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Page 27 of Ramanujan’s Lost Notebook

e For a € C\{0}, and b € C,

—2m ,m? © nbn n?/4 > —2m—1,m%*+m X anbnq(n+1)2/4

. a q a q
2 (bg) Z +Z (b9)m

m=0 M n=0
1 Z a"q"/t — (1 —b) Za 2/4nzzlbz. (1)
(bQ)oo = /—0 (Q)Z

= (Dn
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Page 27 of Ramanujan’s Lost Notebook

e For a € C\{0}, and b € C,

o —2m m? amba™ 2/4 > —2m—1,m*+m X _npn_ (n+1)?/4
b b
Z a q Z + Z a q a"oq
m—0 (bq)m =0 (bq)m "0 (@)n
SRS
S — (@)

o (Andrews, Partitions: Yesterday and Today)
Let a = b = 1, replace ¢ by ¢*, multiply both sides of the resulting
identity by (—¢?;¢%)so, and use Rogers’ identities
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Page 27 of Ramanujan’s Lost Notebook

e For a € C\{0}, and b € C,

—2m,m2 °

nbn n?/4 > —2m—1,m%*+m X npn (n+1)2/4
2 Gom X e T2 —

m=0 n=0 bq)m =0 (Q)n
1 > s
s 2 = 1=p) ) "2/42 1)
° n=—o0 n=1

o (Andrews, Partitions: Yesterday and Today)

Let a = b = 1, replace ¢ by ¢*, multiply both sides of the resulting
identity by (—¢?;¢%)so, and use Rogers’ identities

ele] n2

o n2+2n
q 2. 2 q
G@) = (- 77— H@) =00 Y 7
— (0% q")n —(a%q")n

o¢] 2

where G(q) == Z (({7 and H(q q

n=0 n
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Why is the identity interesting?

@ This leads to the modular relation

G(Q)G(g") + qH (@) H(g") = mo — (~g ),

where p(q) == 2 " is the Jacobi theta function.

n=—o0 4
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Why is the identity interesting?

@ This leads to the modular relation

C@O() + dHWH) = fB— = (s (2

o0 n2

where p(q) := >~ ¢" is the Jacobi theta function.

e Regarding (2), Andrews says (in his prefatorial introduction to the
Lost Notebook):

This sort of identity has always appeared to me to lie totally within
the realm of modular functions and to be completely resistant to
q-series generalization. One of the greatest shocks I got from the
Lost Notebook was the following assertion...
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Another special case of the generalized modular relation

o Letting a = b= —1 in (1), replacing ¢ by ¢*, multiplying the
resulting two sides by (—¢?; ¢?)e, and then using Rogers’
identities yields

LG.E. Andrews, Partitions: Yesterday and Today, New Zealand Math. Soc.,
Wellington, 1979.
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Another special case of the generalized modular relation

o Letting a = b= —1 in (1), replacing ¢ by ¢*, multiplying the
resulting two sides by (—¢?; ¢?)e, and then using Rogers’
identities yields

G(9) folq") — qH(9) f1(q") (3)
oy s o o (_1)nq(n+£+1)2
- ( q;9 )OOTL:ZOO( 1) q +2( q;9 )Oon;[) (q4;q4)£ )
00 qn2 [e’s) qn2+n
where fy(q) := Zo oo and f1(q) := EOW are two fifth

order mock theta functions of Ramanujan.

LG.E. Andrews, Partitions: Yesterday and Today, New Zealand Math. Soc.,
Wellington, 1979.
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Another special case of the generalized modular relation

o Letting a = b= —1 in (1), replacing ¢ by ¢*, multiplying the
resulting two sides by (—¢?; ¢?)e, and then using Rogers’
identities yields

G(9) folq") — qH(9) f1(q") (3)
oy s o o (_1)nq(n+£+1)2
- ( q;9 )OOTL:ZOO( 1) q +2( q;9 )Oon;[) (q4;q4)£ )
00 qn2 [e’s) qn2+n
where fy(q) := Zo oo and f1(q) := EOW are two fifth

order mock theta functions of Ramanujan.

o Andrews' says, ‘Nothing like (3) appears in any of the literature
on mock theta functions.

LG.E. Andrews, Partitions: Yesterday and Today, New Zealand Math. Soc.,
Wellington, 1979.
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Ramanujan’s generalized modular relation

Recall that for a € C\{0}, and b € C,

—2m , m? X anbnqn2/4 > —2m—1,m%+m X anbnq(n+l)2/4

= a q a q
2 > (b9)m (Dn

m=0 (bq)m m=0

00 00 n—1
1 2 2 bt
_ n n?/4 n_ n?/4
= — a"q —(1-b a'q —.
G 2 (=02 ")

= (@n

n=0

n=—0oo

2A. Dixit and G. Kumar, The Rogers-Ramanugjan dissection of a theta function,
submitted for publication.
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Ramanujan’s generalized modular relation

Recall that for a € C\{0}, and b € C,

Z a72mqm2 anbnqn2/4 N i a*melqszfm 00 a”b”q(”“)2/4
m—0 (bQ)m =0 (q)n m—0 (bQ)m n—0 (q)n
1 i g™/ — (1— ) za 2/4§b€
(b@)oo , —~ ()

@ Andrews proved this identity by showing that the coefficients of
a,—00 < N < 00, on both sides are identical

2A. Dixit and G. Kumar, The Rogers-Ramanugjan dissection of a theta function.
submitted for publication
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Ramanujan’s generalized modular relation

Recall that for a € C\{0}, and b € C,

i a72mqm2 i anbnqn2/4
(bQ)m =0 (q)n

o0

_ LN g wea e b
i) 2 a bza 2y

n=—0oo

—2m—1,m?+m anbnq(n+l)2/4

o0 a q
3 (bg)m ZO (@)n

@ Andrews proved this identity by showing that the coefficients of

a,—0o < N < 00, on both sides are identical.

e However, this requires knowing the identity in advance.

2A. Dixit and G. Kumar, The Rogers-Ramanugjan dissection of a theta function,

submitted for publication.
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Ramanujan’s generalized modular relation

Recall that for a € C\{0}, and b € C,

q—2m m? anbnqn2/4

q —2m—1,m?+m anbnq(n+l)2/4

o0 a q
> (bq).

m=0 (ba)m n=0 (@)n m=0 m n=0 (@)n
e n—1 ,y
_ ! S gt - (1) za 2/42L

@ Andrews proved this identity by showing that the coefficients of

a,—0o < N < 00, on both sides are identical.

e However, this requires knowing the identity in advance.

e One of the goals of our work? was to see if a natural proof of (1)
could be obtained.

2A. Dixit and G. Kumar, The Rogers-Ramanugjan dissection of a theta function,
submitted for publication.
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A question on page 26 of the Lost Notebook

e Ramanujan wrote

7;) (@Dn = (@

n

n,n%/(2s) X _—ns _n?s/2
9 ¢ 1 asq — 177 (4)
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A question on page 26 of the Lost Notebook

e Ramanujan wrote

7;) (@Dn = (@

n

Can’rzz/(Qs) e a—nsqn25/2

asq — 177

@ When s = 2, the above product is the special case b =1 of
—2m ,m? anbnqn2/4

00 a q
Z (bq)m ZO (@Dn

m=0 n=
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A question on page 26 of the Lost Notebook

e Ramanujan wrote

7;) (@Dn = (@

n

anqnz/(Qs) e a—nsqn25/2

asq — 177 (4)

@ When s = 2, the above product is the special case b =1 of
—2m ,m? anbnqn2/4

00 a q
Z (bq)m ZO (@Dn

m=0 n=

@ Andrews and Berndt remark, ‘Ramanujan provides no indication
either why this is of interest for arbitrary s or what the
asymptotics should be.’
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Second goal

o Among other things, we answer Ramanujan’s question:

Theorem (D. - Kumar (2024))

Let a > 0 and s € N. Let z1 denote the real positive root of
azl/*+2—-1=0. Asqg—1-,

ee anan/(Zs) X —ns

g Vs -1 (7 s 204
7;’ (@)n nz:% (@)n N1+(s—1)zleXp<10g(q)<6+2log(>)>'
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Second goal

o Among other things, we answer Ramanujan’s question:

Theorem (D. - Kumar (2024))

Let a > 0 and s € N. Let z1 denote the real positive root of
azl/s+2-1=0. Asq— 1",

©  n,.n%/(2s) X _—ns

DS q(fJ)n > (qq):ljS/2 1+ (s\/E PR (10;(1@ (7;’2 B ;log2(a))>.

n=0 n=0

e But the very fact that Ramanujan considers

io: anan/(Qs) i a—nsqn25/2
= (D = (Dn

also raises an important question - is there a generalization of (1)
which reduces to it when s =27
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Main theorem

Theorem (D. - Kumar (2024))

Let seN. ForaeC, a#0, andb e C,

szi{ i a—sm—kq(sm+k)2/(25) i anbnqn(n+2js—2k)/(2$)}
5—0 (bq)m

m=0 n=0 (q)n
1 o o n—1 N
i SN oang/®) — (1 b)Y ang )ZT’ (5)
Q)oo — n=1 £=0 (a)e
where
[0, ifk=0,
J= 1, otherwise.
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Comparison with other formulas for theta functions

@ There are several formulas in the literature which express a
product of theta function with a g-series or another theta function
as a finite sum of theta functions or their products or powers.
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Comparison with other formulas for theta functions

@ There are several formulas in the literature which express a
product of theta function with a g-series or another theta function
as a finite sum of theta functions or their products or powers.

e For example, Schroter’s formula, Ramanujan’s circular summation
of theta functions.
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Comparison with other formulas for theta functions

@ There are several formulas in the literature which express a
product of theta function with a g-series or another theta function
as a finite sum of theta functions or their products or powers.

e For example, Schroter’s formula, Ramanujan’s circular summation
of theta functions.

@ The series in our result are generalized Rogers-Ramanujan
functions of the form

o0 anq(cn2 +dn)/s

where a,b € C, ¢,d € R, and s € N.
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Representations for partial theta functions

Theorem (D. - Kumar (2024))
For s € N,

anbnqn(n+2j372k)/(25)

> (bq)m 2

5_1{ o —smfkq(8m+k)2/(25)

k=0 \m=0 n=sm-+k+1
1 00
=— /) _(1-5)Y a"
b 2 Z

(@)n
b€

}
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Representations for partial theta functions

Theorem (D. - Kumar (2024))
For s € N,

s—1 { e —sm—kq(sm+k)2/(23) sm+k anbnqn(n+2js—2k)/(23) }

212 (ba)m vt (@n

k=0 \m=0

0
= (l)]i Z anan/(2s)‘
d)oo

n=—oo
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The Rogers-Ramanujan dissection of a theta function

s—1 { i a—sm—kq(sm+k)2/(25) o anbnqn(n+2js—2k)/(28)}
= (bq)m (@Dn

bql) Z g/ _ (1 _ p) Zan n2 25)2 b

)
n=-—oo n=1 Q)é

n=0

where 7 = 0 if £ = 0, and 1 otherwise.
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The Rogers-Ramanujan dissection of a theta function

s—1 { i a—sm—kq(sm+k)2/(25) & anbnqn(n+2js—2k)/(25)}
= (bq)m vt (@Dn

bql) Z g/ _ (1 _ p) Zan n2 zs)z b

n=-—00 n=1 Q)é
where j =0 if Kk =0, and 1 otherwise.

@ The special case b = 1 of this identity is what we call the
Rogers-Ramanugjan dissection of the theta function

i anqn2/(2s) .

n=—oo
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The Rogers-Ramanujan dissection of a theta function

51{ 0 a—sm—kq(sm+k)2/(25) & anbnqn(n+2js—2k)/(25)}
=0

2 (b0)m Z (@)

k=0
1 00 0o , n—1 N
2 s
_ W Z Cann /(2s) (1 _b)zanqn /(2 )Z

n=-—o0 n=1 /=0 (Q)@
where j =0 if Kk =0, and 1 otherwise.

@ The special case b = 1 of this identity is what we call the
Rogers-Ramanugjan dissection of the theta function
i anqn2/(2s).
n=—oo

o Clearly, Ramanujan’s result is the special case s = 2 of the above.
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A generalization of the Jacobi triple product identity

@ Letting s = 1 in the main result leads to
Corollary
ForaeC,a#0, andbeC,
—mqm2/2 oo anbnqn2/2

Z (bq)m 7;) (Q)n

m=0

n=—oo

1 o0 ) 0 , n—1 bz
_ Z anqn /2_(1_b)zanqn /227
(bg)oc n=1 =0

(Q)E

Atul Dixit (IIT Gandhinagar) The Rogers-Ramanujan dissection

January 30, 2025

13 /40



A generalization of the Jacobi triple product identity

@ Letting s = 1 in the main result leads to
Corollary
ForaeC,a#0, andbeC,
—mqm2/2 oo anbnqn2/2

Z (bq)m 7;) (Q)n

m=0

1 o0 ) 0 , n—1 be
_ Z anqn /2_(1_b)zanqn /227
(bg)oc n=1 =0

s (9)e

o Letting b = 1 and replacing ¢ by ¢ leads to the Jacobi triple
product identity.
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The special case s = 3

Corollary
For a € C\{0} and b € C,
i q—3m 3m /3 &2 nbnqn2/6
=0 n=0 (@)n

—3m—1,3m?/24m X anbnqn(n+4)/6

1/6 — @ q
Ha Y

m=0

—3m—2,3m?/24+2m anbnqn(n+2)/6

”2/32,& .

= (Dn

o] n—1
Z ann/ﬁ 1_b)zanqn2/6ZL
n=1 = (@

n=—oo
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The special case s = 3

Corollary
For a € C\{0} and b € C,
i q—3m 3m /3 &2 nbnqn2/6
=0 n=0 (@)n
_|_q1/6 i a73m71q3m2/2+m St anbnqn(n+4)/6
m=0 (bq)m n=0 (q)n

—3m—2,3m?/24+2m anbnqn(n+2)/6

T 23 Z @ (bci])m Z

n=0 (q)n

Zanqn/ﬁ 1_b2n71/62
n=1

n=—oo

If we let a = b =1, do we get an analogue of

o(q)
G()G(¢") + qH(H(¢") = 55— = (—¢: )37
(%5 4%) s
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Unlikelihood of such relations for s > 2

e The key ingredients to get (7) from (1) were Rogers’ identities

> n? " n?+2n

q 2. 2 q
G@)= (DY 5 H@O=-Fo> -
@ = ) 7;0((]45(]4)n 0= ) T;)(q‘*;q“)n
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Unlikelihood of such relations for s > 2

e The key ingredients to get (7) from (1) were Rogers’ identities

> n? " n?+2n

q 2. 2 q
G@)= (DY 5 H@O=-Fo> -
0= ) 7;0((]45(]4)n 0= ) T;)(q‘*;q“)n

o It is unlikely that analogues of these identities exist for s > 2.
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Unlikelihood of such relations for s > 2

e The key ingredients to get (7) from (1) were Rogers’ identities

> n? " n?+2n

q 2. 2 q
G@)=(-*Do Y 5 H@O =Y 5
(q) = ( ) 7?20 (" (q) = ( ) n§:0 (a®

o It is unlikely that analogues of these identities exist for s > 2.
@ Bressoud’s has not only generalized Rogers’ first identity to have

o0

q a qn2an
aq q ) Z_% (¢%;¢®)n(—ag; ¢2)n

but has, in turn, also generalized this identity for any s € N so that

00 m,+75m(72"'71)am NqisN({V 1)+n1+2n2+ F(s—1)ns—1

(@)m e OOZ < P (%507 n, 1 (0055 %) N
(®)

m=0

where N =n; +ng+ -+ ns_1.

Atul Dixit (IIT Gandhinagar) The Rogers-Ramanujan dissection January 30, 2025 15 /40



Some more special cases of the main result

Corollary
Let o(q) :== %% ___q"". Then,

m—l m

(=)™ o(—q) >
_ (14)
= (<bg%)m (—bd)oo Zl Jm

In particular,
#(q) +20(q) = (=4; )3 (4% ¢*)oo

where, ¢(q) and ¥ (q) are two of Ramanugjan’s third order mock theta
functions defined by

v
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Annihilation of the theta function

[ee]
o Let a = —1 in (1) and replace ¢ by ¢//®%) in Y (—=1)gn*— = 0.

n=—oo
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Annihilation of the theta function

[ee]
o Let a = —1 in (1) and replace ¢ by ¢/ in Y (=1)"¢""~" = 0.

n=—oo

o This annihilates the theta function and we get

w

k=0 \m=0 (bQ)m n=0 (Q)”

_1{2 )sm kq(‘;m+k)(sm+k+1)/(2~;) o (_b)nq(n(n—&-2js—2k)—n)/(28)}

n—1

RN )Y (b) (9)
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Annihilation of the theta function

[ee]
o Let a = —1 in (1) and replace ¢ by ¢//®%) in Y (—=1)gn*— = 0.

n=—oo

o This annihilates the theta function and we get

w

k=0 \m=0 (bq)um n=0 (@)n

-1 {Z )sm kq(‘;m+k)(sm+k+1)/(29) © (_b)nq(n(n—&-2js—2k)—n)/(28)}

o] n—1

RN )Y o ©

e Now let s = 2,b = —1 and replace ¢ by ¢* in (9) so as to obtain
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A g-series of Ramanujan

Corollary

m(2m+1) —-1)/ S 2m +3m+1 X n(n+1)/2

— q" g
Z a*)m Z (612,(12 Z ®)m ,;J (@%@

O O

— _ _1\n,n(n—1)/2 = (71)
2;( Va ez:% (¢%4%)e (10)

3G. E. Andrews, Ramanujan’s “Lost” Notebook IV. Stacks and alternating parity
in partitions, Adv. Math. 53 (1984), 55-74.
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A g-series of Ramanujan

Corollary

oo m(2m+1) n(n—1)/ S 2m +3m+1 X n(n+1)/2
q" q

Z @*)m Z (% q2 Z @*)m (q2'q2)

0 ’ 0 n=0 Ol

- _9 Z(il)nqn(nfl)/2 Z_: (71) ) (10)

— = (4% 4%)e
n(n+1)

o Andrews® studied the function > °° ¢ /(¢% ¢*)n in
conjunction with four identities from the Lost Notebook out of
which two are quite difficult to prove.

3G. E. Andrews, Ramanujan’s “Lost” Notebook IV. Stacks and alternating parity
in partitions, Adv. Math. 53 (1984), 55-74.
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A g-series of Ramanujan

Corollary
0 gmmtl) 2 gn(n—1)/ 0 2m +3m+1 &0 pn(n+1)/2
Z:O @*)m Z (@ ¢*)n X:O @*)m nz:% (% ¢*)n
:fzzemq“”*”/i—(; D (10)
= = (¢% %)
n(nt1)

o Andrews® studied the function >°° ¢~ 2z /(g% ¢*)n in
conjunction with four identities from the Lost Notebook out of
which two are quite difficult to prove.

e Two of the series are special cases of the series
Yoo g/ /(¢?; ¢*),, which is a g-analogue of Airy function and
which arises as a hypergeometric solution of a g-Painlevé equation.

3G. E. Andrews, Ramanujan’s “Lost” Notebook IV. Stacks and alternating parity

in partitions, Adv. Math. 53 (1984), 55-74.
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A congruence implied by the above result

Corollary
o] [e ] [e o] 2
qm(2m+1) qn(n—l)/Q 1 q2m +3m+1
= 0(mod 2
PO el B D v mil s el Dl

Atul Dixit (IIT Gandhinagar) The Rogers-Ramanujan dissection January 30, 2025 19 /40



A congruence implied by the above result

Corollary

o qm(2m+1) oo qn(n 1)/2 1 o0 q2m2+3m+1

Z Z Z 2. 2 = 0(mod 2
= (—4*q°) (=@~ = (=% ¢*)m

e While the coefficients of the sum over n form the sequence
A179080 in OEIS, those of the other two (over m) are not even
included there.
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A congruence implied by the above result

Corollary
ce m(2m+1) X n(n—1)/2 1 e2 2m +3m+1
q
> {1 2 - g 2 ey | =Omea
= ( & —q)oo “=
(11)

e While the coefficients of the sum over n form the sequence
A179080 in OEIS, those of the other two (over m) are not even
included there.

o All three sums seem to not have been studied before, but they,
indeed, deserve a serious study.
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Further annihilation

We have
Corollary

s—1 co (_1)sm—kq(sm+k)(sm+k+l)/(23) co (_1)nqn(n+2js—2k—l)/(23)
(Dm v (Dn -
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Further annihilation

We have
Corollary

51{ £ (_1)sm—kq(sm+k)(sm+k+1)/(23) co (_1)nqn(n+2js—2k)—1)/(25)}

PP (@m —~ (@)n

k=0 \m=0

(12)

o Letting s = 1, we obtain the trivial identity
o0 (_l)mqm(m+1)/2 o (_1)nqn(n71)/2

2 (Dm 2 (@Dn

=0,
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Further annihilation

We have
Corollary

51{ £ (_1)sm—kq(sm+k)(sm+k+1)/(25) co (_1)nqn(n+2js—2k—1)/(25)}

PP (@m —~ (@)n

k=0 \m=0

(12)

o Letting s = 1, we obtain the trivial identity
o0 (_l)mqm(m+1)/2 o (_1)nqn(n71)/2

2 (Dm 2 (@Dn

m=0 n=0
o Letting s = 2 in (12) and then replacing ¢ by ¢2, we obtain

=0,

0 qm(2m+1) e (_l)nqn(n—l)/Q > q(7n+1)(2m+1) 0 (_1)nqn(n+1)/2

= (P P)m = () (@ P)m = (@)

m=0
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Further new results

It also follows easily by applying McIntosh’s identity twice (here
p € N):

i q(2n+u)(2n+lt+1)/2 () i (_1)nqn(n+1)/2—un
= (%) T (6%
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Further new results

It also follows easily by applying McIntosh’s identity twice (here
p € N):

00 q(2n+M)(2n+M+1)/2 () i (_1)nqn(n+1)/2—un
= (%) T (6%

The special cases for s > 2 are, to the best of our knowledge, new. For
example, when s = 3,
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Further new results

It also follows easily by applying McIntosh’s identity twice (here
p € N):

00 q(2n+u)(2n+lt+1)/2 () i (_1)nqn(n+1)/2—un
= (% T (d%4%)n

The special cases for s > 2 are, to the best of our knowledge, new
example, when s = 3,
i (_1)mqm(3m+1)/2 > (_1)nqn(n—1)/6
= (@)m oy (@)n
B io: (_l)mq(3m+l)(3m+2)/6 e (_1)nqn(n+3)/6
=0 (@)m n=0 (@)n
e —1)m (m+1)(3m+2)/2 —1)" n(n+1)/6
+ Z (-1)™q Z( )"q
m=0 (q)m n=0 (q)n

=0.
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Ingredients in the proof of the main identity

Theorem (D. - Kumar (2024))

Let s € N. For any complex numbers a,b and q such that |q| < 1,

i anbnan SZE io: asn+kbn+jq(sn+k)(n+j) L io: 3
0 (aq)n(bq)n k=0 n—0 (aq)n(b9) stk ) (bq)n
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Ingredients in the proof of the main identity

Theorem (D. - Kumar (2024))

Let s € N. For any complex numbers a,b and q such that |q| < 1,

i anbnqn2 B szf i asn+kbn+jq(sn+k)(n+j) T bio: 3
0 (aq)n(bq)n k=0 n—0 (aq)n(b9) stk ) (bq)n
This gives, in particular,
521 i bsm+kq(sm+k+n)(m+_j Z b™q m+n
n+1 n+1 )
= et (0Q)m (g™ )sm =
SZE i bsn+kq(sn+k)(m+n+]) 1
k=0 n=0 (g™ ) (@t (bg™ oo’

both of which are required in our proofs.
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Another identity of Ramanujan

e On page 26 of the Lost Notebook, we find

o0 24 o (_a)nqn2/4 s 24 oo Cerq112/4
> agny COTR S gy ST
n=-—oo n=0 (Q)n n=-—oo n=0 ((I)n
o —2m—1,m%+m
— 9q1/4 - %. 13
e 3 gt (13)

1G. N. Watson, The mock theta functions (2), Proc. London Math. Soc. 42
(1937), 274-304.
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Another identity of Ramanujan

e On page 26 of the Lost Notebook, we find

o0 24 o (_a)nqn2/4 s 24 oo Cerq112/4
> agny COTR S gy ST
n=-—oo n=0 (Q)n n=-—oo n=0 ((I)n
o —2m—1,m%+m
— 9q1/4 - %. 13
e 3 gt (13)

o It was proved by Andrews in Partitions: Yesterday and Today.

1G. N. Watson, The mock theta functions (2), Proc. London Math. Soc. 42
(1937), 274-304.
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Another identity of Ramanujan

e On page 26 of the Lost Notebook, we find

Z an n /42( "q" /4 _ i n n2/4§:anqn2/4
(@)n — (O

n=-—oo n=0 n=-—oo
o —2m—1,m%+m
a q
=20""(Q)oc ¥ — 75— (13)
"m0 (bq)m

o It was proved by Andrews in Partitions: Yesterday and Today.

e He also showed that Watson’s identities?

G(—q)¢(q) — Gla)p(—q) = 2¢H (¢ ) (¢?),
H(—q)¢(q) + H(q)o(—q) = 2G(¢")v(q?),

where 1¥(q) = (¢%;¢*) 0/ (¢; ¢*) 0, follow as special cases of (13).

1G. N. Watson, The mock theta functions (2), Proc. London Math. Soc. 42
(1937), 274-304.
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An identity from the list of forty

e Ramanujan’s list of forty identities® involving G(q) and H(q) is
famous.

5B. C. Berndt, G. Choi, Y.-S. Choi, H. Hahn, B. P. Yeap, A. J. Yee, H. Yesilyurt
and J. Yee, Ramanujan’s forty identities for the Rogers-Ramanujan functions
Mem. Amer. Math. Soc. 188 (2007), no. 880, 96 pp.
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An identity from the list of forty

e Ramanujan’s list of forty identities® involving G(q) and H(q) is
famous.

@ One of them is

G(q)H(—q) + G(—q)H(q) = 2(—¢*; ¢*)%. (14)

5B. C. Berndt, G. Choi, Y.-S. Choi, H. Hahn, B. P. Yeap, A. J. Yee, H. Yesilyurt

and J. Yee, Ramanujan’s forty identities for the Rogers-Ramanujan functions
Mem. Amer. Math. Soc. 188 (2007), no. 880, 96 pp.
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An identity from the list of forty

e Ramanujan’s list of forty identities® involving G(q) and H(q) is
famous.

@ One of them is

G(q)H(—q) + G(—q)H(q) = 2(—¢*; ¢*)%. (14)

o It follows easily from (13) and (15).

5B. C. Berndt, G. Choi, Y.-S. Choi, H. Hahn, B. P. Yeap, A. J. Yee, H. Yesilyurt
and J. Yee, Ramanujan’s forty identities for the Rogers-Ramanujan functions
Mem. Amer. Math. Soc. 188 (2007), no. 880, 96 pp.
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Asymptotic analysis

Recall the generalized modular relation:

—2m ,m? nbn n?/4 > —2m—1,m?*+m X anbnq(n+l)2/4

= a q a q
2 g 20 2
0o n—1

:<bq1>oo PO 1—bZa 2/42 (15)

n=—0oo

= (Dn
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Asymptotic analysis

Recall the generalized modular relation:

i (172mqm2 i nbn n?/4 N i anmflqm2+m o0 anbnq(n+1)2/4
m=0 (bq)m n=0 (b(])m n=0 (Q)n
00 n—1
1 a® n 4 2/4

@ How in the world could someone conceive such a relation?
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Asymptotic analysis

Recall the generalized modular relation:

—2m ,m? nbn n?/4 o 72mflqm2+m > anbnq(n+l)2/4

. a q a
2 (bq)m Z +Z (bq)

m=0 n=0 m n=0 (Q)n
00 n—1
:(bql)oo _z_: a® n 2/4 1—b Za 2/42 (]_5)

@ How in the world could someone conceive such a relation?

e Ramanujan was a master of asymptotic analysis, and we believe he
may have first got an idea about the existence of (15) through
such an analysis.
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Asymptotic analysis

e Before Ramanujan obtained his own proofs of the
Rogers-Ramanujan identities

1 1

G(Q) = (q; q5)oo(q4;q5)ooaH(Q) = (q2;q5)oo(q3;q5)oo

)

his belief in them stemmed from several pieces of evidence he
found for their existence.
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Asymptotic analysis

e Before Ramanujan obtained his own proofs of the
Rogers-Ramanujan identities

1 1

G(Q) = (q; q5)oo(q4;q5)ooaH(Q) = (q2;q5)oo(q3;q5)oo

)

his belief in them stemmed from several pieces of evidence he
found for their existence.

o For example, one of them was that both sides of the first identity
are asymptotically equal to exp (#ﬁq)) asq— 1.
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A general result on asymptotics

In his notebooks as well as on page 359 of the Lost Notebook,
Ramanujan obtained an asymptotic formula for the series

Yoo @t (q)n.
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A general result on asymptotics

In his notebooks as well as on page 359 of the Lost Notebook,
Ramanujan obtained an asymptotic formula for the series

> nloa"d™ e/ (q)n.
Theorem (Ramanujan)

Let a,b,c, and q be real numbers such that a > 0,b > 0 and |q| < 1. Let
z denote the positive root of az** + 2z —1=0. Then as ¢ — 17,

bn2+cn ~C

i:: ~ =+ 20(1—2) exp <_10g1(q) (LiQ(CLZ2b) + blog2(z))),

where the Lia(z) is the dilogarithm function defined for |z| < 1, by
Lis(2 ) =3, 2"/n?, and for any z € C by
Liy(z) := — [ log(1 — u)/udu.
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Asymptotic formula for product of two such series

Theorem
Let a > 0 and s € N. Let z1 denote the real positive root of
az'/*+2-1=0. Asq— 1",

—ns

i a:qq)ij i ; (Q)q:gs T1y (;/E PR <10g1(q) <ﬂf: B ;1og2(a)>>,

n=0 n=0
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Asymptotic formula for product of two such series

Theorem

Let a > 0 and s € N. Let z1 denote the real positive root of
az'/*+2-1=0. Asq— 1",

oo 712 oo 7125
E :anqx a_"*q 2 Vs < 1 (W % Jog? >)
E ~ ex — + - log™(a ,
(Q)n (Q)n 1+ (S = 1)21 = 6 2 8 ( )

n=0 n=0 log(q)

Observe that the asymptotic formula does not involve a dilogarithm,
and, instead, only elementary functions.
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Proof of the asymptotic formula

Letting b = 1/(2s) and ¢ = 0 in the above theorem, we see that

n?/(2s) 1 1 ( ‘ 1
a’q . 1/s 2
~ exp | ———— [ Liz(az + —log“(z >)7
; (@)n 2+ (1—21)/s ( log(q) 2(a217) + 57 log™(1)
(17)
where z; is the positive root of az'/* + z —1 =0, and,
21+ (1—21)/s > 0.
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Proof of the asymptotic formula

Letting b = 1/(2s) and ¢ = 0 in the above theorem, we see that

HZ:% a q(’;;i@s) N m exp (lmgl(q) (Liz(az}/s) + 2% log2(21)>)7

(17)

where z; is the positive root of az'/* + z —1 =0, and,
21+ (1—2)/s>0.

Similarly, letting b = s/2 and ¢ = 0 in the theorem, and replacing a by
a~®, we have

o  _—ns ns/2 1
a""q _ - —s_s S, 2
,;) (@n ot sl ¥ ( log(q) <L12(a @)+ gl (ZQ))>’
(18)
where z5 is the positive root of
a2+ 2z2—-1=0, (19)

and zo + s(1 — z2) > 0.
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Proof of the asymptotic formula

Letting b = 1/(2s) and ¢ = 0 in the above theorem, we see that

HZ:% a q(’;;i@s) N m exp (lmgl(q) (Liz(az}/s) + 2% log2(21)>)7

(17)

where z; is the positive root of az'/* + z —1 =0, and,
21+ (1—2)/s>0.

Similarly, letting b = s/2 and ¢ = 0 in the theorem, and replacing a by
a~®, we have

o  _—ns ns/2 1
a""q _ - —s_s S, 2
,;) (@n ot sl ¥ ( log(q) <L12(a @)+ gl (ZQ))>’
(18)
where z5 is the positive root of
a2+ 2z2—-1=0, (19)

and zo + s(1 — z2) > 0. Thus, z1 = a %25 and 21 + 20 = L.
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Proof of the asymptotic formula

i anqn2/(23) i afnsqnzs/Z N 1
=0 (@)n = (@)n V(z1+ (1= 21)/s) (22 + s(1 — 29))
X exp (log(lq) (Lig(azi/s) + Lis(a™%25) + i logQ(zl) + %logz(zg))).
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Proof of the asymptotic formula

anqn2/(23) i afnsqnzs/Z 1
"0 (@)n V(z1+ (1= 21)/s) (22 + s(1 — 29))
X exp (log( ) (ng(azl/ )+ Lis(a™25) + & log?(z1) + %logz(zg))).

Using the functional equation

>

—= (@

2
Lis(z) + Lis(1 — 2) = i log(2)log(1 — 2),

and the facts z; = a™°25 and 21 + 22 = 1, we obtain
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Proof of the asymptotic formula

anqn2/(23) i afnsqnzs/Z 1
"0 (@)n V(z1+ (1= 21)/s) (22 + s(1 — 29))
X exp (log( ) (ng(azl/ )+ Lis(a™25) + & log?(z1) + %logz(zg))).

Using the functional equation

>

—= (@

2
Lis(z) + Lis(1 — 2) = i log(2)log(1 — 2),

and the facts z; = a™°25 and 21 + 22 = 1, we obtain

1
ng(azl/ )+ Lig(a™%25) + % log2(21) + glogz(zg)
2
= % + glog2(a).
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Proof of the asymptotic formula

i anqn2/(23) i afnsqnzs/Z N 1
=0 (@)n = (@)n V(z1+ (1= 21)/s) (22 + s(1 — 29))
X exp (log( ) (ng(azl/ )+ Lis(a™25) + & log?(z1) + %10g2<22))).

Using the functional equation

2
Lis(z) + Lis(1 — 2) = i log(2)log(1 — 2),

and the facts z; = a™°25 and 21 + 22 = 1, we obtain

1
ng(azl/ )+ Lig(a™%25) + % log2(21) + glogz(zg)
2

T 5002
=% +210g(a).

Finally routine simplification leads us to the required asymptotic:

(z1+ (L —=21)/8)(z2+s(1 —22)) = (1 +(s = 1)21)2/5.
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Guessing the theta function in Ramanujan’s formula
from the above asymptotic

Letting s = 2 in the above Theorem we see that as ¢ — 17,

o0

n n?/4 O —2m m? 2./2 1 2
Za q Z a q ~ f exp{— (W+1Og2(a>)}
(@)n @m  44a?-aVi+a? log(q) \ 6

n=0 m=0
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Guessing the theta function in Ramanujan’s formula
from the above asymptotic

Letting s = 2 in the above Theorem we see that as ¢ — 17,

o0

S (il (5 o)

~ e
n=0 m=0 m 4+a?—aVi+a? log(q) \ 6

Similarly, it can be seen that

i a72m71qm2+m i anq(n+1)2/4 \/§q1/4(2 + a2 —aVi+a?)
oo (@)m o (@) (44 a? —avd +a?)

o (- (2 o))
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Guessing the theta function in Ramanujan’s formula
from the above asymptotic

Thus, as ¢ —> 17,
i a—qum2 Z arq" 2/4 N Z —2m—1qm2+m > anq(n+1)2/4
m—0 (@)m 0 ( (@)m " (Dn
2+ ¢H4(2 — a4+ a2 1 2
N\@( S/ Ch bl +a))exp{— <ﬂ+1og2(a))}
(4+a% — aVid+ a?) log(q) \ 6

2exp{—10g1(q) (7;2 +log2(a)>}. (20)
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Guessing the theta function in Ramanujan’s formula
from the above asymptotic
Thus, as ¢ —> 17,

—2m ,m? aa™ 2/4 q—2m-1 m24m anq(n+1)2/4

>y iy

2 T A @n = (@n

(2+q¢/*(2+a® —a\/m)) 1 [ 5
~ V2 (44 a%? —avd +a?) oxp {_log(q) ( 6 +log (a))}

2exp{—10g1(q) (7;2 +log2(a)>}. (20)

Now, as ¢ — 17,
1 —log(q) ( 2 )
~ eXp | — )
(@) 2m 61log(q)

g 24 ™ ox _IOgQ(G)
Z " Tog(q) p( log(Q))

n=—oo

whereas
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The identity

@ This may have led Ramanujan to

© _—2m_ m? X n _n2/4 ©  _2m—1 m24+m X _n_(n+1)2/4
a a a a
2 ()q (q) iy ()q 2 q()
m=0 U)m n=0 Un m=0 1)m n=0 Un
1 oo
2
— § anqn /4.
(43900, S~
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The identity

@ This may have led Ramanujan to

—2m ,m? X —2m—1,m?4+m X n+1)2/4

00 a q anqn2/4 oo a q anq(
DD D D D D B D 8

m=0 n=0 m=0 n=0
1 e}
2
— Z a’q" /4.
(43900, S~
e But he goes further and obtains
© _—2m m? X nbn n?/4 q—2m-1 m2+m X abn (n+1)2/4
Za(b)q > - +Z o @
m=0 E K — q)m n=0 Tn
n—1 bg
B O C CARTR') SAOT) p
n=-—00 n=1 =0 (Q)é
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Concluding remarks

o After finding two algebraic relations between G(q) and H(q),
Ramanujan® wrote ‘Each of these formulae is the simplest of a
large class.

3. Ramanujan, Algebraic relations between certain infinite products,
Proc. London Math. Soc. (2) (1920), p. xviii.
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Concluding remarks

o After finding two algebraic relations between G(q) and H(q),
Ramanujan® wrote ‘Each of these formulae is the simplest of a
large class.

e It is often believed that the ‘large class’ in Ramanujan’s remark is
the set of forty identities for G(q) and H(q).

3. Ramanujan, Algebraic relations between certain infinite products,
Proc. London Math. Soc. (2) (1920), p. xviii.
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Concluding remarks

o After finding two algebraic relations between G(q) and H(q),
Ramanujan® wrote ‘Each of these formulae is the simplest of a
large class.

e It is often believed that the ‘large class’ in Ramanujan’s remark is
the set of forty identities for G(q) and H(q).

e In light of the fact that (1) and (13) lead to some of these
identities as corollaries, could it be that Ramanujan is referring to
such generalized modular relations when he says ‘large class’?

3. Ramanujan, Algebraic relations between certain infinite products,
Proc. London Math. Soc. (2) (1920), p. xviii.
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Concluding remarks

@ Our main result shows that a theta function can be dissected as a
sum of s number of products of generalized Rogers-Ramanujan
functions, where s is any natural number.
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Concluding remarks

@ Our main result shows that a theta function can be dissected as a
sum of s number of products of generalized Rogers-Ramanujan
functions, where s is any natural number.

o Its special case s = 2 corresponds to Ramanujan’s result whose
special cases are two modular relations for G(¢q) and H(q) (when
a=>b=1), or a result connecting the fifth order mock theta
functions with G(q) and H(q) (when a = b= —1.
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Concluding remarks

@ Our main result shows that a theta function can be dissected as a
sum of s number of products of generalized Rogers-Ramanujan
functions, where s is any natural number.

o Its special case s = 2 corresponds to Ramanujan’s result whose
special cases are two modular relations for G(¢q) and H(q) (when
a=>b=1), or a result connecting the fifth order mock theta
functions with G(q) and H(q) (when a = b= —1.

@ The case s = 1 gives the Jacobi triple product identity (when
a =b=1), and a relation between the third order mock theta
functions ¢(q) and ¥ (q) (when a =b = —1).
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Concluding remarks

@ Our main result shows that a theta function can be dissected as a
sum of s number of products of generalized Rogers-Ramanujan
functions, where s is any natural number.

o Its special case s = 2 corresponds to Ramanujan’s result whose
special cases are two modular relations for G(¢q) and H(q) (when
a=>b=1), or a result connecting the fifth order mock theta
functions with G(q) and H(q) (when a = b= —1.

@ The case s = 1 gives the Jacobi triple product identity (when
a =b=1), and a relation between the third order mock theta
functions ¢(q) and ¥(q) (when a =b = —1).

o Thus, in a sense, both the cases s = 1,2 correspond to results
which dwell in the theory of modular forms or mock modular
forms.
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Guessing Rogers’ first identity

e However, for s > 2, the identities seem to transcend the
modular/mock modular worlds. We explain this now.

Atul Dixit (IIT Gandhinagar) The Rogers-Ramanujan dissection January 30, 2025 36 /40



Guessing Rogers’ first identity

e However, for s > 2, the identities seem to transcend the
modular/mock modular worlds. We explain this now.

@ An asymptotic analysis of the series occurring in Rogers’ identity
2 . —
G(q) = (=¢% ¢)oo Xonzn @™ /("5 "), yields, as ¢ — 17,
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Guessing Rogers’ first identity

e However, for s > 2, the identities seem to transcend the
modular/mock modular worlds. We explain this now.

@ An asymptotic analysis of the series occurring in Rogers’ identity
2 . —
G(q) = (=¢% ¢)oo Xonzn @™ /("5 "), yields, as ¢ — 17,

m?2

Ym0 n 1 1 Lis(u) log?(1 —u)

T m ——— (Lis(1 = log2 — —

So e ﬁeXp{ log(q) (12( W) = 16 >}
n= q7397 )n

where u = (v/5 —1)/2.
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Guessing Rogers’ first identity

e However, for s > 2, the identities seem to transcend the
modular/mock modular worlds. We explain this now.

@ An asymptotic analysis of the series occurring in Rogers’ identity
2 . —
G(q) = (=¢% ¢)oo Xonzn @™ /("5 "), yields, as ¢ — 17,

’7712
2 m=0 (qu 1 1 Lig(u) log?(1 —u)
= \Wm —— = Lis(1 = log?(u) — —
N )
n= q7397 )n

where u = (v/5 — 1)/2. But

. 1_. 1 T
Liz(1 —u) — ZLIQ(U) + log?(u) — T log(1 —u) = o0

) W ~16Xp{—7r2 }
T (@) V2 241og(q) J

so that the identity can be guessed.
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Unlikelihood of “higher analogues” of Rogers’ identity

Recall the s = 3 case of our main result with a = b = 1:

00 3m c©  n2 o thm 0o n(ntd) 0o Sm +2m oo n(nt?)
q qG é q 2 q 6 % 6
Z T Emn e o T e e
o0
Z g
qOO =
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Unlikelihood of “higher analogues” of Rogers’ identity

Recall the s = 3 case of our main result with a = b = 1:

00 3m c©  n2 o thm 0o n(ntd) 0o Sm +2m oo n(nt?)
q qs é q 2 q © % 6
Zonnw e S T e e

Q)oo_z:q

n /
Are 3% o and > O ° related in the same way as the series in
Rogers’ identity?
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Unlikelihood of “higher analogues” of Rogers’ identity

Recall the s = 3 case of our main result with a = b = 1:

2

00 3m c©  n2 o thm 0o n(ntd) 0o Sm +2m oo n(nt?)
q qs é q 2 q © % 6
2 @ Emn o n o S e S W
o0
q
q)oo _z_:
3m2/2 n2/6

Are 3% o and > O related in the same way as the series in
Rogers’ identity?

If v is the positive root of 23+ 2 —1 =0, thenas ¢ — 1,

Z;ozoqgmU(Q)m Niex ,L i —v ?O 20, 71 e
S (@) V3 p{ oa(d) (L2<1 )+ log(v) — g Lia( >)}
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Unlikelihood of “higher analogues” of Rogers’ identity

Recall the s = 3 case of our main result with a = b = 1:

2

00 3m c©  n2 o thm 0o n(ntd) 0o Sm +2m oo n(nt?)
> a2 T g X g Rt ;
m=0 q n=0 (q)n m=0 (q)m n=0 (q> 1=0 n=0 (q)n
o0
q"
q)oo _z_:
3m?2/2 00 n2/6
Are 3% o and >~ " O related in the same way as the series in

Rogers’ identity?

If v is the positive root of 23+ 2 —1 =0, thenas ¢ — 1,

Z;ozoqgmU(Q)m Niex ,L i —v ?O 20, 71 e
S (@) V3 p{ oa(d) (L2<1 )+ log(v) — g Lia( >)}

It is true that 6Lis(v) — 30Lia(1 — v) — 36Lia(—v?) = 72, but using this, we
see that the expression in the parantheses still depends on v!
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Concluding remarks

Recall the identity on page 26 of the Lost Notebook:

[o¢] o0 n n2
> gty G s (—a)”q"2/4§j“(q/4
n=—oo n=0 n=—oo n=0 Q)n
o 1/4 — a_zm_lqm tm
B mzz:o (0q)m
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Concluding remarks

Recall the identity on page 26 of the Lost Notebook:

[o¢] o0 n n2
> gty G s (—a)”q"2/4§j“(q/4
n=—oo n=0 n=—oo n=0 Q)n
o 1/4 — a_zm_lqm tm
B mzz:o (0q)m

o Can this identity be generalized in a similar manner as (1) was
generalized to our main result?
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Concluding remarks

Recall the identity on page 26 of the Lost Notebook:

o0

© _n_ n?
Z anqn /42 . Z (_a)nqn2/4z a’q /4
n=-—oo n=0 n=-—o0 n=0 (Q)n

oo a—2m—1qm +m

_ 2q1/4( ) Z (bq)m

m=0

o Can this identity be generalized in a similar manner as (1) was
generalized to our main result?

@ Do there exist analogues of Ramanujan’s result where one has sum
of products of three or more generalized Rogers-Ramanujan
functions?
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Concluding remarks

Recall the identity on page 26 of the Lost Notebook:

o0

© _n_ n?
Z anqn /42 . Z (_a)nqn2/4z a’q /4
n=-—oo n=0 n=-—o0 n=0 (Q)n

oo a—2m—1qm +m

_ 2q1/4( ) Z (bq)m

m=0

o Can this identity be generalized in a similar manner as (1) was
generalized to our main result?

@ Do there exist analogues of Ramanujan’s result where one has sum
of products of three or more generalized Rogers-Ramanujan
functions?

o This is because identities for sums or differences of products of
quadruples of Rogers-Ramanujan functions G(q), H(q) do exist.
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Concluding remarks: The work of Bressoud, O. Santos
and Mondek

o Let a = b =1 in the series Y °0_ a=smgsm(m=1/24mk+5/2) / (pq),,
occurring in the main result, where s e Nand 0 < k < s — 1.

"D. M. Bressoud, J. P. O. Santos and P. Mondek, A family of partition identities
proved combinatorially, Ramanujan J. 4 (2000), 311-315:
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Concluding remarks: The work of Bressoud, O. Santos
and Mondek

o Let a = b =1 in the series Y °0_ a=smgsm(m=1/24mk+5/2) / (pq),,
occurring in the main result, where s e Nand 0 < k < s — 1.

e Its special case when s is even and k < s/2 is considered by
Bressoud, O. Santos and Mondek” who showed that three different
restricted partitions have it as their generating function.

"D. M. Bressoud, J. P. O. Santos and P. Mondek, A family of partition identities
proved combinatorially, Ramanujan J. 4 (2000), 311-315:
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Concluding remarks: The work of Bressoud, O. Santos
and Mondek

o Let a = b =1 in the series Y °0_ a=smgsm(m=1/24mk+5/2) / (pq),,
occurring in the main result, where s e Nand 0 < k < s — 1.

e Its special case when s is even and k < s/2 is considered by
Bressoud, O. Santos and Mondek” who showed that three different

restricted partitions have it as their generating function.

e This suggests the remaining cases may also be of interest.

"D. M. Bressoud, J. P. O. Santos and P. Mondek, A family of partition identities
proved combinatorially, Ramanujan J. 4 (2000), 311-315.
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Thank You!!
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