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Thinking about something that has nothing to do with

partitions. . .

Consider a formal power series

9(@) =) anq"
n=0
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Thinking about something that has nothing to do with

partitions. . .

Consider a formal power series

o0
=> anq".
n=0

Let’s see how to write the reciprocal

1 Z cnq"

where the ¢, are written in terms of the a,.

s \
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Thinking about something that has nothing to do with

partitions. . .

Consider a formal power series

o0
=> anq".
n=0

Let’s see how to write the reciprocal

1 Z cnq"

where the ¢, are written in terms of the a,. We need ay # 0.

s \
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It turns out you need partitions

A partition X of length ¢ = ¢(\) and size n = || is an ¢-tuple of
weakly decreasing positive integers that sum to n.
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It turns out you need partitions

A partition X of length ¢ = ¢(\) and size n = || is an ¢-tuple of
weakly decreasing positive integers that sum to n.
So the seven partitions of size 5 are

(5),(4,1),(3,2),(3,1,1),(2,2,1),(2,1,1,1),(1,1,1,1,1).
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It turns out you need partitions

A partition X of length ¢ = ¢(\) and size n = || is an ¢-tuple of
weakly decreasing positive integers that sum to n.
So the seven partitions of size 5 are

(5),(4,1),(3,2),(3,1,1),(2,2,1),(2,1,1,1),(1,1,1,1,1).

Each component of A is called a part.
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It turns out you need partitions

A partition X of length ¢ = ¢(\) and size n = || is an ¢-tuple of
weakly decreasing positive integers that sum to n.
So the seven partitions of size 5 are

(5),(4,1),(3,2),(3,1,1),(2,2,1),(2,1,1,1),(1,1,1,1,1).

Each component of X is called a part.
The multiplicity m; = m;(\) of i in X is the number of times that /
appears as a part in \.
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It turns out you need partitions

2(N)! o
_ 4V M\ e My M oy
cn—gkn( 1) Tl n!ao a, ' a, ap.
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It turns out you need partitions

2(N)! o
_ 4V M\ e My M oy
cn—gkn( 1) Tl n!ao a, ' a, ap.

Robert proved it using geometric series and the multinomial
theorem.
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It turns out you need partitions

oy,
_ 4V M\ e My M oy
C”_;( 1) m1!m2!-~-m,,!a0 4 & an"-

Robert proved it using geometric series and the multinomial

theorem.
This result appears in a different form in a paper by A. Salem

(2011).
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Well, actually, you need compositions

A composition peamtitrem v of length ¢ = ¢(v) and size n = || is
an /(-tuple of meakiy-creerearsiy positive integers that sum to n.
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Well, actually, you need compositions

A composition peamtitrem v of length ¢ = ¢(v) and size n = || is

an /(-tuple of meakiy-creerearsiy positive integers that sum to n.
So the eight compositions of size 4 are

(4),(3,1),(1,3),(2,2),(2,1,1),(1,2,1),(1,1,2),(1,1,1,1).
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Well, actually, you need compositions

A composition peamtitrem v of length ¢ = ¢(v) and size n = || is
an /(-tuple of meakiy-creerearsiy positive integers that sum to n.
So the eight compositions of size 4 are

(4),(3,1),(1,3),(2,2),(2,1,1),(1,2,1),(1,1,2),(1,1,1,1).

Each component of v is called a part.
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Reciprocal power series coéfficients as a sum over

compositions

Remember: g(q) = > 2 oanq" and 1/g9(q) = > ;2o cnq".
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Reciprocal power series coéfficients as a sum over

compositions

Remember: g(q) = > 2 oanq" and 1/g9(q) = > ;2o cnq".

m m: m,
C:a_1z _ﬂ 1 _@ 2... _@ !
no ao ao a,) ’
n

where Cj is the set of all compositions of size n.

Robert Schneider (Michigan Tech) Drew Sills (Georgia Southern)  Composition-theoretic series in partition theory



Ramanujan’s notation and g-Pochhammer notation

f(a,b) := Z gn(n+1)/2pn(n-1)/2

n=—oo

= [0 +270)(1 + B3 — (aby ).
j=0

Robert Schneider (Michigan Tech) Drew Sills (Georgia Southern)  Composition-theoretic series in partition theory



Ramanujan’s notation and g-Pochhammer notation

f(a,b) := Z gn(n+1)/2pn(n-1)/2

n=—oo

= [0 +270)(1 + B3 — (aby ).
j=0

(@) = [J(1 — ad)

j=0
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Ramanujan’s notation and g-Pochhammer notation

f(a,b) := Z gn(n+1)/2pn(n-1)/2

n=—oo

= [0 +270)(1 + B3 — (aby ).
j=0

(@) = [J(1 — ad)

j=0
and further,
(a1,82, - ,ar @)oo = (81 Q)oo(@2 Q)0 - - - (@r; §) o>
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Ramanujan’s notation and g-Pochhammer notation

f(a,b) := Z gn(n+1)/2pn(n-1)/2

n=—oo

= [0 +270)(1 + B3 — (aby ).
j=0

(@) = [J(1 — ad)

j=0
and further,
(@1,82,- -+ ,ar; Q)oo := (&1 Q)oo(@2; @)oo - - - (@r; Q) 0, We have

f(a,b) = (—a,—b, ab; ab)
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generating functions

We exploit the fact that f(—q, —q?) is a lacunary series (most
coéfficients are 0) and coéfficients are 1 at g¥ where k is an
extended pentagonal number, i.e. in the set

{i(3j-1)/2:jez},
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generating functions

We exploit the fact that f(—q, —q?) is a lacunary series (most
coéfficients are 0) and coéfficients are 1 at g¥ where k is an
extended pentagonal number, i.e. in the set
{j(8/ —1)/2:j € Z}, along with the fact that

o0 . 1
nz_:op(n)q = o @)

where p(n) denotes the number of partitions of size n.
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Let Cy denote the set of compositions where every part is an
extended pentagonal number.
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Let Cy denote the set of compositions where every part is an
extended pentagonal number.

p(n) = (=1)" > (-1)"D,
’YECO
[vI=n
where ¢*(+y) is the number of parts in ~ that are of the form
n(8n—1)/2forn# 0and n# 2 (mod 3).
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Another related result

’YGCO
IvI=n

~

where /(~) is the number of parts in ~ that are of the form
k(3k £ 1)/2 for k even and positive.
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Using g(q) = (g, @°).

Let pod(n) denote the number of partitions of n where no odd
part is repeated.
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Using g(q) = (g, @°).

Let pod(n) denote the number of partitions of n where no odd
part is repeated. (Mike Hirschhorn and James Sellers)
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Using g(q) = (g, @°).

Let pod(n) denote the number of partitions of n where no odd
part is repeated. (Mike Hirschhorn and James Sellers)

pod(n) = (—1)" 3" (~1)©,
v€CA
|v|=n

where Ca denotes the set of compositions where each part is a
triangular number.
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overpartitions

An overpartition is a combinatorial object like a partition except
that the last occurrence of a given integer as a part may be
overlined or not. (Corteel, Lovejoy).
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overpartitions

An overpartition is a combinatorial object like a partition except
that the last occurrence of a given integer as a part may be
overlined or not. (Corteel, Lovejoy).

The eight overpartitions of 3 are

(3),(3),(2,1),(2,1),(2,1),(2,1),(1,1,1),(1,1,1).
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overpartitions

An overpartition is a combinatorial object like a partition except
that the last occurrence of a given integer as a part may be
overlined or not. (Corteel, Lovejoy).

The eight overpartitions of 3 are

(3),(3),(2,1),(2,1),(2,1),(2,1),(1,1,1),(1,1,1).

Let p(n) denote the number of overpartitions of size n.
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Using 9(q) = 1(q, q)

Since -
§ n n __ 1
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Using 9(q) = 1(q, q)

Since
ad 1
> (=1)"B(n)q" = :
ra f(q,9)
we deduce
p(n) = (—1)">_ (-2)"0),
v€Ch
[y|=n

where Cq is the set of compositions where all parts are perfect
squares.
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Jacobi’s identity
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Jacobi’s identity

Robert Schneider (Michigan Tech) Drew Sills (Georgia Southern)  Composition-theoretic series in partition theory



Jacobi’s identity

[e.e]

f(—q,—¢?)% => (—1)"(2n+1)g" "1/
n=0

(q f(—q,—q?)3 ZP(S)

_ Z 3m (_5)’"37"76(_9)”7101 1mMs ...
v€CA
lv|=n
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Now, Robert’s turn. ..
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