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Introduction: Borwein’s 1990 Conjectures (Andrews
1995)

Conjecture 1 (First Borwein Conjecture)
For the polynomials An(q), Bn(q), and Cn(q) defined by

n∏
j=1

(1 − q3j−2)(1 − q3j−1) = An(q3)− qBn(q3)− q2Cn(q3),

each has non-negative coefficients.

Conjecture 2 (Second Borwein Conjecture)
For the polynomials αn(q), βn(q), and γn(q) defined by

n∏
j=1

(1 − q3j−2)2(1 − q3j−1)2 = αn(q3)− qβn(q3)− q2γn(q3),

each has non-negative coefficients.
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Conjecture 3 (Third Borwein Conjecture)
For the polynomials νn(q), ϕn(q), χn(q), ψn(q), and ωn(q) defined by

n∏
j=1

(1 − q5j−4)(1 − q5j−3)(1 − q5j−2)(1 − q5j−1)

= νn(q5)− qϕn(q5)− q2χn(q5)− q3ψ(q5)− q4ω(q5),

each has non-negative coefficients.
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Although Andrews (1995) did not prove any of the above conjectures, he derived explicit sum
representations of the polynomials An(q), Bn(q), and Cn(q) respectively. The First Borwein Con-
jecture was recently proved analytically by Chen Wang (2022) using the saddle point method.
Apart from other tools, his proof relied on a theorem of Andrews where the following three recur-
sive relations were given by Andrews:

An(q) = (1 + q2n−1)An−1(q) + qnBn−1(q) + qnCn−1(q),

Bn(q) = (1 + q2n−1)Bn−1(q) + qn−1An−1(q)− qnCn−1(q),

Cn(q) = (1 + q2n−1)Cn−1(q) + qn−1An−1(q)− qn−1Bn−1(q).

Open Question
Find recursive relations for polynomials in Conjecture 2 and Conjecture 3.
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Recent Progress : Work of Wang and Krattenthaler

Recently, Chen Wang and Christian Krattenthaler (2022) proved Conjecture 1 and Conjecture 2.
Unlike Wang (2022) who considered Andrews’ sum representations for his proof, Wang and
Krattenthaler applied the saddle point method directly to the “First Borwein polynomial”

n∏
j=1

(1 − q3j−2)(1 − q3j−1) and its higher powers. They also gave the following cubic conjecture

which was missed by both Borwein and Andrews:

Conjecture 4 (Cubic Borwein Conjecture)
For the polynomials κn(q), δn(q), and θn(q) defined by

n∏
j=1

(1 − q3j−2)3(1 − q3j−1)3 = κn(q3)− qδn(q3)− q2θn(q3),

each has non-negative coefficients.

They proved “two thirds” of Conjecture 4 above by showing that all coefficients of κn(q) are

non-negative, “one half” of the coefficients of δn(q) are non-negative, and “one half” of the

coefficients of θn(q) are non-negative. They also provided ideas along similar lines for (at least)

“three fifths” of a proof of Conjecture 3 when the modulus 3 is replaced by 5.
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Notation & Convention

For non-negative integers n, consider the standard notation for q-Pochammer symbols,

(a)n = (a; q)n :=

n−1∏
k=0

(1 − aqk ), for n ≥ 1,

(a)0 = (a; q)0 := 1.

For positive integers n and k , consider polynomials of the form

Pn,k (q) :=
(q; q)kn

(qk ; qk )n
=

k−1∏
j=1

(qj ; qk )n.
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Motivation

For k = 7, Wang and Krattenthaler (2022) stated the following interesting modulus 7
“Borwein-type” Conjecture:

Conjecture 5 (Modulus 7 Borwein Conjecture)
For positive integers n, consider the expansion of the polynomial

Pn,7(q) :=
(q; q)7n

(q7; q7)n
=

21n2∑
m=0

dm(n)qm.

Then

d7m(n) ≥ 0 and d7m+1(n), d7m+3(n), d7m+4(n), d7m+6(n) ≤ 0, for all m and n,

while

d7m+5(n)

{
≥ 0, for m ≤ 3α(n)n2,

≤ 0, for m > 3α(n)n2,

where α(n) seems to stabilise around 0.302.
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New Borwein-type Conjectures

Conjecture 6 (Berkovich-D (2024))
Let n be a positive integer and i ∈ {4, 5, 6, 7, 8}. Consider the expansion of the polynomial
P i

n,3(q) defined by

P i
n,3(q) :=

(q; q)i
3n

(q3; q3)i
n
=

3in2∑
m=0

c(i)
m (n)qm.

Then

c(i)
3m(n) ≥ 0, for all m and n,

while

c(i)
3m+2(n)

{
≥ 0, for m ≤ α(i)(n)n2,

≤ 0, for m > α(i)(n)n2,

where α(i)(n) tends to a limiting value as n tends to ∞ according to the following table:

Aritram Dhar (UF) New Borwein-type Conjectures 11 / 20



Table for Conjecture 6
value of i lim

n→∞
α(i)(n)

4 0.750 · · ·
5 1.270 · · ·
6 1.778 · · ·
7 2.282 · · ·
8 2.784 · · ·

We verified Conjecture 6 using q-series package in Maple. For instance, we got

α(4)(65) · 652 = 3170.
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Since the polynomial P i
n,3(q) is palindromic for any positive integer i , we can also predict the

signs of the coefficients c(i)
3m+1(n) in Conjecture 6. This is true because of the following

observation.

Remark 1
Consider the polynomial P i

n,3(q) as defined in Conjecture 6. If we write

P i
n,3(q) = Xn,i (q3) + qYn,i (q3) + q2Zn,i (q3),

then it is easy to show that the following duality relations hold

Xn,i (q) = qin2
Xn,i (1/q)

and

Zn,i (q) = qin2−1Yn,i (1/q).
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Conjecture 7 (Berkovich-D (2024))
Let n be a positive integer and i ∈ {2, 3}. Consider the expansion of the polynomial P i

n,5(q)
defined by

P i
n,5(q) :=

(q; q)i
5n

(q5; q5)i
n
=

10in2∑
m=0

d (i)
m (n)qm.

Then

d (i)
5m(n) ≥ 0, for all m and n,

while

d (i)
5m+3(n)

{
≥ 0, for m ≤ α̃(i)(n)n2,

≤ 0, for m > α̃(i)(n)n2,

and

d (i)
5m+4(n)

{
≥ 0, for m ≤ β̃(i)(n)n2,

≤ 0, for m > β̃(i)(n)n2,

where α̃(i)(n) and β̃(i)(n) tend to limiting values as n tends to ∞ according to the following table:
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Table for Conjecture 7
value of i lim

n→∞
α̃(i)(n) lim

n→∞
β̃(i)(n)

2 1.133 · · · 1.011 · · ·
3 2.132 · · · 2.001 · · ·

We verified Conjecture 7 using q-series package in Maple. For instance, we got

β̃(2)(65) · 652 = 4274.
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Since the polynomial P i
n,5(q) is palindromic for any positive integer i , we can also predict the

signs of the coefficients d (i)
5m+1(n) and d (i)

5m+2(n) in Conjecture 8. This is true because of the
following observation.

Remark 2
Consider the polynomial P i

n,5(q) as defined in Conjecture 7. If we write

P i
n,5(q) = An,i (q5) + qBn,i (q5) + q2Cn,i (q5) + q3Dn,i (q5) + q4En,i (q5),

then it is easy to show that the following relations hold

An,i (q) = q2in2
An,i (1/q),

Dn,i (q) = q2in2−1Cn,i (1/q),

and

En,i (q) = q2in2−1Bn,i (1/q).

Aritram Dhar (UF) New Borwein-type Conjectures 16 / 20



Conclusion and Future Work

It would be very interesting to investigate whether the asymptotic approach of Wang and
Krattenthaler (2022) applies to Conjecture 6 and Conjecture 7.

The sign-pattern of coefficients of P i
n,3(q) is much more complicated when i ≥ 9. For

instance, we have

X11,9(q) = 1 − 3q + 8q3 − 9q4 + 17q6 − 27q7 + 46q9 − 57q10 + 260q12

+ 1899q13 + · · ·+ 1899q1076 + 260q1077 − 57q1079 + 46q1080

− 27q1082 + 17q1083 − 9q1085 + 8q1086 − 3q1088 + q1089.

The sign-pattern of X11,9(q) above is definitely worth exploring further.
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Similarly, the sign-pattern of coefficients of P i
n,5(q) is complicated when i ≥ 4. For

instance, we have

B2,4(q) = −4 − 26q − 108q2 − 326q3 − 748q4 − 1536q5 − 2644q6 − 4352q7

− 6200q8 − 8418q9 − 10544q10 − 11369q11 − 12772q12 − 11134q13

− 10072q14 − 7762q15 − 3696q16 − 2348q17 + 1420q18 + 2281q19

+ 2924q20 + 3422q21 + 2300q22 + 1983q23 + 1044q24 + 522q25

+ 168q26 − 15q27 − 48q28 − 42q29 − 20q30 − 5q31.

The sign pattern of B2,4(q) above is again worth exploring more.

It is a challenge to find partition theoretic explanation of why Xn,i (q) for 1 ≤ i ≤ 8 has
non-negative coefficients for all n. Such interpretation, if any, would lead to a great insight
into positivity problems in the theory of partitions and q-series.
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Thank You!
(This work is based on arXiv:2407.13788 [math.CO] which was recently

accepted in Experimental Mathematics)
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