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Partitions

Everything we need to know at the moment

Introduction

A partition 7 is a finite sequence of non-decreasing positive integers
()\1, A2y, /\#(w))-

Capparelli’s
Partition
Theorems

For a given partition m = (A1, A2, ..., Ay(m)) the sum Ap + Xo + - + Ay is
called the size of the partition 7 and is denoted by |7|.

Finitizations
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Partitions

Everything we need to know at the moment

Introduction
—

A partition 7 is a finite sequence of non-decreasing positive integers
: ()\la)‘2a"'7A#(ﬂ'))'

Capparelli’s
Partition
Theorems

For a given partition m = (A1, A2, ..., Ay(m)) the sum Ap + Xo + - + Ay is
called the size of the partition 7 and is denoted by |7|.

Finitizations

Ex:

m 7= (1,1,5) is a partition of |7| =7.

m 7 = () is the unique partition of 0.
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Definitions and Notations
Young Diagrams

Ex: m=(1,2,3,5) and 7’ = (1,1,2,3,4)
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Definitions and Notations

Generating Functions

For a sequence {a,}7, the series

Z anq"

n>0

is called a generating function.

Let U be the set of all partitions.

> d™=> p(n)g"=1+q+2¢*+3¢ +5¢* + ...,

Teu n>0

where p(n) is the number of partitions of n.

0

(1)

(1,1), (2)
(1,1,1), (1,2), (3)
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Definitions and Notations

Generating Functions

L1
(a)L :=(a;q)L = H(l —aq'),
i=0
Parution (3;9)oc := lim (a; q). for |q| < 1,
Theorems L—o0
Finitizations k
(a1, a2,...,ak9)L == H(ai; q) for k € Z>1.
i=1
(@) m+n
[’" + ”} — ) (@), formn=0,
m |, 0 otherwise.
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Definitions and Notations

Generating Functions

L-1 )
(a)c = (a:q)0 = [ (1 — aq’),
i=0

Capparelli’s

Partition (3;9)oc := lim (a; q). for |q| < 1,
Theorems L—o0
Finitizations k
(a1, a2,...,ak9)L == H(ai; q) for k € Z>1.
i=1
(@) m+n
[m + n} N B o e for m,n >0,
m |, 0 otherwise.
1

LS [ﬂ . (@dDm
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First Partition Theorem

Difference-Congruence ldentity

Theorem (Capparelli's First Partition Theorem)

For any integer n, the number of partitions of n into parts, not equal to 1, where
the minimal difference between consecutive parts is 4, except if the consecutive
parts are

m 3k and 3k + 3 (yielding a difference of 3), or

m 3k — 1 and 3k + 1 (yielding a difference of 2) for some k € N,

the number of partitions of n into distinct parts where no part is congruent to +1
modulo 6.

G. E. Andrews, Schur’s theorem. Capparelli’s conjecture and q-trinomial coefficients,
Contemporary Mathematics 166 (1994), 141-154.
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/]
A Second Partition Theorem

Difference-Congruence ldentity

Theorem (Capparelli's Second Partition Theorem)

For any integer n, the number of partitions of n into parts, not equal to 2, where

the minimal difference between consecutive parts is 4, except if the consecutive
parts are

m 3k and 3k + 3 (yielding a difference of 3), or
m 3k — 1 and 3k + 1 (yielding a difference of 2) for some k € N,

the number of partitions of n into distinct parts where no part is congruent to +2
modulo 6.

S. Capparelli, A combinatorial proof of a partition identity related to the level 3 representation of
twisted affine Lie algebra, Communications in Algebra 23 (1995), no. 8, 2959-2969..
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Capparelli's A Difference-Congruence identity usually gets accompanied with a Sum-Product
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e Not in Capparelli's partition theorems case, or at least not in the 20th Century.
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/
) Sum-Product identity?

Back to Capparelli’s Identity

A Difference-Congruence identity usually gets accompanied with a Sum-Product
identity.

Not in Capparelli's partition theorems case, or at least not in the 20th Century.
Note that the product side of the Capparelli's identities are easy:

(=™, > %) oo(— % ¢%) o,
form=1,2.
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Refinements of Capparelli’s Theorem

Introduction

Let Gm n(a, b, q) be the generating function for the m-th Capparelli's partition

Capparelli's theorem with the extra bound that all parts are < N, and the exponents of a and b

Partition
Theorems
Original

count the number of parts 3 = m modulo 6.

Theorem (Alladi, Andrews, Gordon, 1995)

L(N+1)/2]

- nv—2i41\ [N + 1
Finitizations G]_73N_|_]_(3, b’ q) = Z q3( 2 ) |: 2/ :| 3(_aq25 _bq4v q6)la
1=0 q

where | x| denotes the greatest integer < x.

K. Alladi, G. E. Andrews, and B. Gordon, Refinements and Generalizations of Capparelli’s
Conjecture on Partitions, Journal of Algebra 174 (1995), no. 2, 636—658.
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Refinements of Capparelli’s Theorem

Let G, n(a, b, q) be the generating function for the m-th Capparelli's partition
theorem with the extra bound that all parts are < N, and the exponents of a and b
count the number of parts 3 = m modulo 6.

Theorem (Berkovich-U, 2015)

& 3(;2) [N +1 5. 6 6
Ga3ny1(a, b, q) = Z ¢ 24+ 1 (=29’ ¢”)i(=bg; @°) 141
g

A. Berkovich and A. K. Uncu, A new companion to Cappareli’s Identities, Adv. in Appl. Math. 71
(2015), 125-137.
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Refinements of Capparelli’s Theorem

Theorem (Berkovich-U, 2015)

G173N(a’ b’ q) = S(a7 b7 q’ N) —"_ aq3N_15(a7 b7 q? N - 1)7
Gasn(a, b,q) = T(a,b,q, N) + bg* 2T (a, b,q, N — 1),

where
[N/2]
—2n [N +1
S )b) aN = 3(N22,)|: :| - 27_b 4; 0 )
(a,b,q,N) IE_Oq 2/+1q3( aq”,—bq";q’);

[N/2]

n—2n [N +1
T(a,b,q,N) := Z q3( 2) [2/4— )
1=0

] 3(—aq5,—bq; a°);.
q
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How did we get here?

Theorem (Berkovich-U, 2015)

Let n be any integer, the partitions m = (A1, A2, ..., Ax) of n where
B A1 Zm mod 3, Ay 23— m mod 3,
m 3k + 1 and 3k + 2 does not appear together in the partition,

the number of partitions of n into distinct parts where no part is congruent to +=m
modulo 6.

v

A. Berkovich and A. K. Uncu, A new companion to Cappareli’s Identities, Adv. in Appl. Math. 71
(2015), 125-137.
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Sum-Product Identities Revealed
Capparelli’s Partition Theorems

Theorem (Kanade—Russell, 2019)

Introduction

Capparelli’s Let Q(m7 n) = 2m2 + 6mn + 6”2,

Partition

Th.e-orems (mn . \ ) , ,
=(=9"-9"6")oo(—97; @ )o0s
oo (@ q)m(q a*)n = °°
A breakthrough... Q(m n)4+m qQ(m n)+4m+6n+1
Finitizations Z (q q) ( Z q q )
m,n>0 mn>0

= (—q, -0 9% (0% %)

S. Kanade and M. Russell, Staircases to analytic sum-sides for many new integer
partition identities of Rogers—Ramanujan type, Electron. J. Combin. 26 (2019), no
1, Paper 1.6.
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Sum-Product Identities Revealed

Capparelli’s Partition Theorems

Theorem (Kursungdz , 2019)
Let Q(m, n) = 2m? + 6mn + 6n°,

qQ(m,n)

m,n>0
qQ(m,n)+m+3n

m,n>0

Z (:9)m(a% ¢3)n i

m,n>0

qQ(m,n)+3m+6n+1

2 (@ Q)m(d ) (4% —a% °)oo(— 4" 6*)oo,

(:9)m(a% ¢3)n

(=9, —9% 4°)oo(— 9% ¢%) o

K. Kursungdz, Andrews—Gordon type series for Capparelli's and Géllnitz—Gordon
identities, J.Combin.Theory Ser.A 165 (2019), 117-138.
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Sum-Product Identities Revealed

How did Kagan construct the analytic Sum side?

Introduction A more complicated minimal configuration:

S:z’i);::l”ivs (2) 47 ) 103 ce ,3(2” - 1) - 17 3(2” - 1) + 17

Theorems N~

rarments 32n—1)+14+4,32n—1)+1+8,...,3(2n — 1) + 1 + 4m).
Refinement

ool This partition has n pairs with minimal Capparelli distance and m singletons.
A breakthrough...

Finitizations
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Sum-Product Identities Revealed

How did Kagan construct the analytic Sum side?

Introduction A more complicated minimal configuration:

S:z’i);::l”ivs (2) 47 ’ 103 ce ,3(2” - 1) - 17 3(2” - 1) + 17

Theorems N~

rarments 32n—1)+14+4,32n—1)+1+8,...,3(2n — 1) + 1 + 4m).

Refinement

ool This partition has n pairs with minimal Capparelli distance and m singletons. The
A breakthrough...

size of the partition is

Finitizations

Q(m, n) := 2m? + 6mn + 6n°.

Oct 5, 2023 Michigan Technological University -15 - Ali K. Uncu | akuncu@ricam.oeaw.ac.at



Introduction

Capparelli’s

Partition

Theorems
Original
Statements

Refinement
Attempts

Capparelli's
Companion

A breakthrough...

Finitizations

Oct 5, 2023

Sum-Product Identities Revealed

How did Kagan construct the analytic Sum side?

A more complicated minimal configuration:

(2,4,8,10,...,3(2n— 1) —1,3(2n — 1) + 1,
—~

32n—1)+1+4,32n—1)+1+438,...,32n—1)+ 1+ 4m).

This partition has n pairs with minimal Capparelli distance and m singletons. The
size of the partition is

Q(m, n) := 2m? + 6mn + 6n°.

The singletons can move freely as before and the related generating function is
1/(qu q)m-
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Sum-Product Identities Revealed

How did Kagan construct the analytic Sum side?

A more complicated minimal configuration:

(2,4,8,10,...,3(2n— 1) —1,3(2n — 1) + 1,
—~

32n—1)+1+4,32n—1)+1+438,...,32n—1)+ 1+ 4m).

This partition has n pairs with minimal Capparelli distance and m singletons. The
size of the partition is

Q(m, n) := 2m? + 6mn + 6n°.

The singletons can move freely as before and the related generating function is
1/(qu q)m-
The motions of the pairs are more complicated.
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How did Kagan construct the analytic Sum side?

After the motion of the singletons we have:

Introduction (2, 4 s 8, ]_07 ey 3(2!7 — 1) — 1, 3(2!7 — ].) —+ ]., . )
c " N
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Introduction (2, 4 s 8, ]_07 ey 3(2!7 — 1) — ]., 3(2!7 — ].) —+ ]., . )
c " N

apparelli’s
Partition
Theorems

Theore A pair needs to move to the next available pair.

Statements

Refinement
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Companion

A breakthrough...
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How did Kagan construct the analytic Sum side?

After the motion of the singletons we have:

Introduction (2, 4 s 8, ]_07 ey 3(2!7 — 1) — ]., 3(2!7 — ].) —+ ]., . )
c " N

apparelli’s
Partition
Theorems

Theore A pair needs to move to the next available pair. Two possibilities of the free motions:

Statements

) 3k — 1,3k + 1+ 3k, 3k + 3,
Refinement

Attempts

Capparelli's

3k,3k+3— 3(k+1) —1,3(k+1)+1
Companion
A breakthrough...

Finitizations
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A Sum-Product ldentities Revealed

How did Kagan construct the analytic Sum side?

After the motion of the singletons we have:

Introduction

(2,4,8,10,...,3(2n—1)—1,3(2n— 1) +1,...).
—~ —~—~

Capparelli’s
Partition
Theorems A pair needs to move to the next available pair. Two possibilities of the free motions:
Original
Z“;"“‘"‘: 3k — 1,3k + 1+ 3k, 3k + 3,
Refineren —_—
Capparelli's 3k,3k+3—3(k+1)—1,3(k+1)+1
Companion Nlhgiii
A breakthrough...
Finitizations Pairs might need to cross singletons:
3k —1,3k+1, 3(k+2) — 1+ 3k —1, 3(k+1),3(k + 2),
N—— N—
3k,3(k + 1), 3(k+2) — 3k, 3(k+2) —1,3(k+2)+1,

N———

3k,3(k+1), 3(k+2)+1— 3k+1, 3(k+2) —1,3(k+2)+1.

N———
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A Sum-Product ldentities Revealed

How did Kagan construct the analytic Sum side?

After the motion of the singletons we have:

Introduction (2, 4 s 8, ]_07 ey 3(2!7 — ].) — ]., 3(2!7 — ].) —+ ]., e )
C - \/-/ v
apparelli’s
Partition . i i o )
Theorems A pair needs to move to the next available pair. Two possibilities of the free motions:
Original
:;..mm:t 3k — 1,3k + 1+ 3k, 3k + 3,
Attempts v v
Capparelli's 3k,3k+3—3(k+1)—1,3(k+1)+1
Companion Nlhgiii
A breakthrough...
Finitizations Pairs might need to cross singletons:

3k — 1,3k +1, 3(k+2) — 1 3k — 1, 3(k+1),3(k + 2),
N—— N—

3k,3(k + 1), 3(k+2) = 3k, 3(k+2) —1,3(k+2)+1,
.

3k,3(k+1), 3(k+2)+1— 3k+1, 3(k+2) —1,3(k+2)+1.
—_

Every motion adds 3 to the size and the related generating function is 1/(q3, ¢3),.
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Sum-Product Identities Revealed
Capparelli’s Partition Theorems

Introduction

Theorem (Kursungdz , 2019)
LU= Let Q(m, n) = 2m? + 6mn + 6n?,

Capparelli’s
Partition

Q(mn 2 4. 6 3. 3
=(=9"-9"0")se(—7": "),
mE,;o (a: q)m(q a®)n > =
Finitizations
Z Q(m n)+m+3n Z qQ(m n)+3m+6n+1
2o (a5 @)m( oo (@ @)m(a @)

= (—q, -0 4% (—0% 0%
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Finite versions
First Group of Polynomial Identities that imply Capparelli’s Theorems

Introduction

— Now that we know the motions, we can put a bound on the largest part N and
Partition

Partition make sure that we do not pass this point N.

Finitizations

First Finite
Version

Second Finite
Version

A Curious Result

Two Infinite

More Infinite
Families
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Finite versions
First Group of Polynomial Identities that imply Capparelli’s Theorems

Now that we know the motions, we can put a bound on the largest part N and
make sure that we do not pass this point N.

This will make the g-Pochhammers to be exchanged with some g-binomial
coefficients.

Recall that we know the finite version of the product side from our earlier
constructions.
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Finite versions
First Group of Polynomial Identities that imply Capparelli’s Theorems

o Theorem (Berkovich-U, 2019)
Capparelli’s Let Q(m, n) = 2m2 + 6mn —+ 6n2,

Partition N
Ui Qmm BN =2n—m) 2(N=2n—m)+m < s("2)[(N) 5, 4
Finitizations m%()q |: m ]q[ n ]q3 IX(; q [21] q3( q9,—9.:49 )I,
Q(m,n)+m+3n 3(N —2n— m) +2 2(N —2n— m) +n4+1
m%oq [ i ]q[ n ]qs

LD e [3(N —2n-— m)] [2(N —2n—m)+ n]
q 3

m,n>0 ey n
Familiesl N N 2/ N 1
:/qu [211l]qs(fq;qﬁ)/ﬂ(qu;qﬁ)/.
o’
A. Berkovich and A. K. Uncu, Polynomial identities implying Capparelli’s partition
theorems, J. Number Theory 201 (2019), 77-107.
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Finite Versions
Second Group of Polynomial Identities that imply Capparelli’s Theorems

Introduction

Theorem (Berkovich-U, 2019)

e Let Q(m, n) = 2m? 4 6mn + 6n°,

Theorems

Finitizations

> Plererl _ [ 2 ]

3 3 3. 43
Second Finite m,n>0 (a; q)m 9 4°)n(q° 4% )m—2n—m =M M +j g3
Version
A Curious Resut 3 qQmn)+m+3n(g3; g3y, s q@Umm+3m+6n+1( 3. 43),,
(¢ 9)m(a a®)n(a> ) M—20—m (a: 9)m(a3 43)n(a% 4*)M—20—m
m,n>0 m,n>0
M M+ 1

Famiten = > & +.]

j=—M—1 —J

A. Berkovich and A. K. Uncu, Elementary polynomial identities involving
g-trinomial coefficients, Ann. Comb. 23 (2019), no. 3-4, 549-560.
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g-Trinomial Coefficients

L b
a

(!
d

We have

Michigan Technological University

q) = ST gn(nth) (9: )1
,q>2 ;, I (9 @)n(q: @Q)n+a(q: @)—2n-a’

;q> - q(uLn)a(an))/z( La—n ;1> _
a q/,

L L
1
g (L’b;l) ta:<t+1+)
a 5 t

a=—L
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g-Trinomial Coefficients

Introduction L L
L. b 1

Capparelli’'s E ) . a _ -

Pa:)t'ijtion ( a ! 1 t t + 1 + t

Theorems a=—1L 2

i P the trinomial coefficients are the coefficients on the generalized Pascal’s Triangle:

:::: Gt

Version 1

i 1 1 1
GG 1 2 3 2 1
HeS 1 3 6 7 6 3 1

1 4 10 16 19 16 10 4 1
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g-Trinomial Coefficients

/]
A What lies underneath

Theorem (Berkovich-U, 2019)

Z q(L 2n

n>0

Z q(L 2n

n>0

(L— 2n)2
> q
n>0

1 q)i—20(q3% q%)n

1 q)i—2n(9%; G3)n

q % q°)L
)i—20(4% G%)n

L
324
=> q°

j=—L

(@ d*)

(qa; q3)L

L41 (L—2n+1)+n
+q qr 2
> (

9 q)i-20(q% G%)n

n>0

& 32+2)
> a*5 T

==L

(% ).

[ (f) el o)}

L 2 .
= Z ‘73]22_] Ty (

j=—L

, :qa),
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Finite Versions

Theorem (Warnaar, 1999)
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Sum of the Capparelli’'s Products

Theorem (Berkovich-U, 2019)

Introduction

Capparelli’s
M

Partition 2m2+6mn+6n2—2m—3n( 3. 3 o T oM
:i:itizations (q. Ym(@%: a3)n(a5; g? il (1+q°") = Z q3J2_2J(1+q3J)[M_
. Tl q:9)m\q>: 97 )n\q~; 97 )M—2n—m M J

Theorem (Berkovich-U, 2019)
Let Q(m, n) = 2m? + 6mn + 6n°,

Q(m,n)—2m—3n

q
> (@ @l @ 7

m,n>0
= (0% 4" 0°)oo(— 7% @®)oo + (=9, —0°; 4®) s (— G°; ¢*) o
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An Infinite Hierarchy

The core of the hierarchies

Theorem (Berkovich-U, 2019)
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Partition
Theorems Z m2 [3M 2M+7L_2m . i 3j2+2j,7— LM ¢
Finitizations L [y oM 6 q nitt)
P Pt m>0, 9 q j=—00
Version L=m (mod 2)
Second Finite
Version
where
ird Fini 2 L=a—n _ L+a—n

F(LM 3 JEM] [Mtb s M— b+ 2
More Infinite a, b’ n M+ b M—b
Families ? n>0, q q q

L—a=n (mod 2)
v
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An Infinite Hierarchy

The core of the hierarchies

Theorem (Berkovich-U, 2019)

For L and M being non-negative integers, we have

Introduction

Capparelli’s
Partition
Theorems 2 3M 2M + L5m S 3242/ L, M
_ +2 ’ . 6
S L )= (),
m>0, 9 Y j=—o00 ’
L=m (mod 2)
where
LM 2 (M| [M4+b+L=2=n| |M—py Lta=n
T q)= >, q° 2 :
More 1o a, b n M+ b M—b
amilies n>0, q q q
L—a=n (mod 2)
v

. LM\ 1 L
'\JinooT<a,b'q> B (q:q)LTO<J 'q>’
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Trinomial style Bailey Lemma

Theorem (Warnaar, 1999)
For L,M,a,b € Z and ab > 0

Introduction

Capparelli’s

Partition
Theorems L b M — L _ I I ﬁ L’ M '
Finitizations E q |: :| qT ( a’ b ' q) - q 2 T <a + b, bv q> .

For L,M,a, b € Z with ab> 0, and |a| < M if |b| < M and |a+ b| < L, then

M 2 g . .
2L+ M—i hL—i \ 2 LM
et [ Cuite) =efs (i)

S L,M_q _:an(n+a)l\/l—|—L—a—2n M—a+b| [M+a—-b»b
a, b’ ’ M n n+a ’
n>0 q q q
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Unified Finite Capparelli’s First Identity

Theorem (Berkovich-U, 2019)

i,m>0,
i+m=0 (mod 2)
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Unified Finite Capparelli’s First Identity

Introduction

Theorem (Berkovich-U, 2019)

Capparelli’s
Partition ) o
Theorems m2+32 L+ M — i 3(L—i)) r2(L—1)+ 52 32+je (LM 3
Finitizations > v E [ L ] 3[ m ] [ 2(L— i) * ] =2 g 2,j° )"
e i,m>0, 9 q ?  j=—co ’
' i+m=0 (mod 2)
N

3(N—2n—m 2(N—2n—m)+n 3(NZ-2\ N
LT > qQ(’”’")[( )] [( ) ] =Zq( 2 )[ ] (—a* —q*: %),
Third Finite m q n 3 211 g3
Versi: m,n>0 1=0

More Infinite
Families
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Unified Finite Capparelli’s First Identity

Theorem (Berkovich-U, 2019)

B s R ) 8 (i)

i,m>0, q j=—o00

i+m=0 (mod 2)

5 gt [N =20 m)]q AN =20 =m) 53 M N

3

m,n>0 m n 1=0
Q(m,n)(43. 43 M » [ 2M
I
(4 )m(a% ¢°)n(a% PIm—-20-m 2=, M+,

m,n>0
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First Infinite Hierarchy

Polynomial Version

Theorem (Berkovich-U, 2019)

) Let v be a non-negative integer, and let Ny = ng + ngy1 + -+ + ny, for
Capparelli’s
it k=1,2,...,v. Then,

Introduction

Partition
Theorems
Finitizations Z mP+3(N2 Nz a2y | L+ M — Ny 3n,
irst Fini q
L m
m,ny,n2,...,ny, >0, q° q2

L+m=Ny+N2+---+N, (mod 2)

2n, + L‘"“NI‘Q’Z""—’VU] ﬁ [L S N+
q

2n, n;

6 j=1 q

Falion ™ > L. M
_ 3(u+1) +2j 6
2. 4 T((V+1)J J’q>

j==oc0
v

A. Berkovich and A. K. Uncu, Refined g-Trinomial Coefficients and Two Infinite
Hierarcies of g-Series Identities, Algorithmic Comblnatorlcs Springer Cham.
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First Infinite Hierarchy

Introduction

Capparelli’s
Partition
Theorems

Theorem (Berkovich-U, 2019)

For non-negative integer v, we have

Finitizations

2 24 ... 2
Z GPINEANGE-NE) (g g2,
o 50 (4% @)m (0% @)y - (9% @%)n, 1 (0% 6)2n,
: 3. 3
Third Finite
(=¢%a°) 6(v+1 3v+1 3 6(v+1
S = W(q (v+ ), —q a ,—q . q (v+ ))007
Families i

where N; == n; +njy1+---+n, fori=1,2,... v.
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/
) Second Infinite Hierarchy

Polynomial Version

Theorem (Berkovich-U, 2019)

Introduction

Capparelli's Let v be a non-negative integer, and let Ny = ny + ngy1 + -+ + ny, for

Partition

Theorems k = 1, 2, B /5 Then,

Finitiza-tions Z m2+3(i2+N%+N§--»+N12,) |:L + M o I:| |:L . N]_:| |:3n,/:|
q 2 .
q3 q3 q

) L i m
Iym7n17n27'~~7nl/207
i+m=N1+No+---+N, (mod 2)

ird Finite i—m—N7—No—--— -1 r. [
Third ¥ y 2n, 4 i=m Ny 2N2 Ny, v I_Zjl:]_ N/+nj
More Infinite
Families 2”1/ q3 kel ”j q3

J:
oo
S gl LM
(v+2)j, (v+1))
j=—o0
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/
) Second Infinite Hierarchy

Capparelli’s first identity is included in this family

Theorem (Berkovich-U, 2019)

For non-negative integer v, we have

m?+3(%+ N2+ N3 +-+N2)

q 2 [3n,,]
Z 3. 43
i m
i7m»n17n27'~~7n1120» (q ,q )I aq
i+m=Ny+No+---+N, (mod 2)

y [2ny + "_Nl_szn_N"_m] Vl—Il [I — Zk WNE=n;

2n,

g3 j=1 nj q3
_ (g8("37), g3+, g3(2%) -1, g6("2%))
(6% ¢) oo

where N; == n; +njy1+---+n, fori=1,2,... v

v
Michigan Technological University -32- Ali K. Uncu | akuncu@ricam.oeaw.ac.at




A Third Set of Finite Identities that Imply Capparelli’'s
teorems

Theorem (Berkovich-U, 2022)
Let L € Zzo, then

Introduction

Capparelli’s
Partition
Theorems > > L .
Finitizations Z q2m AR (q; CI)L _ Z <j T 1> qu[ 2L ]
: 2o (@ @)-3n-2m(di Q)m(@® )n 2=\ 3 L—j],

q2m2+6mn+6n2+m+3n(q; q)L 2m2+6mn+6n2+3m+6n(q; q)L

q
2 (9 9)1=3n—2m(q; @)m(a%; 4°)n py (9: 9)—3n—2m-1(q: @) m(q3 ¢3)n

m,n>0 m,n>0
L .
3 L—jl,

j=—L

where (%) is the Jacobi symbol.

Oct 5, 2023 Michigan Technological University -33- Ali K. Uncu | akuncu@ricam.oeaw.ac.at



Introduction

Capparelli’s
Partition > > M
Theorems Z q2m THETH (q3; q3)M _ Z q3j2+j|: 2M :|
Finitization . 3. g3 3. 43 - _ )
ons 2, @ @ @ P 22,0 (M=
ITI2 mn- I'I2 m n m2 mn: ﬂz m n
Z q2 +6mn+6n“+m+3 (q3;q3)M +q q2 +6mn+6n<+3m+6 (q3;q3)M
2o (@ D)m(@36%)n(0% @ mw20-m 7 4= (a4 9)m(6%; 0%)n(a% P )m—20-m
M
3242j [2M +1
ini = Z q M _ g I
Families j=—M-1 J q3
2 2_ — 14
q2m +6mn+6n°—2m 3n(q3; q3)M (1 N q3M) _ Z q3j272j(1 n q3j) 2M
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A Special case of Bailey Lemma

Introduction

=
Theorems Fora=20,1, if
o0
2L + a
FLa) =S aj(q)[L_ }
= Jlg
j=—00
then

rPyar( . 0

q (qv q)2L+a i2+aj 2L +a
Fa(rig) = > aj(q)d ™ [
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Infinite Hierarchy |

Polynomial Version

Introduction

G Theorem (Berkovich-U, 2022)
S Let L € Zso, f € N and N; := n; + nip1 + -+ ng with i = 1,2, then

Finitizations

2 2 2 2 2
2m<+6mn+6n<+3(NT+N5+---+N: 3. 3 3. 3
q (NN (a3 a®)a1(a® q Jne

mymng g ong >0 (@ Dm(@3:a3)n(a3 62) vy (4% 8> )ng —20—m (% 0> )ng (6% 5*)ng - - - (6% 4> )np 5 (935 03)20g

L
=3 qs(f+1)j2+j[ 2L ] )
j=—t L—jlg3
V.

P A. Berkovich and A. K. Uncu, New infinite hierarchies of polynomial identities
related to the Capparelli partition theorems, J. Math. Anal. Appl. 506 (2022), no.
2, Paper No. 125678, 18 pp.
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Infinite Hierarchy |

eorem (Berkovich-U, 2022)
Let f e Nand N;:=n;+njy1+---+nf withi=1,2... f, then

G2 Hemn 62 +3(NG N+ -+N§)(

>

% a*)ny

ng g anp 20 (6 Dm(@3:62)n(%: 6> )ne —20—m(%: 4*)ny (35 @3)ny - - (431 43)ng_; (431 4%)2ny

(576, —g3f+2, _g3f+4,
) 5

q6f+6)oo

(43 63)oo
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Version _ Z q3(f+1)j2+(3f+2),' [2L + 1]
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F::ili:s j=—L—1 Jlq )
Oct 5, 2023 Michigan Technological University -38-

Ali K. Uncu | akuncu@ricam.oeaw.ac.at



Infinite Hierarchy Il

Introduction

Capparelli’s
Partition

22)
Theorems
Finitizations Let f e Nand N; :=n; +njy1+---+nf withi =1,2...,f, then

First Finite
Version

2 2 2 N2 N2
Second Finite > G remntOnZtmi3n+3(NTHNG -+ 4 NF 4N tNp 44 Np) (3 | gLi2mesny (g3, g3)
Version
A @i Rl momng g re.snp 20 (G Dm(a3a3)n(a%: 62)ng —20—m(a3: G*)ny (6% 0Pz - - - (4% @3y (4% 03)2n 42
Two Infinite
Famil
Third Finite
Version

eorem (Berkovich-U,

1

_ q3(f+1)jz+(3r’+2)j
(q"'? q3)<>o j=

— oo
6f+6
)

6f+5. 6f+6
+vq+)oo

(q —q, —q

(63 43) o0

Oct 5, 2023 Michigan Technological University -39 - Ali K. Uncu | akuncu@ricam.oeaw.ac.at



Introduction

Capparelli’s
Partition
Theorems

Finitizations
First Finite
Version

Second Finite
Version

A Curious Result

Two Infinite
Families

More Infinite
Families

Oct 5, 2023

Infinite Hierarchy IlI

Polynomial Version

eorem (Berkovich-U, 2022)

Let L € Z>o, f € Nand N; :=nj+njz1+---+ng withi =1,2...,f, then

2m24+6mn+6n2 —2m—3n+3(N2+N2+...+N2
o eaacaey m—3n+3(Nf +N5+---+ ,)(qs;q3)2L(q3;q3)nf(1+q3nf)
mymng s sng >0 (@ Dm(@35a3)n(a3 63) vy (4% 8> )ng —20—m (% 0> )ng (635 5*)ng - - - (6% 4> )np 5 (935 03) 20

L+1
SR i R
L—j

Jj=—L—-1 q3
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A Curious Result q f(a%a)ne (1 +q>"F)
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Infinite Hierarchy IV

Polynomial Version

Theorem (Berkovich-U, 2022)

q2m2+6mn+6nz+Nf+N§+' N2 (

Let L € Z>o, f € Nand N; :=nj+njz1+---+ng withi =1,2...,f, then

q;9)2.(

9 q)ng

-3 (

==}

jt1
3
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2L}
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