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ABSTRACT

ABSTRACT

In 2014 Imamoglu, Raum and Richter obtained
some recursion relations for the coefficients of
Ramanujan’s third mock theta functions f (q) and
ω(q), using holomorphic projection of a certain
tensor product. We apply this method to other third
order mock theta functions. Our recursions are of a
different type since they involve Pell equations
x2 − dy 2 = n where d is not a square. The
identities involve Hecke-Rogers type series of weight
2, and solve a conjecture of the speaker. This is
joint work with Jonathan Bradley-Thrush, Jayashree
Kalita and Larry Rolen.
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WHAT IS A MOCK THETA FUNCTION?

RAMANUJAN (1887 – 1920)
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WHAT IS A MOCK THETA FUNCTION?

RAMANUJAN’S DEFINITION OF A MOCK THETA
FUNCTION
A mock theta function is a function f of a complex variable q,
defined by a q-series of a particular type (Eulerian form), which
converges for |q| < 1 and satisfies the following conditions:

▶ infinitely many roots of unity are exponential singularities;

▶ for every root of unity ξ, there is a theta function ϑξ(q) such
the difference f (q)− ϑξ(q) is bounded as q → ξ radially; and

▶ f is not the sum of two functions, one of which is a theta
function and the other a function that is bounded radially
toward all roots of unity.
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WHAT IS A MOCK THETA FUNCTION?

(a)n = (a; q)n =
n∏

j=1

(1− aqj−1) = (1− a)(1− aq) · · · (1− aqn−1)

(a)∞ = (a; q)∞ =
∞∏
j=1

(1− aqj−1)

when |q| < 1.
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WHAT IS A MOCK THETA FUNCTION?

f (q) =
∞∑
n=0

qn
2

(−q; q)2n

= 1 +
q

(1 + q)2
+

q4

(1 + q)2(1 + q2)2
+ · · ·

= 1 + q − 2q2 + 3q3 − 3q4 + 3q5 − 5q6 + 7q7 − 6q8 + 6q9 + · · ·

ω(q) =
∞∑
n=0

q2n(n+1)

(q; q2)2n+1

=
1

(1− q)2
+

q4

(1− q)2 (1− q3)2
+ · · ·

= 1 + 2q + 3q2 + 4q3 + 6q4 + 8q5 + 10q6 + 14q7 + 18q8 + · · ·
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WHAT IS A MOCK THETA FUNCTION?

Ramanujan (1919) and Watson (1935)

Theorem
Let

b(q) = (q; q2)∞

∞∑
n=−∞

(−1)nqn
2
=

(q; q)3∞
(q2; q2)2∞

,

and assume ζ is a primitive kth root of unity. Then as q → ζ
(radially) we have
(1) f (q) = O(1), if k is odd,

(2) f (q) + b(q) = O(1), if k ≡ 2 (mod 4), and

(3) f (q)− b(q) = O(1), if k ≡ 0 (mod 4).
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ZWEGERS AND THE MODERN DEFINITION OF A
MOCK THETA FUNCTION
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ZWEGERS AND THE MODERN DEFINITION OF A MOCK THETA FUNCTION

THE MODERN DEFINITION OF A MOCK THETA
FUNCTION (Zagier and Zwegers)
A mock theta function is a q-series

H(q) =
∞∑
n=0

anq
n

such that there exists a rational number λ and a unary theta
function

g(z) =
∑
n

bnq
n

of weight k, such that

h(z) = qλH(q) + g∗(z)

is a nonholomorphic modular form of weight 2− k, where

g∗(z) =
∑
n

n2−kbnΓ(k − 1, 4πny)q−n

and Γ(w , t) =
∫∞
t uw−1e−udu is the incomplete Gamma function. 13 / 48
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ZWEGERS AND THE MODERN DEFINITION OF A MOCK THETA FUNCTION

The function g is called the shadow

k = 1/2 or k = 3/2

g∗(z) =

∫ i∞

−z

∑
n bnq

n

(−i(w + z))2−k
dw .
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ZWEGERS AND THE MODERN DEFINITION OF A MOCK THETA FUNCTION

REAL ANALYTIC MODULAR FORMS

THEOREM Zwegers(2000) Define F (z) = (f0, f1, f2)
T by

f0(z) = q−1/24f (q), f1(z) = 2q1/3ω(q1/2), f2(z) = 2q1/3ω(−q1/2),

where q = exp(2πiz), z ∈ h. Define

G (z) = 2i
√
3

∫ i∞

−z

(g1(τ), g0(τ),−g2(τ))
T√

−i(τ + z)
dτ,

where g0(z) =
∑
n

(−1)n
(
n +

1

3

)
q3(n+1/3)2/2,

g1(z) = −
∑
n

(
n +

1

6

)
q3(n+

1
6)

2/2,

g2(z) =
∑
n

(
n +

1

3

)
q3(n+1/3)2/2.
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ZWEGERS AND THE MODERN DEFINITION OF A MOCK THETA FUNCTION

REAL ANALYTIC MODULAR FORMS

Then
H(z) = F (z)− G (z)

is a (vector-valued) real analytic modular form of weight 1/2
satisfying

H(z + 1) =

ζ−1
24 0 0
0 0 ζ3
0 ζ3 0

 H(z),

1√
−iz

H

(
−1

z

)
=

0 1 0
1 0 0
0 0 −1

 H(z).
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ZWEGERS AND THE MODERN DEFINITION OF A MOCK THETA FUNCTION

VECTOR-VALUED MODULAR FORMS

VECTOR-VALUED MODULAR FORMS

(
a b
c d

)
τ :=

aτ + b

cτ + d
.

The metaplectic double cover Mp2(Z) of SL2(Z) is the set of pairs

(γ, ε(τ)) where γ =
(
a b
c d

)
∈ SL2(Z)

and ε(τ) is a holomorphic choice of a square root of cτ + d .
Group law:

(γ1, ε1(τ)) · (γ2, ε2(τ)) := (γ1γ2, ε1(γ2(τ))ε2(τ)).

Let ρ be a finite-dimensional unitary representation of Mp2(Z).
We write a vector-valued modular form F (τ) as

F =:
d∑

j=1

Fjej .
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ZWEGERS AND THE MODERN DEFINITION OF A MOCK THETA FUNCTION

VECTOR-VALUED MODULAR FORMS

For (γ, ε(τ)) ∈ Mp2(Z), and weight k ∈ 1
2Z we define(

F
∣∣
k,ρ
γ
)
(τ) := ρ(γ)−1ε(τ)−2kF (γτ).

We say F (τ) is a vector-valued modular form of weight k and
type ρ if

F
∣∣
k,ρ
γ = F for all γ ∈ Mp2(Z).

The weight k hyperbolic Laplacian

∆k := y2−k ∂

∂τ
yk

∂

∂τ

A vector-valued modular form F of weight k for ρ is a harmonic
Maass form of weight k for ρ if

▶ ∆k(Fj) = 0 for each j

▶ Each Fj satisfies certain growth conditions at infinity
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ZWEGERS AND THE MODERN DEFINITION OF A MOCK THETA FUNCTION

VECTOR-VALUED MODULAR FORMS

Each harmonic Maass form Fj can decomposed into a holomorphic
part and non-holomorphic part

Fj = F+
j + F−

j ,

where

F+
j =

∑
n≫−∞

aF+
j
(n)qn, F−

j =
∑
n≪∞

aF−
j
(n)Γ(1− k,−4πnv) qn,

where

Γ(s, z) :=

∫ ∞

z
e−tts

dt

t

is the (upper) incomplete gamma function.
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ZWEGERS AND THE MODERN DEFINITION OF A MOCK THETA FUNCTION

HOLOMORPHIC PROJECTION

WHAT IS HOLOMORPHIC PROJECTION?
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ZWEGERS AND THE MODERN DEFINITION OF A MOCK THETA FUNCTION

HOLOMORPHIC PROJECTION

The space of weight k holomorphic cusp forms Sk(Γ) is a Hilbert
space with inner product

⟨f , g⟩ :=
∫
Γ\H

f (τ)g(τ)vk
du dv

v2
.

If F (τ) is a weight k modular form (satisfying certain growth
conditions), but which is not necessarily holomorphic, the linear
functional

f 7→ ⟨f ,F ⟩,
is defined on Sk(Γ). By the Riesz representation theorem there
exists a unique function g ∈ Sk(Γ) such that

⟨f ,F ⟩ = ⟨f , g⟩ for all f ∈ Sk(Γ).

This defines the holomorphic projection of F :

πhol(F ) := g ,
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HOLOMORPHIC PROJECTION

If
F (τ) =

∑
m∈Q

cF (m, v)q
m,

satisfies the following:
▶ There is an ε > 0 and a c0 ∈ V such that as v → ∞, we have

F (τ) = c0 + O
(
v−ε

)
.

▶ For all m > 0, we have as v → 0,

cF (m, v) = O(v2−k).

Then
π
(k)
hol(F )(τ) = c0 +

∑
0<m∈Q

cm qm,

where for m > 0

cm :=
(4πm)k−1

Γ(k − 1)

∫ ∞

0
cF (m, v)e

−4πmvvk−2 dv ,

and Γ is the Gamma-function. 22 / 48
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ZWEGERS AND THE MODERN DEFINITION OF A MOCK THETA FUNCTION

HOLOMORPHIC PROJECTION

Ö. Imamoğlu, M. Raum, and O. K. Richter
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ZWEGERS AND THE MODERN DEFINITION OF A MOCK THETA FUNCTION

HOLOMORPHIC PROJECTION

THEOREM [Imamoğlu, Raum, and Richter (2014)] Fix
2 ≤ k ∈ 1

2Z and a representation ρ of Mp2(Z). Let F : H → V (ρ)
be a continuous function satisfying the following conditions:
▶ The function F transforms as a modular form of weight k for

the representation ρ.

▶ We have the growth condition

F (τ) = c0 + O
(
v−ε

)
,

for some ε > 0, c0 ∈ V (ρ), and as v → ∞.
If k > 2, then πhol(F ) ∈ Mk(ρ), and if k = 2, then

πhol(F ) ∈ M̃2(ρ).
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HOLOMORPHIC PROJECTION

THEOREM [Imamoğlu, Raum, and Richter (2014)]∑
m∈Z

3m2+m≤2n

(
m +

1

6

)
cf

(
n − 3

2
m2 − 1

2
m

)

=
4

3
σ1(n)−

16

3
σ1

(n
2

)
− 2

∑
a,b∈Z
2n=ab

d

(
N1,N2,

1

6
,
1

6

)
,

where N1 := (−3a+ b − 1)/6, N2 := (3a+ b − 1)/6, the sum over
a, b ∈ Z is restricted to those pairs of integers for which
N1,N2 ∈ Z, and

d(N1,N2, t1, t2) := sign+(N1) sign
+(N2) (|N1 + t1| − |N2 + t2|)

sign+(n) :=

{
sign(n) if n ̸= 0,

1 if n = 0. 26 / 48
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HOLOMORPHIC PROJECTION

NEW IDENTITIES FOR THE THIRD ORDER MOCK THETA
FUNCTIONS

ϕ(q) :=
∑
n≥0

qn
2

(−q2; q2)n
, ψ(q) :=

∑
n>0

qn
2

(q; q2)n
, ν(q) :=

∑
n≥0

qn
2+n

(−q; q2)n+1
.
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ZWEGERS AND THE MODERN DEFINITION OF A MOCK THETA FUNCTION

HOLOMORPHIC PROJECTION

THEOREM [Bradley-Thrush, G., Kalita, Rolen (2026)]
▶

(q; q)3∞ ψ(q)

=
1

6

(q2; q2)7∞
(q4; q4)3∞

− 1

2

∞∑
m=1

⌊ 3
2
m⌋∑

n=1

(
−4

m

)(n
6

)(
m − 2

3
n

)
q

m2

8
− n2

24
− 1

12 ,

▶
(q4; q4)3∞ ψ(q)

=
1

3

(q2; q2)7∞
(q; q)3∞

− 1

2

∞∑
m=1

3m∑
n=1

(
−4

m

)(n
6

)(
m − 1

3
n

)
q

m2

2
− n2

24
− 11

24 ,

▶
(q; q)3∞ ψ(−q)

=
1

4

(q; q)6∞
(q2; q2)2∞

− 1

2

∞∑
m=1

⌊ 3
2
m⌋∑

n=1

(
−4

m

)( n

12

)(
m − 1

2
n

)
q

m2

8
− n2

24
− 1

12 ,
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HOLOMORPHIC PROJECTION

▶
(q; q)3∞ ν(q)

=
4

3

(q; q)3∞ (q4; q4)3∞
(q2; q2)2∞

−
∞∑

m=1

⌊ 3
8
m⌋∑

n=1

(−1)n
(
−4

m

)(n
3

)(
m − 8

3
n

)
q

m2

8
− 2n2

3
− 11

24 ,

▶

(q4; q4)3∞ ν(q) =
(q4; q4)6∞
(q2; q2)2∞

−
∞∑

m=1

⌊ 3m
4 ⌋∑

n=1

(−1)n
(
−4

m

)(n
3

)
(m − n)q

m2

2
− 2n2

3
− 5

6 .
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ZWEGERS AND THE MODERN DEFINITION OF A MOCK THETA FUNCTION

HOLOMORPHIC PROJECTION

(q; q)3∞ =
∞∑
n=0

(−1)n(2n + 1)qn(n+1)/2.

(q; q)3∞ ψ(q) =
∞∑
n=0

 ∑
m≥0

m(m+1)≤2n

(−1)n(2n + 1)cψ

(
n − 1

2
m(m + 1)

) qn.
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ZWEGERS AND THE MODERN DEFINITION OF A MOCK THETA FUNCTION

HOLOMORPHIC PROJECTION

David Klein and Jennifer Kupka

Define

θN,a(τ) :=
∑

n≡a mod 2N

n exp

(
2πin2τ

4N

)
.
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ZWEGERS AND THE MODERN DEFINITION OF A MOCK THETA FUNCTION

HOLOMORPHIC PROJECTION

F(3)(τ) :=



q−1/48 ϕ(q1/2)

q−1/48 ϕ(−q1/2)

2 q−1/48 ψ(q1/2)

2 q−1/48 ψ(−q1/2)√
2 q1/6 ν(q1/2)√
2 q1/6 ν(−q1/2)


.

G(3)(τ) := − i

2
√
6

∫ i∞

−τ

g(3)(z)√
−i(z + τ)

dz ,

g(3),0(τ) := − (θ12,1(τ) + θ12,5(τ) + θ12,7(τ) + θ12,11(τ)) ,

g(3),1(τ) := − (θ12,1(τ)− θ12,5(τ) + θ12,7(τ)− θ12,11(τ)) ,

g(3),2(τ) := θ12,1(τ) + θ12,5(τ) + θ12,7(τ) + θ12,11(τ),

g(3),3(τ) := θ12,1(τ)− θ12,5(τ) + θ12,7(τ)− θ12,11(τ),

g(3),4(τ) := −
√
2 (θ12,4(τ) + θ12,8(τ)) ,

g(3),5(τ) :=
√
2 (θ12,4(τ) + θ12,8(τ)) ,
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HOLOMORPHIC PROJECTION

THEOREM [Klein and Kupka (2021)] The sum
H(3) := F(3) + G(3) is a vector-valued harmonic Maass form of
weight 1/2 on SL2(Z) with representation ρ(3) defined by its action
on generators:

ρ(3)(T ) := . . . ρ(3)(S) :=
√
−i



0 0 1 0 0 0
0 0 0 0 0 1
1 0 0 0 0 0
0 0 0 0 1 0
0 0 0 1 0 0
0 1 0 0 0 0

 .
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ZWEGERS AND THE MODERN DEFINITION OF A MOCK THETA FUNCTION

HOLOMORPHIC PROJECTION

Define
η(τ) := q

1
24 (q; q)∞.

PROPOSITION The function

N(τ) :=

1
2

η9(τ)
η3(τ/2) η3(2τ)
1
2 η

3(τ/2)√
2 η3(2τ)

 ,

is a vector-valued cusp form of weight 3/2 on SL2(Z) with
representation ρ defined by its action on generators:

ρ(T ) :=

 0 ζ16 0
ζ16 0 0
0 0 ζ4

 , ρ(S) := ζ−3
8

1 0 0
0 0 1
0 1 0

 .
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HOLOMORPHIC PROJECTION

Recall

H(3) = (H0,H1,H2,H3,H4,H5)
T , N = (N0,N1,N2)

T .

The tensor product

H(3) ⊗ N =
(
H0N0, H0N1, H0N2, H1N0, . . . , H5N2

)T
.

PROPOSITION

πhol(H(3)⊗ N) ∈ M̃2(ρ(3)⊗ ρ).
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ZWEGERS AND THE MODERN DEFINITION OF A MOCK THETA FUNCTION

HOLOMORPHIC PROJECTION

DECOMPOSITION INTO IRREDUCIBLES

We find that

H0N0(τ + 1) = ζ24H1N1(τ),

H1N1(τ + 1) = ζ24H0N0(τ),

H0N0

(
− 1
τ

)
= −τ2H2N0(τ),

H2N0

(
− 1
τ

)
= −τ2H0N0(τ).

We represent this in the diagram

H2N0 H0N0 H1N1.
S T
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Similarly, we have

H0N0 H2N0

H1N1 H3N1

H5N2 H4N2.

S

T T

S S

T

This implies

Span
(
H0N0, H2N0, H1N1, H3N1, H5N2, H4N2

)
is a six dimensional space invariant under SL2(Z).
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Considering the action on H0N0 + H2N0, we find

H0N0 + H2N0 H1N1 + H3N1 H4N2 + H5N2
T

S
S

T .

In fact, defining

W1 =
[
H0N0 + H2N0, H1N1 + H3N1, H4N2 + H5N2

]T
,

we have

W1(τ)
∣∣
2,σ1

γ = W1(τ) for γ ∈ Mp2(Z),

where

σ1(T ) =

 0 ζ24 0
ζ24 0 0
0 0 ζ512

 , σ1(S) =

−1 0 0
0 0 −1
0 −1 0

 .

Span
(
H0N0 + H2N0, H1N1 + H3N1, H4N2 + H5N2

)
is a three dimensional space invariant under SL2(Z). 38 / 48
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So we define

W1 = [H0N0 + H2N0,H1N1 + H3N1,H4N2 + H5N2]
T ,

W2 = [H0N0 − H2N0,H1N1 − H3N1,H4N2 − H5N2]
T ,

W3 = [H0N2 + H4N0,H1N2 + H5N1,H2N1 + H3N0]
T ,

W4 = [H0N2 − H4N0,H1N2 − H5N1,H2N1 − H3N0]
T ,

W5 = [H0N1 + H1N0,H2N2 + H5N0,H3N2 + H4N1]
T ,

W6 = [H0N1 − H1N0,H2N2 − H5N0,H3N2 − H4N1]
T .

Then we have

Wj(τ)
∣∣
2,σj

γ = Wj(τ) for γ ∈ Mp2(Z),

for matrices σj(T ) and σj(S).
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PROPOSITION

ρ(3)⊗ ρ ≈ σ1 ⊕ . . .⊕ σ6

▶ For each odd j, we have M2(σj) = Span(Vj), where

V1(τ) :=


η(τ)16

η(τ/2)6 η(2τ)6

η(τ/2)6

η(τ)2

8 η(2τ)6

η(τ)2

 , V3(τ) := · · · ,V5(τ) := · · ·

▶ For each even j, we have dimC (M2(σj)) = 0 and
M2(σj) = {0}.
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THEOREM
πhol(H(3)⊗ N) = E ,

where

E (τ) :=
1

4
(e1 + e7)

η16(τ)

η6(τ/2) η6(2τ)
+

1

6
(2e2 + 2e4 + e8 + e10)

η7(τ)

η3(2τ)

+

√
2

3
(e3 + 2e9 + e13 + 2e16)

η7(τ)

η3(τ/2)

+
1

4
(e5 + e11)

η6(τ/2)

η2(τ)

+

√
2

3
(e6 + 2e12 + 2e14 + e17)

η3(τ/2) η3(2τ)

η2(τ)

+ 2(e15 + e18)
η6(2τ)

η2(τ)
,
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THE IDENTITIES

H(3)⊗ N = F(3)⊗ N + G(3) ⊗ N.

E = πhol(H(3)⊗ N) = πhol(F(3)⊗ N) + πhol(G(3))⊗ N)

= F(3)⊗ N + πhol(G(3)⊗ N)

F(3)⊗ N = E − πhol(G(3)⊗ N)
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HOLOMORPHIC PROJECTION OF NONHOLOMORPHIC
PARTS

η(τ/2)3q−1/48ψ(q1/2) =
1

6

η(τ)7

η(2τ)3
− 1

2
πhol

(
η(τ/2)3G2(τ)

)
.

where
G(3) = (G0,G1, . . . ,G5)

T .

G2(τ) = − i

2
√
6

∞∑
n=1

(n
6

)
n

∫ i∞

−τ̄

e
iπn2

24
z√

−i(z + τ)
dz

η3(τ) =
∞∑
n=1

(
−4

n

)
ne

iπn2

4
τ .
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η3
(
τ/2

)
G2(τ)

= − i

2
√
6

( ∞∑
m=1

(
−4

m

)
me

iπm2

8
τ

) ∞∑
n=1

(n
6

)
n

∫ i∞

−τ̄

e
iπn2

24
z√

−i(z + τ)
dz .
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1

2
πhol

(
η(τ/2)3G2(τ)

)
. =

1

6

∑
m=1

∑
n=1

3m2−n2>0

(
−4

m

)(
n

6

)
(3m − n

√
3)qm

2/16−n2/48

=
1

2

∞∑
m=1

⌊3m/2⌋∑
n=1

(
−4

m

)(
n

6

)(
m − 2

3
n

)
qm

2/16−n2/48
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η(τ/2)3q−1/48ψ(q1/2)

=
1

6

η(τ)7

η(2τ)3
− 1

2

∞∑
m=1

⌊3m/2⌋∑
n=1

(
−4

m

)(
n

6

)(
m − 2

3
n

)
qm

2/16−n2/48

(q; q)3∞ ψ(q)

=
1

6

(q2; q2)7∞
(q4; q4)3∞

− 1

2

∞∑
m=1

⌊ 3
2
m⌋∑

n=1

(
−4

m

)(n
6

)(
m − 2

3
n

)
q

m2

8
− n2

24
− 1

12 ,
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