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Mathematical Preliminaries

Adopted set notations

m No:={0}UN={0,1,2,..};
m Z, R, C which represent the sets of integers, real numbers and
complex numbers respectively

m C*:=C\ {0}
m Multiset notation: a := {a1,...,a,}, ar € C,neN, 1 <k <n:

{Ha:={a,—a},
e{:t}iG o {eie,e—ie},
= {2,271},
A2 (2,272,

B = {22,271, —27 1)
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Mathematical Preliminaries

Finite and infinite g-shifted factorials—building blocks

m The finite shifted and g-shifted factorials,
(@) = (@)(a+1)(a+2) - (atn—1)

(:0)n = (1~ @)(1 ~ ga)(1 — ¢%a) -+ (1~ ") = [] (1 - ag®)

m The infinite g—shifted factorial, 0 < |¢| < 1,

o

(a:9)00 = [ (1 = ag).

k=0
m Other adopted product notations:

(a1,.- 5005 @)n = (615 @)n - - (@r; Qny

(@1, ar; Q)00 = (15900 - - (Ar; @)oo
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Mathematical Preliminaries

Useful identities for g-shifted factorials

(a5 @)nt1 = (1 — a)(qa; q)n,

(a;Q)n—1 = G-y

1 .
(a,q2a; q)% if n even,

(1- a)(q%a/a qa; q)anl if n odd,

(a;9)2n = (a,9a;¢*)n = ((BVa, V4@ On.
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Mathematical Preliminaries

Basic and generalized hypergeometric series

m Basic hypergeometric series (bhs):

ai, ..., (a1, ..., ar; Q) k() Is—r
r®Ps ' 4y -1 2 z
¢ (bl,..., s 1) % ) Z q,bl,... 57Q)k (( ) q )

k=

m If (r,s) — (r+ 1,r) then the bhs is considered k-balanced if
biby -+ - b, = q*ajas - - - a,41 (terminology due to Askey).

m Generalized hypergeometric series:

(90 = o (a1)g -+~ (ar)g 2°
bi,. .., bs < s
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Mathematical Preliminaries

The g-Askey scheme of basic hypergeometric OPs

SCHEME
OF
BASIC HYPERGEOMETRIC
ORTHOGONAL POLYNOMIALS
F“‘g\/@@
[©)] Cantinuous - g Hahn Dusl g-Haha @
dm.lq-l-h.hn g-Hahn g-Tacobi
2 AlSalam | [ g-Moixacr | [ Contimious Big H ‘ Quantum ‘ ‘ Affine Dual
& Chihara Pollaczek g-Jacobi g-Laguerre qJW‘n i | |q_Kn ‘ H ‘ 2
/ P SN
1 Continuous || Continuous Little ‘ H - H AlSalam H 1
o mu—fkmﬂwngm ‘H-mme i el || 2| et || catien 2

3

5 Continions Stielijes Discrcte Discrcte ©
g-Hermito Wigert g-Hermite [ g-Hermite 1T
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Mathematical Preliminaries

Terminating balanced 4¢3 representations of the

Askey—Wilson polynomials

Letn € Ny, x = %(z+ z71), and q,z,a,b,c,d € C*. Then

pn(x;a,b,c,d|q)

_ — ¢" Labed, az®
=a "(ab,ac,ad; q)pn 4¢3 (q 4 14,9
ab, ac,ad

l=in 1—n =i
")(_a)—n (%; q)2n(az{i}; Q)n ob3 q", qab ) qac ’ qad :q,q
(abcd, q)n qu—;dn : ql;n z{i} - &)
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Mathematical Preliminaries

The Ismail-Wilson generating function

In Equation (1.9) in Ismail & Wilson (1982) “Asymptotic and generating
relations for the g-Jacobi and 4¢3 polynomials,” Journal of Approximation
Theory, 36, 1, 43-54. They derived the following product generating
function for Askey—Wilson polynomials. Let 2 = (2 +271), itz < 1.
Then

az,bz t e d o " pu(@;a,b, ¢, d|q)
L0 22 z.q ¢ — .
2¢1( ab P z) 2¢1( cd T Z) nz:% (g, ab, cd; q)n,

Consider z € {a®, b 8 a8} Then one can use the Askey-Wilson

special value
pnla;a,b,c,d|q] = a™"(ab, ac,ad; q)y.

Then one of the 2¢1's becomes unity and the Ismail-Wilson generating
function becomes one of the Heine transformations of a 9¢; series.
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Mathematical Preliminaries

Triple sum generalized Ismail-Wilson generating function

The following summation generalizes the Ismail-Wilson generating function
with an extra parameter u:

, aw, bw t Dy )
- wlw. oo
302 ( ab,uw )Q7w) 3¢2( Cd,% 34, w>
_ (3 %9« 3 £ (aw™; )i (cwt; @i pa(a; 6¥a, b, ¢'e,dlq)
(wwtq)oo o= b (4 k(@ DG Dn(ab; nk(cd; Oy

If w=">0orw = d then one of the 3¢2's become unity and we obtain
$,ad,bd 1
3¢2( ab, i 34, d

214)o0 bd (ad‘ )n t\" suNk
~ il 505, e el e () (2)'

n=0 k=0
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balanced terminating 4¢3 summations

Terminating balanced 4¢3 summations

m There are a plethora of terminating balanced 4¢3 summations in the
literature.

m However, many of them should be considered equivalent.

m They satisfy the Sears transformation

Sears’ Balanced ¢, Transformations

With def = abeq!™"

q " ab,c (e/aflaq, n q "a,d/b,d/c
4¢3( 3 q. q) =5 a 4¢3( q, q)

de f 'V (e f;9), d,aq'-"/e,aq'-"/ f’

_(aef/(ab).ef / (ack @), ( q"e/a,flaef/(abc) >
- (e, f.ef / (abc)q), 473 ef/(ab),ef/(ac),ql—"/a’q’q ’

17.9.14

m Through simple linear variable scaling they often can be seen to be
equivalent to a specific Askey—Wilson polynomial evaluation.
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balanced terminating 4¢3 summations

Bailey's and Andrews’ balanced terminating 4¢3 summation

The following summation of a balanced terminating 4¢3 was first derived

by Bailey (1941) and is a consequence of a formula due to Jackson (1941)
(see also Carlitz (1969) and G+R Exercise 2.6):

" — g a.b (¢:0%,6%¢%) n (absq)n £ even
n
o iE i) = | '

—ab, & —, L5~ 0 if n odd.

The above equation is equivalent to Andrews’ (1976) summation
(Theorem 1 therein)

%(q, o4 NDn
a7 S IV g q) = { ey T evn
Vaa, ¢ . e
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balanced terminating 4¢3 summations

Andrews' (1976) alternative balanced 4¢3 summation

The following terminating balanced 4¢3 summation DLMF (17.7.11) due
to Theorem 2 in Andrews (1976) “g-Analogues of the Watson and Whipple

summations’ SIMA 7, is a terminating g-analogue of Whipple's 3F5 sum

( 2 b
a* (%, & q°)n ’
ZZ 5 if n even,

(qb,T;q )%
= _1s6® b

g(1-201-%) ()" (5, %) n ,

o 2, £, 2 if n odd.
A=0)1-%)  (¢°b, F=5¢%)na
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balanced terminating 4 summations

Summations due to Bressoud, Ismail and Stanton (2000

- following two summations for balaced ¢, series are given in Bressoud, Ismail and Stanton
(2000) [7, (2.1), (2.2)]. The first balanced ,¢, summation formula [7, (2.2)], [12, (17.7.12)] (also see [1

Exercise 3.34; ¢ bg")) is given by

~2n_gonp2 n ;
ol(7 1 6..":'qn:q2»ffz R i) 1)"' (8)
193 2
b, gb, q*a (—qa,bq),

which is a g-analogue of Bailey's  F,(1) summation. We will use this summation formula to derive

Theorem 4.17 in Section 4. The balanced ¢, summation formula [12, (17.7.13)], [7, (2.1)]
2 qb
g~ g Lqa ., ., a" (1 - b)(—q, L1q),
Ha =t 4 19
""‘( ghbat fr) - a0 (~a,ba), o

is another g-analogue of Bailey’s ,Fy(1) summation. We will use (19) to recover a result by Nassrallah
(79) (see akso Remark 4.13). Guo (2013) [11] and Wei-Wang (2015) [31] derived terminating balanced
ummations are [11, p. 1040, second identity]

¢, summations. Guo's balanced

(—q,a,b;q), (abi®), 20
@ Tab) (abiq),_,(a,b;q%), &)

'n-1

[14, (4.4)]
(7 2”.rfn.qzb.3%.q‘ ~_a "(=a.qa,qbiq),(q%ab: ), @1)
s [y ST (1= g *+1ab) (q%abiq), _ (a,big?) -

and [11, (4.6)

e i abi ), (a%ab; -
.«P.L( ga_,b_ qab H ) = Tqabia), (Fa (22)
Wei and Wang provided the following balanced summation [33, Corollary 6]
N (q 2 a, b, I—— ) 4 "(—q. f'q)“(ﬁ?' : (23)
T\ e TN ’ B

and a number of closely related ones.
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balanced terminating 4¢3 summations

Bressoud, Ismail and Stanton (2000) (cont.)

On first appearance, one might consider (18)—(23) to be different.
However, after replacing q* — q, all the summations (18)—(23) should be
considered to be equivalent when viewed as terminating balanced 4¢3 's
which can be written in terms of Askey—Wilson polynomials. The
summations (18) and (19) produce the same Askey—Wilson polynomial by

replacing (a, b) — (q_ia, ab) and (a,b) — (qia,q%ab) respectively. The
summations (20)—-(23) produce the same Askey—Wilson polynomial by
replacing (a, b) — (q_%a, q_%b), (a,b) — (q%a,q%a), and

(a,b) — (q_%a,q_ib), (a,b) — (qia, q%b) respectively.
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balanced terminating 4¢3 summations

Computer search for k-balanced 4¢3 summations

m Schlosser made computer experiments and searched for new
terminating k-balanced 4¢3 summations.
m Found 2 new 3-balanced 4¢3 summations. Example:

Ham Bve
4¢3 . 3_ ' 4y
iz ™" c
(14 g2y (@087 nsr (—¢ P e @)
n+tl :
L+9)  (g6¢%)12)(—a" 255 ¢2) 2

—(-1)

m Found 3 new 2-balanced summations. Example:

¢ ", q"a, {He,
4¢3( {:l:}Q\/a,C 4,4 ) ” )
q_Z"c)LgJ (1—a) (a9 )L"THJ(qT;q )iz
o (1= ag®) (a5¢%) np1 (g5 ¢%) 3]

= (q”a)”(
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balanced terminating 4¢3 summations

New balanced summations

m We did a careful literature search and found 15 new 1-balanced
(balanced) summations. However, many of them should be considered
equivalent. We demonstrated the full equivalence of all the
summations which were found and also in the literature.
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10 g-quadratic Askey—Wilson polynomial special values

11 g-quadratic special values for Askey—Wilson polynomials

Corresponding to the terminating balanced 4¢3 summations:

m 5 g-quadratic AW special values corresponding to x = 0.
Al: p,,(0; {H}ia, {t}ib|g) — Bailey (1941)
A2: p,, (0; {£}ia, ib, —igb|q) — Cohl & Schlosser (2026)
A3: p,(0;ia, 1qa ib, —igb|g) — Cohl & Schlosser (2026)
A4:p,(0;ia, 4, ib, lq|q) Andrews (1976)
A5: p,, (0; {j:}la ib, —ig?b|q) — Cohl & Schlosser (2026)

1

m 3 g-quadratic AW special values corresponding to z = %(q% —q2).

m Blip,(i(q? — ¢ %); {H}ia, {£}iblg) — Cohl & Schlosser (2026)
m B2:p,(L(q2 —¢2); {Hia, ib, —igblg) — Cohl & Schlosser (2026)
m B3:pn(%(q% —q_%);ia, —iga, ib, —igb|q) — Cohl & Schlosser (2026)
m 2 g-quadratic AW special values: z = (a+a™!), z = (ga+ (qa) ™)

= Clip,(3(a+ ) {£}¢2, a,blq) — Damjanovic
= C2p,(2 (qa+ =k {£q2,a,blg) - G+R (3.10.9)
m 1 g-quadratic AW speC|a| value corresponding to = = %(q% + q_i).
" Dl:pn(%(qi—i—q_%); a,q2a,b, q2b|q) - Bressoud, Ismail & Stanton (2000)
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10 g-quadratic Askey—Wilson polynomial special values

5 g-quadratic AW special values x = 0 (A1,A2)

Let n € Ng, ¢,a,b € C*. Then

2 12 .
(g, 0%, 0%, {Hhab, {£}qab; ¢°) 2

[e— ﬂ .f
pn(0; {HHa, {£}iblq) = ( : (a2b?; qz)% II n even,
0 if n odd.
pn(0; {£}ia, ib, —igblq)
( (4,0%,¢%0%, {£}ab, {Hqab; ¢*)» .
1 if n even,

= (2% ¢%) 2
= . 1 n—1 1 1 2 b (q37 q2a27 q2b27 {i}qaba {j:}q2ab7 q2)"T*1
(= p) — _
1( ) ( Q)( a ) (q2a2b2;q2)ng1

if n odd.
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10 g-quadratic Askey—Wilson polynomial special values

5 g-quadratic AW special values x = 0 (A3,A4)

pn(0;ia, —iqa, ib, —igblq)

( . (¢, ¢%a®, ¢*V?, qab, —ab, ¢*ab, —qab; ¢*) n
(-1)2 225 2 2 if n even,
. (¢*a?b?; %)z
={ —i(=1) 2 (1 —q)(a+b)(1 — qabd)
(43, ¢%a?, ¢*b%, ¢*ab, —qab, ¢>ab, —q*ab; ¢*) n-1
e
X (q2a2b2; qQ)n;l if n odd.
\ 2
pn(0;ia, 2, ib, ¥|q)
n 2 b .
(—1)2(—617—(]27—@5,—%,—%,—%;(f)g if n even,
— i n—1 b b
—F(=D)7T 1+ + )1+ 7)
2 2
X(_qz’_q37_qabv_g_z’_q_baa_q?b;QQ)L*l if n odd.
2
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10 g-quadratic Askey—Wilson polynomial special values

5 g-quadratic AW special values x = 0 (Ab)

pn(0; {H}Ha, ib, —ig*b|q)

(—1)2(a? ¢°0%, {Hab, {H}qab; ¢*)=
(- @)1 — ) (@a?: )5
y ((1 — gb*)(1 — qa®b*)(q, %0, ¢*a®b?; q)

(gb?, qa?b?;¢?)n

_ gb*(1—q)(1 — %)(q?’,qcﬂ;q?)g) .

+ 2 5 if n even,
(?a q )g

)
2

—i(—1)"7 b(1 - ¢)(1 - @)
(¢, ¢*a?, g%, {}qab, {HqPab; %) Ny
X 1L 7 O 5
2,212, A2
L (q a=b 3 q )"771
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10 g-quadratic Askey—Wilson polynomial special values

3 g-quadratic AW special values x = %(q% — q—%

pa(3(g? — q72); {Hia, {£iblq)
( 2@ qa®, b, {Hab, {£}qab; ¢*)n

if n even,

— (@77 )
—i(=1)"F (1 - g)(1 — a??)
(¢*,qa®, qb?, {£}qab, {B¢ab; ¢*) na
X (@20 ) s 2 if n odd.
\ 2
—q2); {#}ia, ib, —igb|q)
( 1) (¢, 9a°, 30, flsz, {Hab, {Hqab; ¢*)»
(¢2b,a%b% ¢*)n
—i(=1)"T (1 - g)(1 + ¢2b)(1 — g7a®h)
(4% qa, *b%, {3 qab, 3 ¢%ab, g3 a®b;¢?)ny
X (q%a%, 2 ) o 2 if n odd.
\ 2
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10 g-quadratic Askey—Wilson polynomial special values

3 g-quadratic AW special values x = %(qi —q

% _q_%)7 i(l, _iqC% lba _lqb|Q)

pn(3(q
( z 2 2 2 b 2
<_1)2(q’qa ,Qb 7_ab7 {i}qabaq a’baq )%

1
gz (1 +ab)(1 - L2)(¢2a?b?; ¢%)

(q2b, —qab; ¢2)=
1
= (1-q)(1+4¢2b)(¢* ¢°0%; ¢%) 2 .
_ T D)s if n even,
) ) 2

jIN 5
x ((1—%)(1+qab)(q2b7 —¢’abi¢°) 3

—ig75(=1)"7 (1 — q)(1 + q2a)(1 + q2b)(1 — qab)
(43, ¢%a?, ¢3b%, —qab, {£}¢*ab, ¢3ab; ¢*) n—
2 if n odd.

X
(¢*a”b?; ) na

\
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10 g-quadratic Askey—Wilson polynomial special values

2 g-quadratic AW special values (C1, C2)

T = %(a + ?11) £ (q . (1“)

1
pu(3(a+3)ia,b, Eqzlg)
({:l:}q%a, {:I:}q%a,ab, qab; QZ)g if n even,
(1 - qa®)(1 - ab)({Ha3a, a3 a, gab, *abig*) s if 1 o0dd.

1
pa(3(ga + )5 a,b, {42 |q)

({5 q%a, {Hq?a, ab, qab, >V ab; ¢?)

2 if n even,
({i}\/_ )z
= (qa)™{ (1 —ga®)(1 — ¢*ab)
(B}a2a, a3 a, qab, ¢?ab, {£¢*Vab; ¢*)ns
2 if n odd.
(Bavab;¢?)ns
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10 g-quadratic Askey—Wilson polynomial special values

1 g-quadratic AW special value x =

1 1
pn(3(q7+q"1);a,q2a,b,q2b|g)

(—q%,—q,q%a,q1a, q1b,q1b, ab, g2 ab, qab, ¢ ab; ¢*)n

5 if n even,
(ab, g2 ab; q) =

— ¢ 1 (14¢2)(1 - gia)(1 — gib)(1 — g2 ab)

(—q, —q% ; q%a, q%a, q%b, ng, q%ab, q*ab, qgab; q)n-1
X z 2 if n odd.
(g2ab; q)ns
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g-quadratic transformations for bhs

g-quadratic product transformation from Al

In Schlosser (2018) “g-Analogues of two product formulas of
hypergeometric functions by Bailey” [in Frontiers in Orthogonal
Polynomials and g-Series (Z. Nashed and X. Li, eds.), World Scientific,
2018, pp. 445-449], Schlosser started from Al with the Ismail-Wilson
generating function to produce:

2¢1({ ia,q,t) 201 ({bgb,qv—f) ¢3<{i}ab’{i}qab'q2,t2),

qa?, qb%, a?b>’

However, this formula was already given by Jain and Srivastava Equation
(4.9) in V.K. Jain and H.M. Srivastava, “g-Series identities and reducibility
of basic double hypergeometric functions”, Canad. J. Math. 38 (1986),
215-231. This is a g-analogue of

a b Ha+b),t(a+b+1) 1
B, 5z) 1R, 5—2) =B 2 2 =z .
1 1(2@’2)1 1(2b’ Z) 2 3( atib+latd 4
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g-quadratic transformations for bhs

g-quadratic product transformation from A4

In Schlosser (2018) “g-Analogues of two product formulas of
hypergeometric functions by Bailey” [in Frontiers in Orthogonal

Polynomials and g-Series (Z. Nashed and X. Li, eds.), World Scientific, pp.
445-449], Schlosser started from A4 and produced:

q g
201 (a’ “q, 2) 2¢1( —2)
—q q

a> qa gb ?a ¢%b
— 4¢3 CLb, ab’ qb 7%;(]2,2’2 + (b—a)(l;%)z 4¢3 qaba ab7 b ) qa ;q2’22
—¢%, {#q 1—gq —¢%, ¢
1 (0 e, (9 B 0)
2 I({H f;¢)(—q,ab, L5 q) oo

" (SIS (i) g (b %, M2 w
</ @ et DE e 3¢’2< e ’W;> e

Howard S. Cohl (NIST)

Product formulas for bhs by AW poly.

Thursday April 16, 2026 26 /48



g-quadratic transformations for bhs

g-quadratic product transformation from A2

—a,—b —a,—qb
201 ¢, ) 291 gt
—ab —qab

2 272
a“,q°b*, ab, qab
:4¢3 ) 22;q27t2
—qab, —q?ab, a*b

bt(l — (12) ¢) q2a27 q2b27 qaba q2a’b .2 t2
(1 4+ ab)(1 + qab) 4 —q2ab, —q3ab, q2a?b?’ tE '
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g-quadratic transformations for bhs

g-quadratic product transformation from A3

m ¢-quadratic product transformation from A3:

a b, —qb
2¢1( a;] 34, > 2¢1( i 349, _t>

s ab, {:l:}qab,—q2ab‘ 2 2
3 qa?, qb?, q2a2b? 7

(b —a)(1 + qab)t gab, {q*ab, —¢°ab_ ,
(1= qa?)(1 — qb?) AP gBa2, 302, q2a2b2 1" )

m The ¢ — 17 limit provides:
a b at+b a+tb+1 Z2
F ;2 ) 1P =z ) = oF} 27
! 1<2a+1 Z)l 1(2b+1 Z) 2 <a+;,b+2,a+b+1 1

N (a—b)z - a+g+1’a+g+2 ‘ 2
2a+1)2b+1) > \a+3b+3,a+b+1" 4

Thursday April 16, 2026 28 /48
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g-quadratic transformations for bhs

g-quadratic product transformation from Ab

o(5) (-0
ct(1+ q) ( {Haac, {HePac tz)

) 493 qa?, ¢3¢, q2a2c2’

(1 —qc?)(1 — ga’c?) ¢’a’c?, fHac, fqac 5 o
(1= 2A)(1 — a2 "'\ ga2, g%, qa2?, ¢?a?c®’ "

qc*(1—q)(1 — _) ¢4(q3 , {t}ac, {+Hqac q2,t2>

)
(1 —P2A)(1-a2?) "'\ ¢, 2, 32, a2’
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g-quadratic transformations for bhs

g-quadratic product transformation from Bl

201 <{j£a; g, Z) 201 ({;}Qb; q; —QZ>

q
{:l:}ab, {i}qab 2 9
= 4¢3< a? Qb2 aZb2 4,2
q b )

n 2(1 — a?b?) {£}qab, {:I:}q2ab.q2 2
(1—2)(1 - qb?) qa?, 3%, a?b? 77 7 )
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g-quadratic transformations for bhs

g-quadratic product transformation from B2

qb
2¢1<{ }g 34, 2 >2¢ ( 2b2 34, qz)

_ 5¢4<q3b7 {i}qabv {i}q2ab_ 2 Z2>

qa?, gb, b2, q2a2b2 " 1

z(1 — ¢*a®b) s Hqab, {H¢ab,¢*a®d 5, ,
(1 —ga?)(1 - qb) a2, b2, q2a2b, qta2p?’
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g-quadratic transformations for bhs

g-quadratic product transformation from B3

( + % (1 B qab) q, ng, a’b’ _qa’b’ _q2ab7 q3ab. q2 22
q,qb,qa?, %, ¢?a?b®> 7’

_(-90+g) ¢, q'? ab, {Hqab, —¢*ab_,
¢ qa%, 2%, ¢?b?, g2a?b? "1

(1+ qab)z gab, {H¢’ab, —~¢°ab_ 5 ,
I+ a)1—gv) P\ qa2, 02, q2a22 17

Howard S. Cohl (NIST) Product formulas for bhs by AW poly. Thursday April 16, 2026 32 /48



g-quadratic transformations for bhs

g-quadratic product transformation from D1

1 b atb
a,qza »q? 1

;q,t ;q2t

2¢1( 2 0 > 2¢>1( b >

<{i}\/_ {i}q4\/_{i}q2\/_{i}q4\/_qt2>

q2,—a,—q2a,—q2b, —qgb,ab, g2 ab

(1- q%ab)t q%ab, q2ab,qgab,0,0,0,0 5
1 T 7P6| 3 1 3, 1 .54,
(1—q2)(1+a)(1+ q2b) q2,—q2a,—qa, —qb, —q2b,qzab
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g-quadratic transformations for bhs

g-quadratic product transformation from C1, C2

a?, qab 2at; (1- %)qa?t
2¢>1(q ! ;q,t)z(q Voo (14 3

ab (t;9)o0 (1 —ab)
_ (@’ %) 5 qa*, ¢’a®,g'ab 4 o
(@) 7 q?,ab 7

(¢*a’t; ¢*)oo (1 — ga®)(1 — g*ab)t ¢ ¢*a?,¢°a?, ¢®ab 42
(qt; %) (1— @) (1 —ab) 72 Sq2ab )
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Cayley—Orr type expansions

Cayley-Orr type expansion formulas

m By using Cayley—Orr type expansion formulas stated in Gasper and
Rahman's textbook.
m These were obtained by Singh (1959) and by Nassrallah (1982).

m These are Exercises 3.17-3.19 in G+R.
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Cayley—Orr type expansions

G+R Exercise 3.18.

Lemma (G+R Exercise 3.18.)

Let0 < |¢q| <1, a,b,c,z € C*, and

3]

(qaiz;qz)oo 2¢1 %73 q2CZ _ Za o

(2;q2)oo c 7 ab "

n=0
Then
s 8.0 5 2\ _x= (a5
op1| @20 id% 2 2¢1(q doar )= 2",
e &)~ (e

m Al transformation is verified with ¢ = ab/q.
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Cayley—Orr type expansions

G+R Exercise 3.19.

Lemma (G+R Exercise 3.19.)

and

Then

€5 © (556)
a’qb. 2 % _ q’ i n.
2¢1( o 1Y ’Z) 2¢1( c ab) Z (¢;4®)n %

n=0

m Using ¢ = qab, and Exercise 3.19, Nassrallah produced

p qa?, qb? 2) 20 “2 , qb? ) = uts a2,qb2,{:t}ab_ .
291 2b2 aq 291 2b2 761 q a2b2,{:|:}q%ab’q’
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Cayley—Orr type expansions

G+R Exercise 3.17.

Lemma (G+R Exercise 3.17.)

Let0 < |q| <1, a,b,c,ze€C*

(8:4%) AN ®
(% oo 2¢1(C’ ﬁ)_zanz'

Then

¢(§7§ 2 ) ¢(‘%b 2 02) Zw (©@n  n
291 4,2 | 201 yq,—— | = ——apz .
ge '’ ge’” Tqab) = (qcqP)n
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Cayley—Orr type expansions

G4+R Exercise 3.17

1 ~ (q172‘"._—*,‘1{12:q2) . am-2151
_)1({i}uu/ﬂ;q‘3) 201(&}\/5%_3):2 : L3 .

2. .2 .
qa qa = ¢ a%) a5 q),,

qa, g%a, c,m2 1—gqa) q2%a, qa, Pa?

2 ({:t}\/_ ) ({i}\/_ L):x (g%: —q%),(a% ¢*), .

: q,—q%z T T
ga neo (@:q), (g2a:q) (—a; —q%)

7q%‘{:l:}r;_ll Vi, et va, 7(1.";"1’” -
(1 —a)z o ({i}(} Va, {i}"i\/_ {i}"j \/E {i}lfl\/_ ~z)
(1+ q?i}(l - q%u) q=, {i}‘l f {i}ql\ﬁ (I'” —qa e

a -iJa < (
201({iif;q: z) 2¢1({i}qa ‘/_:ff‘—fiz) =Z :

2, 42 .
= (@%a?) g (asq),

= 4¢:;({i]q7§a'{i}?ia:qz‘zz) + = 4¢z({i}qm {i]qm.q.zz) .

- (,-»({ﬂ va, o Va, (Hiva (it vVa )

0 31
—142] 25 Jﬂz q‘)

a,qa,q'a? (1 a) qa, ¢%a, ga?
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Cayley—Orr type expansions

Another application of G+R Exercise 3.17

In Exercise 3.17, which is specific terminating 2-balanced 3¢9 series which
sums with two terms. The latter can be evaluated with ¢ = ¢?ab. Then
one can obtain:

2 2
aa,qb ab
2¢1( q3ab 5 q 72) 2¢1<q3ab7q ,(]Z>

(1 —¢q)(1 — qab) (qa, qb, {i}qm' )

(1—qa)(1—gb) ***\ qab, (B3 V@ab 7

L9(=a)1-b) qa,gb, Havab
(1= ga) (1= ab) "™\ q2ab, {13 /gPab ™
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Linear and bilinear expansions of AW polynomials

Bilinear expansions of Askey—Wilson polynomials

m There are at least 11 known alternative linear and bilinear expansion
formulas for Askey—Wilson polynomials, including the
Askey—Rahman-Suslov nonsymmetric Poisson kernel for Askey—Wilson
polynomials.

m Aside: also, through this exercise we've noticed, corrected and
reported several errors in these expansion formulas.

= One may attempt to utilize the above mentioned g-quadratic special
values for Askey—Wilson polynomials to obtain new g-quadratic
transformation and summation formulas.

m Also produced new bilinear sums for Askey—Wilson polynomials
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Linear and bilinear expansions of AW polynomials

Rahman's (1985) bilinear sW7 sum (G+R Exercise 9.1

1, y=1(w+w). Then

£ 2 2 -
i(L;f“- 0,5, (52,0, 8.7.8:9), f7p, (w:0,b,¢, %|q) p, (v:a,b, ¢, %]g)
b2e2 hl b- faB  foy jJﬂ
! ( (g,ab, ac, be, be, == =X,

be2 e faB foy f87 faByé, )
be 7 be 7 be B Dn

2n 1 -~ g
XRIT”’T( fapy faBy q’b{'2

fJ
B N lt x. Tld n-
e BS 8 TETTE e
3.~ 5. bet
Xi (0, 8,7, 8, bzt bcu ia), 4" - (lf"ﬂ?q,n ""a ¢""a ast, autiq q)
5 375 wWo| ——:a7™, L. ez, 14,
o (g, be, be, bz‘ e s‘. f;'—sog— 97- qa), be b2e T be?

(o B7,8, 1500, L300 .oz but, WL cfurtiq)
I(ab,uc,brL E. &‘. f_ﬁ @ blc M be Jos

B L3 frrutig)
(fe, 22,42, .21 fotu

'bc be

i:‘1),,q'n 0 -g( " lbczf @ g bef, T q rf ert bcu_‘i_ q)
20518 2 ! : 4
perd U %; Lafod oot BE,y) @

(0 8,7,8, 5520 1, o, &5 ot b= prat afuwig),,
(L‘m’% L _ac. be. b!s bc2 e abf be fai«o N

(fo I8 [y
be * be? b

wq)
£ abf, f2*wtiq), 0" q
af cf e S ‘"“vg(q"_labf:q"f'q"_lbcf'
(g, f L LA afw bfzEg),

na
f.azi,bu'i; q,q) .
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Linear and bilinear expansions of AW polynomials

Example 1: three-term g-quadratic transformation

m Setting {a, b, c,w, z} — {{£}ia,ib,i,i}. Then one obtains |ab| < |c|,

21,2 2 2

a“b b

8”7( 7q7a b2 chq ) )
q c2

(6% @)oo
212 212
(a2b27 acg ;q2)00(_a'b7 _a_cb, %; Q)OO
a;b
214 214 2
(%, a2, 25, 0 %) oo (% @)oo

(a2, 2,9 ¢V

X

b2 ab a?b?
X 10Wy <— =0, {56, — e qe i g, Q)-
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Linear and bilinear expansions of AW polynomials

Example 2: four-term g-quadratic transformation
—ia,i,i}. Then if |g| < ||,

m Setting {a,b,c,w, z} — {ib, —iq/a,

¢ qa gb 2 ¢
IOWQ <q7q (Ib b b 767 qc; q ,6_2)
Fl-)1-HA-HI-FA -1 -0
b 2 2
c(l-=q)(1—ab)(1-F)(1-L)A-FH)(1-L)
3 2 2 2
q° q7a q°b
XIOWQ(q3;q2’qab7 ba b ) @ ,QC,QQ 7q27 2)
a;b
2 2 2 4 b
(q2' Q) (b27 2_27 ch ) bgCQ ) q2)oo(g_ca Q)oo
= 72 2 b 2
(%77‘]2)00( ab7 gbac7qc7Q) (%7_37_%7q)00

< 0Wo (o Ba, @5, 81, (50,0).
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Linear and bilinear expansions of AW polynomials

Another bilinear sum over Askey—Wilson polynomials

mletz=1(z+271), y=2%(w+wl). Setting a = be/f causes the
first term to vanish and for the second term only the n = 0 term
contributes. Then replace f — ¢ and utilize

o ano1g By . - q"b*c? q'be 6t (0 Gy, bet, =5 j'"” 1q) . b;lirq 8t :q),,( 2c2 q)zn
sWrl "7 8 a2 8.0, T T 2 e Bt
< (2%, 2z s i 3 Do 1), 3’} 0y,

which produces the bilinear sum over Askey—WiIson polynomials

ln

be ‘

> (B2 g ;)1“(,,_‘_;_1 bT’ @), t" p, (a0, b e, % q)p, (yia,b, e, 55 q)
neo [% q)5,(q. ab,ac,be, be, % b,—,' bet:q),
(b2 t, ’:L' az®, bw®, % ctw®; q) o b(‘zf ct bd 4 be wt
- . b G b2 + be2t 7t 10 V 9 LA B “"’ ' 4, q
(ab, ac, be, £, =€, bet, =tz 1) a' q' a

b2c? t, & ez, ’" W ptaE atwd abt  at bet
+( — o "]“()( f.—.—.rr:i.bu'i:q.q) .
-

(ac,be, %, ”:—I' ’:—‘ abf. bet, tzFw®; q) q
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Linear and bilinear expansions of AW polynomials

Examples 3: g-quadratic nonterminating summation

m Setting {a,b,c,d} — {—iq/a,—ia,ib,iq/b} produces |t| < 1],
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Linear and bilinear expansions of AW polynomials

Askey—Rahman—-Suslov Poisson kernel for AW polynomials

mletz=1(z+271), y=3(w+wt). ARS found the following
bilinear generating functlon for Askey—Wilson polynomials at ¢ = 1,
namely

>, (%ad, +\/qabed; q), (2)"p, (x50, b, ¢, dla)p, (v; a0, B, %, %q)

>

n=0 (q, %+ %'”" ac,be,bd. ed, af, li'f‘r—)“:qr)

n

2 +
o .+ bdoz K. bf\ do |
(abed, Gz, ez, 25—, aw™, fw, 7% . q) . bda® azf bd ba do
V7 . 1q, Pw

(ae, be, bd, ed, o3, @‘f ar-we bdal. Q).

. . ga2fw’ aw ' Bw'aB’ af’
a afw
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Linear and bilinear expansions of AW polynomials

Example 4: g-quadratic nonterminating summation

m Replacing {a,b,c,d, a, §, z,w} — {ib,iq/b, —ia, =2, —ia, ¥,1,1}.
Then for |a| < [b],

2 2 2
2, Doola?, 0%, E, 550 oo
)oo

(¢°,
(_Q7 —-q, CLb, qba7 q[;lv Zb’ q

Howard S. Cohl (NIST) Product formulas for bhs by AW poly. Thursday April 16, 2026 48 /48



	Mathematical Preliminaries
	balanced terminating 43 summations
	10 q-quadratic Askey–Wilson polynomial special values
	q-quadratic transformations for bhs
	Cayley–Orr type expansions
	Linear and bilinear expansions of AW polynomials

