For a, € C, n > 0, the generating function f(g) for the sequence (a,),>0 is
the power series
f (@) = Z anqn~

n>0

The generating function for the partition function p(n), for |g| < 1, is given
by

(o] (o9 ]
Zp(n)q"znw=1+q+2q2+3q3+5q4+7q5+---.
n=0 n=1
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Partition identities

Definition 4 (Partition identities).

A partition identity is an equality for every nonnegative integer n between
the number of the partitions of » satisfying a certain condition A and the
number of those satisfying another condition B.
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Theorem 5 (Euler, Marcum-Michaelem Bousquet (1748)).

The number of partitions of n into odd parts equals to the number of
partitions of n into distinct parts.
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Partition identities

Definition 4 (Partition identities).

A partition identity is an equality for every nonnegative integer n between
the number of the partitions of » satisfying a certain condition A and the
number of those satisfying another condition B.

Theorem 5 (Euler, Marcum-Michaelem Bousquet (1748)).

The number of partitions of n into odd parts equals to the number of
partitions of n into distinct parts.

Example 6.

® (5),(3,1,1)and (1,1,1,1,1)
= (5), (4,1), and (3,2)
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Rogers and Ramanujan

Figure: Srinivasa Ramanujan ) ‘CN
Figure: Leonard James Rogers
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The Rogers-Ramanujan identities

m Rogers [Proc. Lond. Math. Soc. (1894)]
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m Rogers [Proc. Lond. Math. Soc. (1894)]

m Ramanujan [J. Indian Math. Soc. 6 (1914), Cambridge University Press
(1927), The American Mathematical Society (2000)]
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The Rogers-Ramanujan identities

m Rogers [Proc. Lond. Math. Soc. (1894)]

m Ramanujan [J. Indian Math. Soc. 6 (1914), Cambridge University Press
(1927), The American Mathematical Society (2000)]

m Schur [Sitzungsberichte der Preussischen Akadamie der
Wissenschaften (1917)]

m P. A. MacMahon [Cambridge (1918)]

Theorem 7 (The first Rogers-Ramanujan identity).

The partitions of an integer n in which the difference between any two parts
is at least 2 are equinumerous with the partitions of n into parts congruent to
1 or 4 modulo 5.
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Ar,i(”) and Br,i(n)

Theorem 8 (The second Rogers-Ramanujan identity).

The partitions of an integer n in which each part exceeds 1 and the
difference between any two parts is at least 2 are equinumerous with the
partitions of n into parts congruent to 2 or 3 modulo 5.
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Theorem 8 (The second Rogers-Ramanujan identity).

The partitions of an integer n in which each part exceeds 1 and the
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Ar,i(n) and Br,i(”)

Theorem 8 (The second Rogers-Ramanujan identity).

The partitions of an integer n in which each part exceeds 1 and the
difference between any two parts is at least 2 are equinumerous with the
partitions of n into parts congruent to 2 or 3 modulo 5.

m Gordon [Amer. J. Math. (1961)]
m Andrews [Proc. Natl. Acad. Sci. (1974)]
m Afsharijoo [Ann. Comb. (2021)]

Let r and i be positive integers with 1 <i < r.

Definition 9.

Let A, ;(n) denote the number of partitions of n into parts which are not
congruent to 0 or +i modulo 2r + 1. ‘O.\
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Rogers-Ramanujan-Gordon identities

Definition 10.

Let B, ;(n) denote the number of partitions (1;, Ay, . . ., As) of n satisfying the
following conditions:

/]-m - /lm+r—l > 2 and

at most i — | parts are equal to 1.
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Rogers-Ramanujan-Gordon identities

Definition 10.

Let B, ;(n) denote the number of partitions (4;, Az, . . ., A;) of n satisfying the
following conditions:

/]-m - /lm+r—l > 2 and

at most i — 1 parts are equal to 1.

Theorem 11 (Rogers-Ramanujan-Gordon identities).

Let r and i be positive integers with 1 < i < r. Then A, ;(n) = B, ;(n), for all
n > 0.

m The case r = 2 in Theorem 11 gives the Rogers-Ramanujan identities.
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Rogers-Ramanujan-Gordon identities

Definition 10.

Let B, ;(n) denote the number of partitions (4;, Az, . . ., A;) of n satisfying the
following conditions:

/]-m - /lm+r—l > 2 and

at most i — 1 parts are equal to 1.

Theorem 11 (Rogers-Ramanujan-Gordon identities).

Let r and i be positive integers with 1 < i < r. Then A, ;(n) = B, ;(n), for all
n > 0.

m The case r = 2 in Theorem 11 gives the Rogers-Ramanujan identities.

m The case r = 1 leads to trivial identity 1 = 1. Hence we take r > 2.
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Basil Gordon

Figure: Basil Gordon
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The Gollnitz-Gordon identities

m Gordon [Duke Math. J. 31 (1965)]
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The Gollnitz-Gordon identities

m Gordon [Duke Math. J. 31 (1965)]
m Gollnitz [J. Reine Angew. Math. (1967)]
m Ramanujan’s Lost Notebook [Springer (2008)].
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The Gollnitz-Gordon identities

m Gordon [Duke Math. J. 31 (1965)]
m Gollnitz [J. Reine Angew. Math. (1967)]
m Ramanujan’s Lost Notebook [Springer (2008)].

Theorem 12 (The first Gollnitz-Gordon identity).

The number of partitions of any positive integer n into parts congruent to 1,
4, 7 modulo 8 is equal to the number of partitions (11, Az, . . ., As) of n such
that Ay, — A1 = 2, and A,y — A1 = 3 0if A,y is even.
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The Gollnitz-Gordon identities

m Gordon [Duke Math. J. 31 (1965)]
m Gollnitz [J. Reine Angew. Math. (1967)]
m Ramanujan’s Lost Notebook [Springer (2008)].

Theorem 12 (The first Gollnitz-Gordon identity).

The number of partitions of any positive integer n into parts congruent to 1,
4, 7 modulo 8 is equal to the number of partitions (11, Az, . . ., As) of n such
that Ay, — A1 = 2, and A,y — A1 = 3 0if A,y is even.

Theorem 13 (The second Gollnitz-Gordon identity).

The number of partitions of any positive integer n into parts congruent to 3,
4, 5 modulo 8 is equal to the number of partitions (11, Az, . . ., As) of n such
that A; > 3, 4y — Aps1 = 2, and Ay — Ay = 3 0f A,y 1S even.
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Cr,i(n) and Dr,i(”)

m Andrews [Proc. Amer. Math. Soc. (1967)].
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Cr,i(n) and Dr,i(”)

m Andrews [Proc. Amer. Math. Soc. (1967)].

Let r and i be positive integers with 1 <i <r.

Definition 14.

Let C,;(n) denote the number of partitions of # into parts which are not
congruent to 2 modulo 4 and also not congruent to 0 or £(2i — 1) modulo 4r.
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Cr,i(n) and Dr,i(n)

m Andrews [Proc. Amer. Math. Soc. (1967)].

Let r and i be positive integers with 1 <i <r.

Definition 14.

Let C,;(n) denote the number of partitions of # into parts which are not
congruent to 2 modulo 4 and also not congruent to 0 or £(2i — 1) modulo 4r.

Definition 15.

Let D, ;(n) denote the number of partitions (4;, A, . . ., As) of n satisfying the
following conditions:

No odd part is repeated,
A — Apar—1 = 2 1f A, 18 0dd,
Ay — Aper—q = 3 1f A, is even, and

at most i — | parts are equal to 1 or 2. ‘O.\
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Gollnitz-Gordon-Andrews identities

Theorem 16 (Gollnitz-Gordon-Andrews identities).

Let r and i be positive integers with 1 < i < r. Then C,;(n) = D, ;(n), for all
n > 0.
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Graded ring

Definition 17 (Graded ring).

A graded ring is a ring A together with a family (A;);~o of subgroups of the
additive group of A, such that A = @;io Ajand Aj A, CA; 4, forall
J1:j22 0.
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Graded ring

Definition 17 (Graded ring).

A graded ring is a ring A together with a family (A;);~o of subgroups of the
additive group of A, such that A = @;zo Ajand Aj A, CA; 4, forall
J1:j22 0.

Remark 18.
Ay is a subring of A.
Each A; is an Ag-module.

A non-zero element of A; is said to be homogeneous element of degree j.
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Homogeneous ideal

Definition 19 (Homogeneous ideal).

An ideal / of a graded ring A is called homogeneous if it is generated by
homogeneous elements.
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Homogeneous ideal

Definition 19 (Homogeneous ideal).

An ideal / of a graded ring A is called homogeneous if it is generated by
homogeneous elements.

Remark 20.

A homogeneous ideal I is the direct sum of its homogeneous parts

ii=1nA;ie I=@1
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Homogeneous ideal

Definition 19 (Homogeneous ideal).

An ideal / of a graded ring A is called homogeneous if it is generated by
homogeneous elements.

Remark 20.

A homogeneous ideal I is the direct sum of its homogeneous parts
I :=INAjie,I= @FO 1.

If I is a homogeneous ideal of a graded ring A, then the quotient ring ‘%
is also a graded ring, decomposed as

ocA
-D7

J=0

~|>
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Graded algebra

Definition 21 (Graded algebra).

Let F be a field. A graded ring A = EB;:O A; is called a graded FF-algebra if it
is also an F-algebra, and A; is a vector space for all j > 0 with Ag = F.
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Graded algebra

Definition 21 (Graded algebra).

Let F be a field. A graded ring A = EB;:O A; is called a graded FF-algebra if it
is also an F-algebra, and A; is a vector space for all j > 0 with Ag = F.

Definition 22 (Weight of a polynomlal)

The weight of the monomial x PRREE ””’ € Flxy,x,...] is defined as
iy ixak. A polynomial f(x) € F[xl,xz, ...] is said to be a homogeneous
polynomial of weight a if every monomial of f(x) has the same weight a.
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Hilbert-Poincaré series

Example 23 (Gradation by weight).

Let F be a field of characteristic zero. Then A := F[x;,xp,...] is a graded
algebra. A is graded by weight, i.e., A = @;O Aj, where A; is the set of
polynomials of weight j along with zero polynomial.

20/56



Hilbert-Poincaré series

Example 23 (Gradation by weight).

Let F be a field of characteristic zero. Then A := F[x;,xp,...] is a graded
algebra. A is graded by weight, i.e., A = @;0 Aj, where A; is the set of
polynomials of weight j along with zero polynomial.

Definition 24 (Hilbert-Poincaré series).

Let F be a field of characteristic zero and A = EB;O A; be a graded F-algebra
such that dimg(A;) < co. Then the Hilbert-Poincaré series of A is

HPA(q) := ) dima(A,)q.

>0
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My Collaborators

. Figure: Dr. Gurinder Singh
Figure: Prof. Rupam Barman ‘ ‘C\
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J-Generalization of the Gollnitz-Gordon-Andrews identities
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Gollnitz-Gordon-Andrews identities and Generating
function of C, ;(n)

Theorem 25 (Gollnitz-Gordon-Andrews identities).

Let r and i be positive integers with 1 < i < r. Then C,;(n) = D, ;(n), for all
n > 0.

m The case r = 2 in Theorem 25 gives the Gollnitz-Gordon identities.

m The case r = 1 leads to trivial identity 1 = 1. We take r > 2.
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Let r and i be positive integers with 1 < i < r. Then C,;(n) = D, ;(n), for all
n > 0.

m The case r = 2 in Theorem 25 gives the Gollnitz-Gordon identities.

m The case r = 1 leads to trivial identity 1 = 1. We take r > 2.
For 1 <i < r, define

1
T=q"

Ci(q) :=
m>1, m#z2 (mod 4)
m#0, 2r+(2i—1) (mod 4r)
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Gollnitz-Gordon-Andrews identities and Generating
function of C, ;(n)

Theorem 25 (Gollnitz-Gordon-Andrews identities).

Let r and i be positive integers with 1 < i < r. Then C,;(n) = D, ;(n), for all
n > 0.

m The case r = 2 in Theorem 25 gives the Gollnitz-Gordon identities.

m The case r = 1 leads to trivial identity 1 = 1. We take r > 2.
For 1 <i < r, define

1
T=q"

Ci(q) :=
m>1, m#z2 (mod 4)
m#0, 2r+(2i—1) (mod 4r)

m C,_i+1(g) is the generating function of C,;(n). ; ‘q
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Generalization of C;(q)

For g > 1, the series C(,_1)+i(¢) is defined recursively by Coulson et al.
[Ramanujan J. (2017)] as follows: For i = 1

Cir-1)g+1(q) = Cr-1)g-1)+-(q)
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Generalization of C;(q)

For g > 1, the series C(,_1)+i(¢) is defined recursively by Coulson et al.
[Ramanujan J. (2017)] as follows: For i = 1

Cir-1)g+1(q) = Cr-1)g-1)+-(q)

andfori=2,...,r

Cir-1yg-1)+r-i+1(q) = Cir—t)(g-1)+r-i+2(q) _ Cor-ng+i-1(9)
P q )

Co-1yg+ilq) =
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E,; ;(n) as a generalization of D, ;(n)

Let r, i, and J > O be integers such that 1 <i < r. Let E,; ;(n) denote the
number of partitions (41, Ay, . . ., ;) of n satisfying the following conditions:

No odd part is repeated,
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Let r, i, and J > O be integers such that 1 <i < r. Let E,; ;(n) denote the
number of partitions (41, Ay, . . ., ;) of n satisfying the following conditions:

No odd part is repeated,
A — Amar—1 = 2 if A, is odd,

Ay — Aparo = 31 A, is even,
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E,; ;(n) as a generalization of D, ;(n)

Let r, i, and J > O be integers such that 1 <i < r. Let E,; ;(n) denote the
number of partitions (41, Ay, . . ., ;) of n satisfying the following conditions:

No odd part is repeated,

A — Apar—1 = 211f A, 18 0dd,
Ay — Aparo = 31 A, is even,
all parts are greater than 2/,and

at most i — 1 parts are equal to 2J + 1 or 2J + 2.
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E,; ;(n) as a generalization of D, ;(n)

Let r, i, and J > O be integers such that 1 <i < r. Let E,; ;(n) denote the
number of partitions (41, Ay, . . ., ;) of n satisfying the following conditions:

No odd part is repeated,

A — Apar—1 = 211f A, 18 0dd,

Ay — Aparo = 31 A, is even,

all parts are greater than 2/,and

at most i — 1 parts are equal to 2J + 1 or 2J + 2.

Let &, (q) denote the generating function of E, ; j(n).
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J-generalization

Theorem 26 (Coulson et al., Ramanujan J. (2017)).

For any nonnegative integer J and 1 < i < r, we have

Co-1y+e(q) = &, 5(q),

where { =r—i+ 1.
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J-generalization

Theorem 26 (Coulson et al., Ramanujan J. (2017)).

For any nonnegative integer J and 1 < i < r, we have
Co-1+e(q) = &Er(q),

where { =r—i+ 1.

m We note that E,.; o(n) = D, ;(n).

m The case J = 0 in Theorem 26 gives the Gollnitz-Gordon-Andrews
identities.
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J-generalization

Theorem 26 (Coulson et al., Ramanujan J. (2017)).

For any nonnegative integer J and 1 < i < r, we have

Co-1y+e(q) = &, 5(q),

where { =r—i+ 1.

m We note that E,.; o(n) = D, ;(n).

m The case J = 0 in Theorem 26 gives the Gollnitz-Gordon-Andrews
identities.

m It is not known if C(,_1)s+¢(q) for J > 1 is generating function of some
partition function.
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Notations

mr>2.

m Let FF be a field of characteristic zero.

m S :=Flx,x,x3,...].

m S o= Flxe, Xie1, Xea2s - - -

m Sy is a graded algebra, graded by weight.
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Notations

mr>2.

m Let FF be a field of characteristic zero.

m S :=Flx,x,x3,...].

m S o= Flxe, Xie1, Xea2s - - -

m Sy is a graded algebra, graded by weight.
m S =S

m By (S;); we mean the homogeneous part of degree j of the graded
algebra S;.
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The ideal L, ; ;

Leta, b, c, ny, and n, be integers. For r > 2, 1 <i < r, and a fixed
nonnegative integer J, we take the ideal

- 2 i—1 i 2 r—1 r—ny _nj
Lrij = (x21+1’ X20+1X0 1100 X274 Xoa—1> X20-1%0) » Xy Xoei9s

X ey, 1 2a = 1,26 - 1,2c 22 + 2,0 <m S 1= 1,0 <my < 7= 2).
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The ideal L, ; ;

Leta, b, c, ny, and n, be integers. For r > 2, 1 <i < r, and a fixed
nonnegative integer J, we take the ideal

. 2 -1 2 -1 r-n m
Lrij = (x21+1’ X211X 2 Xapios Xogois X2p-1Xy s Yoo Xoer2s

X

T X, 120 - 1,201,202 2] 42,0 <my <7 - 1,0 <y S 7 =2).

m L,;;is a homogeneous ideal of Sy, ;.

Sase1 3
7 isa graded algebra.

dims (S”“ ) = dimg ((S““)j ) < dimg((Say+1)) < dim=((8)) = p(j) < eo.
rid J; (L)
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Correspondence between partitions and monomials

Let

Ty= {0, %, €S1h 2 b > 21, meN,and Y I, = j)
p=1
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Correspondence between partitions and monomials

Let
Ty= {0, %, €S1h 2 b > 21, meN,and Y I, = j)
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p=1
and
T/ = (o) [ 2 b2 o 2 Ly meNoand Y 1, = j).
p=1
Then,

Ui, by ly) & xpx1, -y,

is a bijection between 77 and 7j.Also Tj is a basis of (S);. Hence,

dimg((S);) = p().
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Generating function of E, ; ;(j)

This indicates the existence of Hilbert-Poincaré series of iﬂ—fj‘, which by
definition is as follows:

. (S ;
HP?JA(Q) = Zdlmp( 2/t )]q]

riJ =0 ryiJ
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This indicates the existence of Hilbert-Poincaré series of iﬂ—fj‘, which by
definition is as follows:

. S ‘
Hp?ﬁ(q) — Z dimg ( L2J+1 )j q’

riJ >0 ryiJ

m L.;y is generated by x3,, |, xpy1x5, 5, x5, and the monomials of the
form

2 r—1 r—ny _ni r—ny—1 ny
Xoa—1> X2b=1%0p > Xop Xopi9s Xpo ™ X2et1Xpeyn
suchthat2a —1,2b—-1,2¢>2J+2,0<n; <r—-1,and 0 <np, <r-2.

m dimg (3) = E. ().
),
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Generating function of E, ; ;(j)

This indicates the existence of Hilbert-Poincaré series of SL”—fJ‘, which by
definition is as follows:

. S ‘
Hp?ﬁ(q) — Z dimg ( L2J+1 )j q’

riJ >0 ryiJ

m L.;y is generated by x3,, |, xpy1x5, 5, x5, and the monomials of the
form

2 r—1 r—ny _ni r—ny—1 ny
Xoa—1> X2b=1%0p > Xop Xopi9s Xpo ™ X2et1Xpeyn
suchthat2a —1,2b—-1,2¢>2J+2,0<n; <r—-1,and 0 <np, <r-2.
m dimg (1) = Eni().
roiJ J
Therefore,

HPsw () = Y Eris()d = Eris(q). M s
Lyig ; ‘05
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The ideals L; and L,f

Leta, b, c, ny, ny, and € be integers such that 1 < £ < r. We define the
following two ideals of S for k > 2J + 1:

) -1 - —ny—1 .
Lk ':(x2u—l’ x2h—1x£h ’ x;cmx;chrZ ° xgcnz xzc"'lx;chZ :

2a—1,2b—-1,2c >k, 0<n; <r-1,and0<n, <r-2)
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2 -1 ¢ e
(xk, XiX s Lk+1) if k is odd.
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m L; and Li are homogeneous ideals of S;.

31/56



The ideals L; and L,f

Leta, b, c, ny, ny, and € be integers such that 1 < £ < r. We define the
following two ideals of S for k > 2J + 1:

(2 r—1 r=ny _nj r—ny—1 n .
Li '_(x2u—l’ X2b-1Xpp 5 Xpe Xoeyn > Xpe ™ X2e41Xp0 g -

2a—1,2b—-1,2c >k, 0<n; <r-1,and0<n, <r-2)

and
4 (-1 r—{+1 (=2 r—{+2 r—1 £-1 r—{
(xk’ Yo Xk 0 X g o XX X Xkt 1 X5
0._ ) —t+1 -2 ey .
L= X7 X1X5 s e e es XiXkr1X 50 Lk+1) if k is even,;
2 -1 ¢ e
(xk, XiX s Lk+1) if k is odd.

m L; and Li are homogeneous ideals of S;.

] i—: and i—% are graded algebras. ‘C\
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Notations and Links

m HPy, (¢) := HP}
I
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Notations and Links

m HPy, (¢) := HP}
%
= HP,(q) := HP(4).

i
L2]+l

m HP($21) = HP(S”—“) _ HPY*!,

m HPsy,., (¢) = &00(q).

Lrig

Hence, we have

HP*! = &, ,(q).

To prove Theorem 26, i.e., C-—1)7+¢(q) = &, 7(¢), it is enough to prove
Cir-ty+¢ = HPH*L,
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General recursion formula for HP’;

Lemma 27 (Barman-Ghosh-Singh (Submitted)).

Let J be a nonnegative integer. Let k, r, and € be positive integers with r > 2
and 1 < € < r. Then for any odd k > 2J + 1, we have

(-1 14
HPI; _ Z q(k+1)j—lHPk+2 L+ Z q(k+1)(/‘—l)HPk+2
Jj=1

r—j+ r—j+1°
J=1
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General recursion formula for HPI.ZJ H

Lemma 28 (Barman-Ghosh-Singh (Submitted)).

Let J be a nonnegative integer, and r, i be integers withr >2, 1 <i<r.

Then we have the following recursion formula
r

2J+1 _ J 2d+1
HPY*! = ZN,.J’(,_W HPX+

+j r—j+1°
J=1

whered > J + 1.
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General recursion formula for HPI.ZJ H

Lemma 28 (Barman-Ghosh-Singh (Submitted)).

Let J be a nonnegative integer, and r, i be integers withr >2, 1 <i<r.
Then we have the following recursion formula

2J+1 2d+1
P Z ij,(r=1)d+j P—j+1’

where d > J + 1.Here, the coefficients N € Fllq]] satisfy the

ij,(r=1)d+j
following recursion formula for 1 <j <r
r—j+1 r—j
J PCa) 2(d+1)j-1 J
Ni,j,(r—l)(d+1)+] - Z i,m,(r—1)d+m +q Z Ni,'n,(r—l)d+m
m= m=1
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General recursion formula for HPI.ZJ H

Lemma 28 (Barman-Ghosh-Singh (Submitted)).

Let J be a nonnegative integer, and r, i be integers withr >2, 1 <i<r.
Then we have the following recursion formula

2J+1 2d+1
P Z ij,(r=1)d+j P—j+1’

where d > J + 1.Here, the coefficients N € Fllq]] satisfy the

ij,(r=1)d+j
following recursion formula for 1 <j <r
r—j+1 r—j
J PCa) 2(d+1)j-1 J
Ni,j,(r—l)(d+1)+] - Z i,m,(r—1)d+m +q Z Ni,'n,(r—l)d+m
m= m=1

with the following initial conditions (ford =J + 1)
QU 206D i << 1
J - e _ 9
Ni,j,(r—l)(]+1)+j =1g*/UD yj=

0 ifi+1<j<r &
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General recursion formula for C_1)/1¢

Lemma 29 (Coulson et al., Ramanujan J. (2017)).

Let J be a nonnegative integer and r, € be integers withr >2, 1 < <r.
Then for d > J + 1 we have the following recursion formula

-
_ J
Co-ny+e = Z My ; (- 1)a+jClr-1yd+j-
=1
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Lemma 29 (Coulson et al., Ramanujan J. (2017)).

Let J be a nonnegative integer and r, € be integers withr >2, 1 < <r.
Then for d > J + 1 we have the following recursion formula

-
_ J
Co-ny+e = Z My ; (- 1)a+jClr-1yd+j-
=1

Here, the coefficients M;‘i,(r— 1a+j € Fllql] satisfy the following recursion
formula for 1 <j<r
r—j+1 r—j
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M) rtyarny =4 Z My r—1yasm + 4 Z My o r—1ydem

m=1 m=1
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General recursion formula for C_1)/1¢

Lemma 29 (Coulson et al., Ramanujan J. (2017)).

Let J be a nonnegative integer and r, € be integers withr >2, 1 < <r.
Then for d > J + 1 we have the following recursion formula

-
_ J
Co-ny+e = Z My ; (- 1)a+jClr-1yd+j-
=1

Here, the coefficients M;‘i,(r— 1a+j € Fllql] satisfy the following recursion
formula for 1 <j<r
r—j+1 r—j

J _ 2d+D)(-1) J 2d+1)j-1 J
M{,j,(r—l)(d+1)+j =q Z M, - 1yaem + 4 Z M - 1ydem

m=1 m=1

with the following initial conditions (ford =J + 1)
GUHT L 2UADGD ] << - 6

Mé/',(r—l)(]+1)+j = 512(]+1)U_') ifj=r—€+1;
0 ifr-¢+2<j<r. &
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2 . J/ J
Equality of the coeflicients M; | . and Ny . .,

Lemma 30 (Barman-Ghosh-Singh (Submitted)).

Foralld>J+1,r>2,and1 <v <r, we have
J _ A
M(’,v,(r—l)d+v - Ni,v,(r—l)dJrv’

where { =r—1i+ 1.
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Equality of C(—1ys+¢ and HP?J +1

Theorem 31 (Barman-Ghosh-Singh (Submitted)).

Forr>2,1<i<vr andJ >0, we have
Cir-1y+¢ = HPFTY,

where { =r—1i+ 1.
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Outline

J-Generalization of the Rogers-Ramanujan-Gordon identities
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Rogers-Ramanujan-Gordon identities and Generating
function of A, ;(n)

Theorem 32 (Rogers-Ramanujan-Gordon identities).

Let r and i be positive integers with 1 < i < r. Then A, (n) = B, i(n), for all
n>0.

m The case r = 2 in Theorem 32 gives the Rogers-Ramanujan identities.

m The case r = 1 leads to trivial identity 1 = 1. Hence we take r > 2.
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Rogers-Ramanujan-Gordon identities and Generating
function of A, ;(n)

Theorem 32 (Rogers-Ramanujan-Gordon identities).

Let r and i be positive integers with 1 < i < r. Then A, (n) = B, i(n), for all
n>0.

m The case r = 2 in Theorem 32 gives the Rogers-Ramanujan identities.
m The case r = 1 leads to trivial identity 1 = 1. Hence we take r > 2.

For 1 <i < r, define

1
Aig) = [ T

m>1,
m#0, £(r—i+1) (mod 2r+1)

m We note that A,_;;1(q) is the generating function of A, ;(n).
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Generalization of A;(q)

For g > 1, the series A(,_1)¢+i(q) is defined recursively [J. Lepowsky and M.
Zhu, The Ramanujan Journal (2012)] as follows: Fori = 1

Ar-1)g+1(q) = Ag—1)g-1)+(q)
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Generalization of A;(q)

For g > 1, the series A(,_1)¢+i(q) is defined recursively [J. Lepowsky and M.
Zhu, The Ramanujan Journal (2012)] as follows: Fori = 1

Ar-1)g+1(q) = Ar-1)g-1)+r(q)

andfori=2,...,r

Ar-1)g=1)4r-i+1(@) = Ar—1)g-1)+r-i+2(q)

Ar-1)g+i(q) = 56D
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J-generalization

Let r, i, and J > O be integers such that 1 <i < r. Let B,; ;(n) denote the
number of partitions (41, A, . . ., ;) of n satisfying the following conditions:

/lm - /lm+r—l > 2’
all parts are greater than J, and

at most i — 1 parts are equal to J + 1.
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J-generalization

Let r, i, and J > O be integers such that 1 <i < r. Let B,; ;(n) denote the
number of partitions (41, A, . . ., ;) of n satisfying the following conditions:

A = Apar—1 2 2,
all parts are greater than J, and
at most i — 1 parts are equal to J + 1.
Let B,,(q) denote the generating function of B, ; ;(n).

Theorem 33 (Coulson et al., Ramanujan J. (2017)).

For any nonnegative integer J and 1 <i < r, we have

Ai-1+e(q) = B,i,1(q), 2
where { =r—i+ 1. ‘O.\
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Some observations

m The case J = 0 in Theorem 33 gives the Rogers-Ramanujan-Gordon
identities.
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m The case J = 0 in Theorem 33 gives the Rogers-Ramanujan-Gordon
identities.

m We note that B, ;o(n) = B, ;(n).
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Some observations

m The case J = 0 in Theorem 33 gives the Rogers-Ramanujan-Gordon
identities.

m We note that B, ;o(n) = B, ;(n).

m It is not in the literature whether A,_1y;.¢(q) for J > 1 is generating
function for some partition function.
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The ideal P, ;

Let a and ¢ be integers. For r > 2, 1 <i <, and a fixed nonnegative integer
J, we take the ideal

r—i+l -1 _r—i+2 r—t_t
Py —(xj+l,xj+1xj+2 2 X1 Xy o0 xj+1x1+2,x Xa+1

ta>J+2;,0<t<r-1)
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m P,;; is an homogeneous ideal of Sy, ;.

] ;E’ “L is a graded algebra.
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The ideal P, ;

Let a and ¢ be integers. For r > 2, 1 <i <, and a fixed nonnegative integer
J, we take the ideal

r—i+l -1 _r—i+2 r—t_t
Py —(xj+l,xj+1xj+2 2 X1 Xy o0 xJ+li+2’x Xa+1

ta>J+2;,0<t<r-1)

m P,;; is an homogeneous ideal of Sy, ;.

SJ+1
P

] is a graded algebra.

S
dirn]p( ad ) < p(j) < oo.
Pr,i,J j
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Generating function of B, ;

This indicates the existence of Hilbert-Poincaré series of f,’f‘l, which by

definition is as follows:

HP . (g) = Zdimp(fj” )'rf.

Prig =0 r,iJ Jj
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Generating function of B, ;

This indicates the existence of Hilbert-Poincaré series of f,’f‘l, which by
definition is as follows:

HPs. (q) = Zdlmp(fj” ) q.

Prid = rid /j

: i r—i+1 r—1
] WeknowthatP,,j1sgeneratedbyxj+1,xj+|xj+2 s> XJ41X),, and the

monomials of the form x/,’x’ ., suchthata > J +2 and 0<t<r-1.
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m dims (324) = By,
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Generating function of B, ;

This indicates the existence of Hilbert-Poincaré series of f,’f‘l, which by
definition is as follows:

HPs. (q) = Zdlmp(fj” ) q.

Prig =0 riJ j

: i r—i+1 r—1
] WeknowthatP,,j1sgeneratedbyxj+1,xj+|xj+2 s> XJ41X),, and the

monomials of the form x '/ |, such thata > J +2 and 0<t<r-1.
m dimg (S”' ) =B,;s().

Therefore,

HP5. (@) = ) Bris()d' = Bri(@). 3)

Prig /:>C
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The ideals P; and Pi

Let a, ¢, and ¢ be integers such that 1 < ¢ < r. We define the following two
ideals of Sy fork > J + 1:

Py :=(x2"x;+1 taxk, OStSr—l)
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Let a, ¢, and ¢ be integers such that 1 < ¢ < r. We define the following two
ideals of Sy fork > J + 1:

Py :=(x2"x;+1 taxk, OStSr—l)

and

€ (Ll L= r—l+] L2 r—(+2 r—1
Py = (xk, X Xl s X Xl e s XaXp s Pk+1).
m P, and Pi are homogeneous ideals of Sy, ;.

= S;)—:‘ and SI{,—;‘ are graded algebras.
‘ k
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Notations and properties

m HPy, (g) := HP}.
it

m HP,(q) := HP(4).
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Notations and properties

m HPy, (g) := HP}.
it

m HP,(q) := HP(4).

m HPs,., (9) = B,,;(9).

Prig

Hence, we have

HP/*! = B,;,(g).

1

To prove Theorem 33, i.e., A—1ys+¢(q) = B,.is(q), it is enough to prove that
HP/*' = A 1)710(q), where € = r —i + 1.
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General recursion formula for HP’;

Lemma 34 (Afsharijoo et al. [1]).

Let J be a nonnegative integer. Let k, r, and € be positive integers with r > 2
and 1 < € <r. Then for any k > J + 1, we have

r—j+1°

¢
HP’; — Z g"i-DHPr!
Jj=1
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General recursion formula for HP{ =

Lemma 35 (Ghosh-Barman (Submitted)).

Let J be a nonnegative integer, and r, i be integers withr > 2, 1 <i<r.
Then we have the following recursion formula

PI+1 +1
lJ (r—l)d+j —j+1 >

whered > J + 1.
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Let J be a nonnegative integer, and r, i be integers withr > 2, 1 <i<r.
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+1 +1
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General recursion formula for HP{ =

Lemma 35 (Ghosh-Barman (Submitted)).

Let J be a nonnegative integer, and r, i be integers withr > 2, 1 <i<r.
Then we have the following recursion formula

+1 +1
HPI Z i, (r— 1)d+j —j+1’

where d > J + 1.Here, the coefficients Bz,; (r—1yd+j € Fllq]] satisfy the

following recursion formula for 1 <j <r

r—j+1
J (d+1)(j-1)
Bijr-tya+1ysi = 4 Z i (r—1)d+m
m=1
with the following initial conditions
= 5 guthui=b i1 <j<i;
B=DUEDE T o ifi+l1<j<r. S
¢
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General recursion formula for Ag_1yj+¢

Lemma 36 (Coulson et al., Ramanujan J. (2017)).

Let J be a nonnegative integer and r, € be integers withr >2, 1 < <r.
Then for d > J + 1 we have the following recursion formula

)
_ J
A1+ = ZA[,/xr—l)dﬂﬂ(’*Ud*f '
J=1
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General recursion formula for Ag_1yj+¢

Lemma 36 (Coulson et al., Ramanujan J. (2017)).

Let J be a nonnegative integer and r, € be integers withr >2, 1 < <r.
Then for d > J + 1 we have the following recursion formula

.
_ J
Ar-i+e = ZA[,/,(r—l)dﬂﬂ(’*Ud*f :

=1

Here, the coefficients Aé}.‘(r_ Dasj € F[[gq]] satisfy the following recursion

formula for 1 <j<r

r—j+1

J _(d+D)(-1) J
A{’,j,(r—l)(d+1)+j =q Z A r—1ydm
m=1

with the following initial conditions
p B gUDED ifl<j<r—£€+1;
Lir=DU4 T ifr—t+2<j<r. ‘q
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. . J J
Equality of coefficients A, ., andB; . ..

Lemma 37 (Ghosh-Barman (Submitted)).

Foralld>J+1,r>2,and1 <v <r, we have

=B

iv,(r-1)d+v?

J
A€,v,(r71)d+v

where { =r—i+ 1.
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Equality of A(_1)7+, and HP/*!

Theorem 38 (Ghosh-Barman (Submitted)).

Forr>21<i<r andJ >0, we have
A-1yr+¢ = HPITL,

where { =r—i+ 1.
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