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ABSTRACT

In 2014 Imamoglu, Raum and Richter obtained
some recursion relations for the coefficients of
Ramanujan’s third mock theta functions f(q) and
w(q), using holomorphic projection of a certain
tensor product. We apply this method to other third
order mock theta functions. Our recursions are of a
different type since they involve Pell equations

x?> — dy? = n where d is not a square. The
identities involve Hecke-Rogers type series of weight
2, and solve a conjecture of the speaker. This is
joint work with Jonathan Bradley-Thrush, Jayashree
Kalita and Larry Rolen.
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RAMANUJAN (1887 — 1920)

6/48



Holomorphic projection and identities for Ramanujan’s mock theta functions
LWHAT IS A MOCK THETA FUNCTION?

FUNCTION

RAMANUJAN’S DEFINITION OF A MOCK THETA
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RAMANUJAN’S DEFINITION OF A MOCK THETA

FUNCTION
A mock theta function is a function f of a complex variable g,

defined by a g-series of a particular type (Eulerian form), which
converges for |g| < 1 and satisfies the following conditions:

» infinitely many roots of unity are exponential singularities;

» for every root of unity £, there is a theta function 9¢(q) such
the difference f(q) — Y¢(q) is bounded as g — ¢ radially; and

7/48



Holomorphic projection and identities for Ramanujan’s mock theta functions

L WHAT IS A MOCK THETA FUNCTION?

RAMANUJAN’S DEFINITION OF A MOCK THETA
FUNCTION
A mock theta function is a function f of a complex variable g,
defined by a g-series of a particular type (Eulerian form), which
converges for |g| < 1 and satisfies the following conditions:
» infinitely many roots of unity are exponential singularities;
» for every root of unity £, there is a theta function 9¢(q) such
the difference f(q) — Y¢(q) is bounded as g — ¢ radially; and
» f is not the sum of two functions, one of which is a theta
function and the other a function that is bounded radially
toward all roots of unity.
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n

Jj=1

(a)n = (3 q)n = H(l —ag ') =(1-a)(1-aq)---(1—aqg"")

() = (@ 9)c = [ [(1 —a¢™)
when |g| < 1.

j=1

Dac
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n?

@=3 o
9 q*
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=14+9—-2¢°4+3¢°—3¢*+3¢° —5¢° +7¢" —64° +6¢° + - -

=1+

@ i q2n(n+1)
w(q) = —_—
=0 (g; q2),2,+1
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q
+ +

1-9° (1-g1-g¢)

=14+29+3¢°+4¢3+6q*+8¢° +10q¢° + 14¢" +18¢% + - --
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Ramanujan (1919) and Watson (1935)

Theorem
Let

b(q) _ (q; q2)oo Z (_1)nqn2 _ (q; q)go

(4% a?)%’

and assume ( is a primitive kth root of unity. Then as g — (
(radially) we have

(1) f(q) = O(1), if k is odd,

(2) f(q)+ b(g) = O(1), if k =2 (mod 4), and

(3) f(q) — b(q) = O(1), if k=0 (mod 4).

n=—0o0
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ZWEGERS AND THE MODERN DEFINITION OF A
MOCK THETA FUNCTION
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THE MODERN DEFINITION OF A MOCK THETA
FUNCTION (Zagier and Zwegers)
A mock theta function is a g-series

oo
H(q) = Z anqn
n=0
such that there exists a rational number X and a unary theta

function
g(z) = baq"
of weight k, such that
h(z) = ¢*H(q) + g*(2)

is a nonholomorphic modular form of weight 2 — k, where

g (z) = Z n*> Kbl (k —1,4mny)q™"
n

an w,t) = u"~*e Ydu is the incomplete Gamma function. 13/4s
dr(w,t)= [ u*te Uduis th lete G funct /
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k=1/2or k=3/2
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The function g is called the shadow

k=1/2or k=3/2

v [ D

- Ciwr 2

Dac
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THEOREM Zwegers(2000) Define F(z) = (fy, f1,)" by
fo(z) = g **f(q), fi(2) =29 w(q"?), f(2) = 24" w(~q'?),

where g = exp(27iz), z € bh. Define

G(Z) _ 2[\/§ foe (gl(T)ng(.T)v _gZ(T))T dr
-z —i(T + 2)

)

1
where go(z) = Z(—l)” <n + 3> g3 +1/3)/2,

n

1\ 3.l
a) =3 (n+ 5 Frde,

n

1
g(2) =) <” + 3> (1372,

n 15/ 48
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Then
H(z) = F(z) — G(2)

is a (vector-valued) real analytic modular form of weight 1/2
satisfying

G 000
Hz+1) = 0 0 | H(2),
0 G 0
01 0
1_H<_1>_ 10 0| He).
—z “ 00 -1
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VECTOR-VALUED MODULAR FORMS

(a b) _ar+ b'
cd ct+d
The metaplectic double cover Mp,(Z) of SL(Z) is the set of pairs

(v,e(7)) where ~ = (i} 3) € SLy(2)

and g(7) is a holomorphic choice of a square root of c7 + d.
Group law:

(h1,€1(7)) - (2, €2(7)) == (1172, €1(72(7))e2(7)).-
Let p be a finite-dimensional unitary representation of Mp,(Z).
We write a vector-valued modular form F(7) as
d

F=) Fj.

j=1
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For (7,e(7)) € Mp,(Z), and weight k € 1Z we define

(Fli) () = o) (r) 2 F (7).

We say F(7) is a vector-valued modular form of weight k and
type p if
F

v,V =F for all v € Mp,(Z).
The weight k hyperbolic Laplacian

g 40

A, — 2—k Y kY

IV a0 or

A vector-valued modular form F of weight k for p is a harmonic
Maass form of weight k for p if

» Ay(Fj) =0 for each j

» Each F; satisfies certain growth conditions at infinity
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Each harmonic Maass form F; can decomposed into a holomorphic
part and non-holomorphic part

e
Fi = B+
where
+ _ n - _ n
Fj - Z al—_j'"(n)q 3 FJ - Z a[—'j_(n)r(l_k’ —47Tnv)q )
n>—oo n<&oo
where ~ Jt
(s, 2) ::/ e_ttsT

is the (upper) incomplete gamma function.
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WHAT IS HOLOMORPHIC PROJECTION?
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The space of weight k holomorphic cusp forms Si(I') is a Hilbert
space with inner product

(Frg) = /r . O o

5 -

v

If F(7) is a weight k modular form (satisfying certain growth
conditions), but which is not necessarily holomorphic, the linear

functional
f— (f,F),

is defined on Si(I"). By the Riesz representation theorem there
exists a unique function g € Sx(I") such that

(f,F)=(f,g) forall fe S(I).
This defines the holomorphic projection of F:

Thol(F) := &,
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If
F(r) = cr(m,v)q™,

meQ
satisfies the following:

» Thereisan e >0 and a ¢g € V such that as v — oo, we have
F(r)=co+ O(v7).

» For all m > 0, we have as v — 0,

cr(m,v) = O(v*5).
Then .
TR () =+ Y. cmg™
0<meQ
where for m > 0
(4mrm)<—t /OO —4 k-2
i e Ve T2 dy,
c rh—1) /o cr(m,v)e v v

and I is the Gamma-function. 2248



Holomorphic projection and identities for Ramanujan’s mock theta functions

LZWEGERS AND THE MODERN DEFINITION OF A MOCK THETA FUNCTION
LHOLOMORPHIC PROJECTION

O. Imamoglu, M. Raum, and O. K. Richter




Holomorphic projection and identities for Ramanujan’s mock theta functions
|—ZWEGERS AND THE MODERN DEFINITION OF A MOCK THETA FUNCTION

L HOLOMORPHIC PROJECTION

B PN AS  PNAS  DNAS

Holomorphic projections and Ramanujan’s mock

theta functions
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THEOREM [Imamoglu, Raum, and Richter (2014)] Fix
2 < k € 1Z and a representation p of Mp,(Z). Let F: H — V(p)
be a continuous function satisfying the following conditions:
» The function F transforms as a modular form of weight k for
the representation p.

» We have the growth condition
F(tr)=c+ O (v_e) )

for some € > 0, ¢ € V(p), and as v — oc.
If k > 2, then mpoi(F) € Mk(p), and if k = 2, then
mhol(F) € Ma(p).
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THEOREM [Imamoglu, Raum, and Richter (2014)]

Z m—i—E C n—§m2—1m
6) " 2 2
meZ

3m2+m<2n
4 16 n 11
=2 — = ~2 3 d (N, Mo, 2, 2
30’]_(”) 301 (2) < 1, 2)676>7
a,beZ
2n=ab

where Ny := (—3a+b—1)/6, N> := (3a+ b —1)/6, the sum over
a, b € Z is restricted to those pairs of integers for which
Nl, /V2 € Z, and

d(Nl, No, t1, t2) = sign+(N1)sign+(N2) (|/V1 aF tl‘ = ‘N2 == tQD

ign(n if n
g fi 1220
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NEW IDENTITIES FOR THE THIRD ORDER MOCK THETA

FUNCTIONS
n n? n?+n
§a) =D g (@) =D e, (@)=Y
; (=% @) Z% (a:9%) %;) (—4:4*)n+
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THEOREM [Bradley-Thrush, G., Kalita, Rolen (2026)]

>

(4:9)% ¥(a)

00 I_%mJ

_1(%¢0)L 1 —4\ (n 2\ w2 2l

S 2 2 2 () () (7-3) T
>

(6% %)% v(a)

C1(E ) 1A (4 (0 1\ w2

31 2 (%) () (m-gn)F 5
| 2

(9:9)3 ¢(—q)

_ 1 (3:9% }i
4 (g% 922, 2
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>
(7:9)3 v(q)

4 (g:9)3 (a4 0% <
_ 4 (995 (9%9") S

3 (%)% = =
>
(q4. q4)3 I/(q) (q4. q4 go . L4J(_ )n (
B (% 6% 4= =
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:

(% = Y (-1)7(2n + 1)g" V2

n=0

(Gaiv@=> 1 >
n=0

(—=1)"(2n+ 1)cy (n - %m(m + 1)) q
m>0
m(m+1)<2n

ya >
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David Klein and Jennifer Kupka

£ - ‘
* WintefSemiriar &019 >

Manigod, France

Define
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q71/48 ¢(q1/2)
G o(—q!2)

2 q71/48 0 q1/2
F(3)(T) = 2 q—1/48 w((_ql/g)

\/§q1/6 l/(ql/2)
ﬁql/6 (_ 1/2)
I- ico (Z)

G(3)(7') = -

e ok
&(3) 0(7)
g(3)1(7')
g(3)2(7) == 121( )+ 012,5(7) + 012,7(7) + 012,11(7),
83)3(7) == 0121(7) — O125(7) + O12,7(7) — b12,11(7),
83)4(7) == \[(9124(7)4'9128(7'))

oo (Y — SO () L Oem o))

T

—(O12,1(7 ) + 912 5(T) + 012,7(7) + 612,11(7))
— (012,1(7) — O12,5(7) + O12,7(7) — 012,11(7))
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THEOREM [Klein and Kupka (2021)] The sum

H) := F(3) + G(3) is a vector-valued harmonic Maass form of
weight 1/2 on SLy(Z) with representation p(3) defined by its action
on generators:

O O O = O O
= O O O O o
O OO O o
o O OO O
OO R OO O
O O O O+~ O
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Define

L

n(7) == 9% (q; §)oo-
PROPOSITION The function

1 n°(7)
2 n3(r/2)n3(27)

N(r)=| 3n%/2) |,
V2133 (2r)

is a vector-valued cusp form of weight 3/2 on SLy(Z) with
representation p defined by its action on generators:

0 ¢ O 10
p(T):=|Gs 0 0], p(S)==¢> 0 0
0 0 G 01
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Recall
Hg) = (Ho, H1, Ha, Ha, Ha, Hs) T, N = (No, Ny, No) 7.
The tensor product

Hiz) @ N = (HoNo, HoNyi, HoNa, HiNo, ..., H5N2)T.

PROPOSITION

Thol (H(a)® N) € Ma(p(z)© p).
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DECOMPOSITION INTO IRREDUCIBLES

We find that
HoNo(T + 1) = (o4 Hi N1 (7),
H1N1(7' ].) = Cg4 Ho/Vo(T)
HoNo(—21) = —72 HaNo(7),
HaNo(—1) = —72 HoNo()

We represent this in the diagram

HaNo % HoNo —Tr 5 HiNy.

36/48
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Similarly, we have

HoNg (;) H> Ny

T T
Hi Ny H3 Ny
s s

This implies
Span(HoNo, HaNo, HiNy, H3Ny, HsN>, HalNo)

is a six dimensional space invariant under SLy(Z).

37/48
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Considering the action on HogNg + Ha Ny, we find

SCHONO+H2N0 Ty H Ny + HsNy <5 H4N2+H5N2:>7

In fact, defining
Wi = [ HoNo + HaNo, HiNy + HsNy, HaNo> + H5/V2]T7

we have
Wi(7)|,,, v =Wi(r)  for v € Mpy(Z),
where
0 Ca O -1 0 O
o1(T)=1¢s 0 0 |, oi(S)=( 0 0 -1
0 O Cir’z 0 -1 0

Span(HoNo + HoNo, HiNy 4+ H3Ny, HaNo + H5N2)

is a three dimensional space invariant under SL»(Z). 38/ 48
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So we define

Wi = [HoNo + HaNo, Hi Ny + H3 N1, HalNy + HsNo] T,
Ws = [HoNo — HoNo, HiNy — H3Ny, HyNo — HsNo] T,
W5 = [HoNa + HaNo, HiNa + Hs Ny, HoNy + H3No] ™,
Wy = [HoNa — HaNo, HiNo — Hs Ny, HoNy — HaNo] T,
Ws = [HoNy + HyNo, HaNo + HsNo, H3N + HaNg] 7,
We = [HoNs — HiNo, HaNo — HsNo, HaNo — HaN1] T .

Then we have
Wj(r)l,,, 7= Wj(r)  fory € Mpy(2),

for matrices oj(T) and o;(5).

39/48
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PROPOSITION

[%3)@/}%0’1@...@0’6

» For each odd j, we have M>(c;) = Span(V}), where

o
n(r/2)° 2(627)6
Vi(r) = % , W)=, V(1) ="-
n(27)°

n(r)?

» For each even j, we have dim¢ (M2(0;)) = 0 and
Ma(a;) = {0}.

40/48
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THEOREM
Thol(Hz)® N) = E,

where

E(7) 3:%(61 + 67)?76(7_7}123(;6)(27_) 4= %(2@ + 2¢4 + ¢g + ¢10) 777(7

n3(27)

2 7
+ £(63 + 2e9 +e13 + 2916)1777 (7)

3
6
+ %(85 + 211)77772;7/_)2)

3 3
+ ?(66 + 2e12 + 2e14 + 617)”(7—{72:_])(27—)
1n°(27)
n? ()’

aF 2(615 - 618)
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THE IDENTITIES

H(3)® N = F(3)® N + G(3) Q@ N.

E = mhoi(Hz) @ N) = mhol(Fzy® N) + mhot(G(z)) @ N)
= F3)® N + mh01(G(3) @ N)

Fay®@ N = E — mha(Gizy® N)

42/ 48
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HOLOMORPHIC PROJECTION OF NONHOLOMORPHIC
PARTS
_ ()" 1

T en2r) 2™ (n(7/2)*Ga(7)) -

n(7/2)3q~ %8y (g"/?)

where
G(3) = (Go, Gl, ceey G5)T.

NG i (&) Sk
015 ()t
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00 00 imn?
—4 i7rm2 100 z
S g — | me s E (2> n e. * dz.
2V6 1\ m ‘= \b 5/ =i(z+7)

Dac
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55 () (2)om - g e
6
m=1 n=1
3m2—n2>0
[3m/2]

) o)
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>

VV‘VV

>

| MAPLE EXPERIMENT

1 (/27 60) - = £ 35 () () am = mvapare e

m
m=1n=1

with (gseries):
kron:=(a,b) ->NumberTheory [KroneckerSymbol] (a,b) :

BIGS:=select (L->if 3*L[1]72-L[2]*2>0 then true else false fi, [seq(seq([m,
n],m=1..1000) ,n=1..1000)]):
nops (BIGS) ;

711536
KS:=add (kron(-4,L[1]) *kron (L[2],6) * (3*L[1]-L[2] *sqrt (3)) *q* (L[1]~2/8-L[2]
~2/24-1/12) ,L in BIGS):
series (KS,q,50) ;

—1350 + 7803 + (—465+265/3 ) g+ (=480 +280/3 ) ¢* + (471 =265 /3 ) ¢’ + (672

—392/3) ¢*+ (576 =336 /3 ) ¢ + (51 =41 /3 ) ¢° + (—1920 + 1120 /3 ) ¢* + (627
—3553) ¢ + (1011 =5753 ) ¢"* + (=873 +497 /3 ) ¢" + (1575 =933 /3 ) ¢"* + (—153
+713) ¢+ (=753 +451/3) ¢"* + (879 —497 /3 ) ¢" + (=321 +205/3 ) ¢** + (9
+193) ¢+ (—1365+ 7813 ) ¢ + (=459 +255 /3 ) ¢** + (459 — 287 /3 ) ¢** + (—645
+3553) ¢+ (27=413) ¢* + (300 — 1803 ) ¢ + (513 — 285./3 ) ¢*° + (=450

Lmm TY 3 (e on T 33 4 (o aca e T 34 0 (pet _ace [R) 35 4 (_~4T/4
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> KS2:=evalf (%) ;

KS2 == 0.999630 — 6.0065359 ¢ + 4.9742262 ¢* + 12.0065359 ¢° — 6.9639167 ¢* — 5.9690715 ¢°
—20.01408313 ¢° + 19.896905 ¢* + 12.1219632 ¢° + 15.0707854 ¢'° — 12.1707484 ¢'* — 41.003404 ¢'*
—30.0243926 ¢ +28.1549144 ¢'¢ + 18.1707484 ¢ + 34.0704156 ¢*° + 41.90896535 ¢*' — 12268319 ¢
— 17.3270440 ¢** — 38.0985819 ¢*° — 30.1219632 ¢*” — 44.01408313 ¢*> — 11.7691454 ¢*°
+19.3655197 ¢*° + 17.6537182 ¢°' + 5.8845727 ¢° + 44.0985819 ¢™* + 36.1219632 ¢° + 50.01408313 ¢
+ 44.846467 ¢** — 91.731409 ¢*° — 47.076582 ¢+ — 28.6279444 ¢** — 54.0243926 ¢*° — 50.961894 ¢** +

o(q™)
:> KS3:=add (round (coeff (KS2,q,j)) *q*j,j=0..48);

KS3:=—=51¢"—54¢¥ —20¢% 474" — 924" + 454 + 504 + 36 4 + 44> + 647 + 18 ¢
+19¢° = 12¢% =446 =304 =384 = 174" — 1247 + 426" +344° +18¢" + 284" =304
—41g" =124 +15¢"° + 1287 +2048° —20¢° — 64" —T¢* + 124 + 54 —64g + 1
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:> with (ramamocktheta) : psi3qg:=getmockgs (psi, 3):
-> _MF:=agprod(q,q,infinity)*3*_psi(q) ;

_MF = (¢,9)% _w(q)
i> MF:=series (etaq(q,1,100)*3*psi3q,q,100) :
> findprod ([MF,Ks3],6,10,30) ;

(00, [ =6, —1]L [1, [ =1, 0], [, [1, 0]1. [0, [6, 1]]]
:> newprodmake (6*MF+KS3,q,50,1ist) ;
[1,[0,7,0,4,0,7,0,4,0,7,0,4,0,7,0,4,0,7,0,4,0,7,0,4,0,7,0,4,0,7,0,4,0,7,0,4,0,6,0, —1
—11, =1, =51, =7, =140, =32, =352, —119]]

> etamake (6*MF+KS3,q, 30) ;

0.

s Uy

;
n(21)
3
: ¢/2n(4t)
> MF=1/6*% - _PI[holo];

_n(2v)]

3 =
(9.9)% w(q) 6q1/12n(4’l:)3

- —Ijhala
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