Bilateral discrete and continuous orthogonality relations
in the g~ '-symmetric Askey scheme

Howard S. Cohl*

*Applied and Computational Mathematics Division, NIST, Gaithersburg, MD, USA

Seminar in Partition Theory, ¢-Series and Related Topics

Thursday September 5, 2024

Howard S. Cohl (NIST) Infinite bilateral orthogonality relations ~ Thursday September 5, 2024 1 /48



Introduction

Finite and infinite g-shifted factorials—building blocks

m The finite ¢-shifted factorial,
(a;q)n == (1—a)(1 - qa)(1 — ¢’a)--- (1 = ¢" 'a) = [ (1 — ag")

m The infinite g—shifted factorial, ¢ € C,

o0

(a; )0 = [J (1 = ag").

k=0
m Other adopted product notations:

(a1, yap)pn = (a1)n - (ar)n,
(a1,.--s0r;@n == (a1;@)n - (@r; Qn,

(@13 1505 )00 -= (@15 @)oo = - (051G 0o
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Introduction

Basic hypergeometric series

Note that for a =0, (a;¢)x = (a;¢)00 = 1.
Fora=q¢™", n €Ny, (a;¢)sc = 0.
Fora=q¢™", n €Ny, (a;¢9)x =0 for k > n.

Infinite series representation for nonterminating basic hypergeometric
series

0
A1, ... Qr41 (ala"'vaT+1;Q)k k (k) STk
r+1QPs j2 ) = E -1 2 z",
+1¢ ( bl""7bs ) k=0 (q7b17""bs;Q)k <( ) 1 >

divergent for r < s, convergent for |z| < 1 if r = s and entire if s > r.

If one of the numerator parameters is of the form ¢~", n € Ny, then
the infinite series terminates. This is fundamental to the study of
g-orthogonal polynomials.
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Introduction

Nonterminating basic bilateral hypergeometric series

m Infinite series representation for nonterminating basic bilateral
hypergeometric series

o

aly...,qp (al,..,,ar;q)k< k (k)>s—r L

iz ) = E ——————=((—=1)%q¢\2 z",

Tws(bla"-abs ) ke (bla-"7b$;Q)k ( )q
=—00

convergent when s > r provided that

|b1---bs| < lai---arz|,

and also, in the case s =, |z| < 1.
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Introduction

The g-Askey scheme of basic hypergeometric OPs

SCHEME
OF

BASIC HYPERGEOMETRIC

ORTHOGONAL POLYNOMIALS
(4) % / ;@-MQ @
O] Continucus - gHsbn Dual g-Habn )]

dm.lq-l-h.hn g-Hahn g-Tacobi
2 AlSalam | [ g-Moixacr | [ Contimious Big H ‘ Quantum ‘ ‘ Affine Dual
& Chihara Pollaczek g-Jacobi g-Laguerre qJW‘n i | |q_Kn ‘ H ‘ @
/ P SN

1 Continuous || Continuous Little ‘ H - H AlSalam H 1
o mu—fkmﬂwngm ‘H-mme i el || 2| et || catien 2

© ‘Continuous Stieltjes Discrete Discrete ©
g-Hermite ‘Wigert g-Hermite [ g-Hermite IT
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Introduction

Symmetric basic and generalized hypergeometric OPs

Askey-Wilson polynomials Wilson polynomials
(4 parameters: a,b,c,d) (4 parameters: a,b,c,d)
4 d—0 4
continuous dual g-Hahn polynomials continuous dual Hahn
(3 parameters: a, b, c) (3 parameters: a, b, c)
4 ¢c—0

Al-Salam-Chihara polynomials
(2 parameters: a,b)

4 b0

continuous big g-Hermite polynomials
(1 parameter: a)

+ a—0 +
continuous g-Hermite polynomials Hermite polynomials
(O parameters) (0 parameters)
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Introduction

Orthogonal polynomials in the g-symmetric Askey scheme

m Askey—Wilson polynomials

—n . n—1 Se
_ , abcd, az
pn(x;aa b7 Cvd‘Q) =a n(aba ac, ad; Q)n 4¢3<q 1 7Q7q>

ab, ac, ad

m continuous dual ¢g-Hahn polynomials

n q ", az*
pu(x;a,b,clq) := a”"(ab, ac; q)n 302 14,9
ab, ac

m Al-Salam-Chihara polynomials

—-n

S
_ q , Az
n(T;a,blq) == a""(ab; q)n 1
Quaiatig) = aabiadascr (T ) 100a)

m continuous big g-Hermite polynomials

- q—n’az:l:
Ho(wial) = aon( T 0 sa.0)
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Introduction

Orthogonal polynomials in the g-symmetric Askey scheme

m continuous g-Hermite polynomials
g0 q"
Ha(zla) 1=Z"2¢0< S L

m Symmetric limits in the ¢g-symmetric Askey-scheme
x;a,b,clqg) =limp (x;a,b,c,d|q),
Py ( |9) = lim p, ( q)
Q, (z;a,blq) = limp,_(z;a,b,c|q),
c—0
H (z;alg) = lim x;a,blqg),
o (75 0lg) = lim Q,( q)

H, (zlq) = lim H,(;alg).
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Introduction

The g~ !-symmetric Askey-scheme

m Relation for finite ¢~ !-shifted factorial
(a;¢ Y =~ &) (~a)"(a Y q)n

m Relation between ¢~ '-AW polynomials and Askey—Wilson polynomials

pn(xa a, b7 c, d‘q_l) - q_3(g) (—CLde)npn(ZE, é %, % (li’q)
m Symmetric limits of ¢~ !-Askey-scheme
. -1\ _ 13 . =1
Qn(xaa7b|q ) —il_rf(l)pn(w, a7 bac|q )7
Hn(aj;a|q_1) = lim Qn(z; a,b|q_1),
b—0
Hn($|q_1) = ilg(l) Hn(a:;a|q_1).
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Introduction

Square bracket notation for ¢ and ¢~ !'-symmetric basic

hypergeometric OPs

m Consider a ¢ or ¢~ '-symmetric orthogonal polynomial p,, in x with a

set of free parameters a.

m Then if 2 = (24 271), we write
pulz; alg] := pa(z;alg) = pa(3(2 +27");alg).
m Similarly, if z = (2 — 271), we write

pnlzialq] == pn(z;2alq) = pu(3(z — 271); alq).
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Introduction

Orthogonal polynomials in the ¢~!-symmetric Askey scheme

These polynomials have continuous orthogonality relations on the
imaginary axis. We start with z = 2(z 4+ 271). Now let z + iz.
1. 1 1 1
rT— -(z+—)==(z—2 7).
2( zz) 2( )

Define the following orthogonal polynomials in the g~ !-symmetric family of
orthogonal polynomials in the ¢~ '-Askey-scheme, namely

p,.(z;a,b,¢,d|q) := p,[z; a,b, ¢, d|q] := i "ppliz;ia,ib,ic,id|qg""],
Pn(;a,b,¢lg) == pnlz;a,b, clg] == i "paliz;ia, b, iclg "],

Qu (w3 a,blq) == Qulz; a,blg] := i "Quliz;ia, iblg ],

Ho (25 alq) == Hyl2; alq) := i " Hyliz; dalg "],

Hy(2]q) := Ha[zlq) := i " Hy[izlg™"),

where z = (2 — z71).
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Introduction

Symmetric limits of ¢~ '-symmetric g-Askey scheme

m The orthogonal polynomials in the ¢~ !'-symmetric Askey scheme can

also be obtained as the d =+ ¢ — b — a — 0 limit cases, namely,

po(z10,b,¢,dlq) = ¢ (iabed)"py (23—, —E, -1, ~E]q)
p,(z;a,b,clqg) = lim p,,(x; a,b, ¢, d|q),
d—0
Qu(zsa.blg) = lim p, (a1, b.clo).
b—0
H,.(z|q) = lim H,(z; alq).
a—0

m Note that since the ¢~ !-Askey—Wilson polynomials are just
renormalized Askey—Wilson polynomials, they are not really new
polynomials, whereas the other ¢~ '-subfamilies are distinct.
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Introduction

Orthogonal polynomials in the ¢~!-symmetric Askey scheme

q~-Askey-Wilson polynomials, a := {a, b, c,d}
p.(z;alq)
= q_3(2)( chd) (_l} __Cl,, ;_1; Q)n 4¢3 ;1ab0£ll a,1 4 34,94

ab’ ac’ ad

-n 1-n
_3(n 1 — q y —q Cda ) b
= q3G) (—abed2)" (2, 2L, 2sq) 4¢3< I i _q“l g, B4

ab’

m continuous dual ¢~ !-Hahn polynomials, a := {a, b, ¢}

_(n q " — ab, —ql_"ac
pu(z:2lq) =g (2)(—a)”(§a—a—12«;Q)n3¢2< _gi-naz, e 104
? z

) a @ & =1 q"
_ n 9 9y
= ¢ 2G) (—abe) (=&, —L: ) 3 e

ab’ ac
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Introduction

Orthogonal polynomials in the ¢~!-symmetric Askey scheme

m ¢ '-Al-Salam—Chihara polynomials

n

Q,.(z; a,blg) Zq_(2>(—b)”(—$;q)n3¢1(q_ AT, qn_a>

. — 1\n Cf”vi’;—i. n 2
Hn(x,a|q) - (_a) 3¢0 - 34, —q a

m continuous ¢~ '-Hermite polynomials

—n

" q
Hn(fU|Q)=Zn1¢1( 0 ,qa—z—2)
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Introduction

Duality for the ¢ and g~ !-symmetric subfamilies

Askey-Wilson
polynomials
I's v =~
continuous dual g-Hahn | _ big g-Jacobi continuous dual g~!-Hahn
- functions/polynomials polynomials

polynomials

2

Al-Salam—Chihara o
polynomials

4 VAR N\

continuous big ¢~'-Hermite
polynomials

+ 4
¢~ '-Al-Salam—Chihara
polynomials

little g-Jacobi
functions/polynomials

continuous big g-Hermite | _ ¢ !-Bessel ¢-Bessel | _
polynomials

polynomials functions

continuous g-Hermite
polynomials

e

continuous ¢~ !-Hermite
polynomials
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Introduction

Example of duality: The little g-Jacobi polynomials vs.

the ¢ and ¢ !-Al-Salam—Chihara polynomials

q—n qn—i-la
pn(z;a,b;q) := 2¢1( ’qa 1q,qx ) .

—m

() (a0 (@bia)n (%9),, (q‘”_a ab. )

a™ (ab;q)m E’E,E’q

@)y <_£>m (%;q)ln (%b;q)mpm (qn;é, qu) |

(355 0)
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Introduction

Recently performed survey of known orthogonality relations

for g-symmetric, ¢~ '-symmetric and their dual families

m Submitted in 2024 a joint paper with Roberto Costas-Santos and
Xiang-Sheng Wang:

-1

Orthogonality relations for the q and q~*-symmetric and dual poly-

nomials in the q-Askey scheme
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Known orthogonality relations

Infinite continuous bilateral orthogonality of g~ !-AW

m The first orthogonality relation found for this family is that which
comes from the weight function which Askey found for the continuous
¢~ '-Hermite polynomials in 1989 Continuous q-Hermite polynomials
when q > 1. According to Ismail & Masson (1994), Askey proved the
following orthogonality relation such that m,n < N, |¢3abcd| < |q|*V:

/°° (—¢"""a, ¢ "a;¢)oo

P..[¢"; alqlp,[q"; alq
m[ ) |]n[ I |](_q2$+1,_q1—21;q)00

dx

(¢, —qab, —qac, —qad, —qbc, —qbd, —qcd; q) o

(gabed; q) oo
1 1 1 1 1 1. 1 .
Xq—G(g)(_Gngcgdg)n (Qa T @b’ ac’ ad’® bed bd'  cd? Q)"(qabcd’ Q)2n 5m,n

(qa})cd; Q)n(ﬁ; Q)2n

This orthogonality relation is explicitly given in Ismail-Zhang—Zhou
(2022). The total mass of this orthogonality relation corresponding to
the m = n = 0 case is the famous Askey ¢-beta integral (1989).
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Known orthogonality relations

Infinite discrete bilateral orthogonality of g~ !-AW

Theorem (Ismail-Zhang—Zhou (2022))

Let m,n, N € Ny, ¢ € C', a,a,b,¢,d € C*, n,m < N such that
labed| < |q|>N 1. Then the q~'-Askey-Wilson polynomials satisfy the
following infinite discrete bilateral orthogonality relation:

oo

(%5 9)k
> (14 ¢*a®)p,,[d" s alglp, [ alg) —2 =

abed)®
e —qaasq)y “"Y

(q7 —CY2, _Oc%’ _qab7 —qac, _qad7 _qbcu _qbd7 _(ZCda Q)Oo

(—qoa, T, gabed; q)os

1 1 1 1 1 1. 1.
Xq—ﬁ(g)(a2b2czd2)n(q’ T ab>  ac’ ad’ bc) bd> cd’ q)n(qabcd’ @)2n

N 5m,n
(qa})cd; Q)n(m; q)2n

These polynomials are orthogonal over a finite family.
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Known orthogonality relations

Total Mass is equivalent to Bailey's g1 summation

m If |abed| < |g|7!, then one has

= ok 2 (23D abed)F
2 A+da )(—qaa;q)k(q bed)

k=—o00

(¢, —o?, —Z%, —qab, —qac —qad —qbe, —qbd, —qcd; @)oo
(—qaa gabed; q) oo

’a’

which is equivalent to Bailey's g1 summation

( +q/a,b,c,d, e qo )
6%6 ;

go qa qa qa 4 -

»b e d e
a qa qa qo g qu
(Q7qa7_7q_aq_7q_vq_aq_7q_7q)
a’ bec? bd’ be’ cd’ ce’ de
(ggzzﬂﬂﬂﬂqaz q)
brcrdie’ b ¢ d’ e’ bede’

)
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Known orthogonality relations

Infinite discrete bilateral orthogonality relations for the

infinite families (cdqiH and qiASC)

. (259)k

> (1t aat)p,ldtos alale, o"as ald] ¢(5) (—qaabe)*

k=—o00

—qoa; q)p,
o (q7 —062, _a%7 _qab7 —qac, _qbca q)oo
(—goa, £ q)

o [ a2\ " 1 1 1
Xq 4(2)< ) (Q7_%7_a_ca_E;Q)n6m,n-

q
S 2k 2 k. k . (%SQ)k 2(% 2 \k
k_z_:oo(]. +q )Qm[q a,a|q]Qn[q «; a|q]—(—qaa; q)kq ( )(qa ab)

(q7_a 7_5,_(](1[7’(])00 _9(n ab " 1
= e q 2(2) — (Q7__;Q)n5m,n-

(—gqaa, & q) q

Howard S. Cohl (NIST) Infinite bilateral orthogonality relations ~ Thursday September 5, 2024 21 /48



Known orthogonality relations

Infinite discrete bilateral orthogonality relations for the

infinite families (cbqiH and cqiH)

o0

Sk K
Y (1+¢*a®)Hy[¢"a; algHa[g"e; a\fl]#ff’(?)(—qa:”a)k

_ (=07 — @) g () (g; Dn
(—qaa, £; )0 q" o

2

3 (1 + o) H,ul¢ alqHa ¢ alqlg* () (qa)*
k=—00

q q_(2) q;q
== (Q7 _a27 _¥7 q)m%(sm,n

Howard S. Cohl (NIST) Infinite bilateral orthogonality relations ~ Thursday September 5, 2024 22 /48



An intriguing coincidence

Ismail’s survey for continuous ¢~ !-Hermite polynomials

In Ismail (2009), Theorem 21.6.4 for wa(x) which was studied by
Atakishiyev—Frank-Wolf (1994) A simple difference realization of the
Heisenberg g-algebra, the orthogonality measure for continuous

¢~ '-Hermite polynomials, namely

wa(x) = exp <_log2q—1 [log(m + Va2 + 1)]2> :

If you choose = = J(z — 2™ !), then the above definition reduces to
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An intriguing coincidence

Ismail’s survey for continuous ¢~ !-Hermite polynomials

In terms of the polynomials H,,[z|q], the equivalent orthogonality relation is

/ (¢° + ¢ “)Hn[¢" |g]Hn[¢" |q] exp (—2362 log q_l) dz

—o
Ly T
gts Vloggt ™

which has a positive definite measure of orthogonality for ¢ € (0,1). Define

wa(x) := exp (—2932 log q_l) = qzxz,

which follows using the laws of logarithms, or

>~ ) (q; 2m
1 2z Hm a5 Hn x 202 1 dz = —( ) (q7 Q)n (5m .
[0 Rl e = O B [,
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An intriguing coincidence

Ismail’s survey for continuous ¢~ !-Hermite polynomials

Cursory observation clearly identifies the corresponding infinite discrete
bilateral orthogonality relation given by

o0

2_
> (1+g*a®)Hyd"algHa[g" alglg® " a?

k=—0o0

_(2) o
= (‘L _0527 _J; Q)ooquém,m

which is clearly the infinite discrete bilateral analogue for = 1 and is
corresponds to a positive definite orthogonality measure for ¢ € (0,1).
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The Ismail-Rahman correspondence

The Ismail-Rahman discrete/continuous bilateral

correspondence

m In Ismail & Rahman (1995) Some basic bilateral sums and integrals,
Pacific Journal of Mathematics Vol. 170, No. 2, they considered given
a function defined via an infinite bilateral sum, namely

glaiq) = Y fke;q),

k=—o00

the corresponding continuous integral given by
o0
Gr:/ f(@;¢%%; @) w(w; q) da.
—00

where w(z; q) is a bounded continuous unit-periodic function on
x € R, namely w(z + 1;¢q) = w(x; q).

Howard S. Cohl (NIST) Infinite bilateral orthogonality relations ~ Thursday September 5, 2024 26 /48



The Ismail-Rahman correspondence

The Ismail-Rahman discrete/continuous bilateral

correspondence

m They applied this method to several important bilateral sums, e.g.,
6% sum and, for instance, obtained the Ismail-Masson ¢-beta integral

/ (q 1+q )1(—2(1 a,1q"a; q)oo d
- ( mf? q—xg’

—x +1 qz+1

_ 4 _ _ .
f bl qu7 qga bl g )q)OO

ab ac ad bc bd cd
(qaqaqvqaqaq7Q)

flqu (Q7ab#17?7ﬁ _fg) gaq)
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New orthogonality relations and beta integrals

Continuous integral correspondence for continuous

g '-Hermite polynomials

Let m,n € Ny, g € Ct, o € C* and define

Vin(alg) := Y (1+¢*a*)Hald* algHul¢"algle™ a**
k=—o00
(e
2 _ 4 q 2 (¢ O)n
- B ——— 5 Qoo —————— 0z e
(q’ a’ 012’q) qn )

Howard S. Cohl (NIST) Infinite bilateral orthogonality relations ~ Thursday September 5, 2024 28 /48



New orthogonality relations and beta integrals

Continuous integral correspondence for continuous

g '-Hermite polynomials

Then

Ky n(alq) = / (1 + ¢ a®)Ha ¢ alqHmlg" algld® *a*® da

—00

1
:/ \I/m,n(q”a\q)qgﬁ_xa“ dx
0

n

q(Q)(Q;:)ndm,nJ(
q

= (¢; @)oo alq)

- (aa) s 1 1-2z
o ((I§Q)ooq (Qa Q)n m,n/ (_ 2z 2 q q2x2—za4x diL‘,
0

qTL
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New orthogonality relations and beta integrals

Necessary integral

m In order to derive the correspondence, it was clear that one needed to
compute the following integral.

Lemma (integral of a unit periodic function)

Let 0 < g <1, Ra > 0. Then

1 ql—Za: 2
J(alq) = / (—¢**a?, — $ oo™ ™ da
0

o

(1 + q2ma2) q212—1a4m dr =

1 /oo V21w aexp (—1—1 = )
(¢ D)oo J oo 45 /1og 471 (¢; @)oo
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New orthogonality relations and beta integrals

Necessary integral

The correspondence is natural when considering the n =m =0
component. Then we can convert the integral into a sum of two Gaussian
integrals by making the substitution ¢* — e~ . After completing the
square, both integrands are shifted with respect to each other, and

2aexp (21(;?—(]?)12) o0

222

J(alg) = e losa T dz,

1
g% log ¢~ 1(¢; @)oo /o0
which completes the proof. O]
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New orthogonality relations and beta integrals

Infinite continuous bilateral orthogonality relations

m Define the following continuous function which represents the infinite

discrete bilateral orthogonality relation for the ¢~ !-Askey—Wilson
polynomials, namely

\Ilm,n(a; a|Q)

1-k

q 2
= Z L+ ¢ a®)p,lg"; alalp,,[a" s al)(—¢" o, =—a; g)og™ o™

k=—o00

o (Q7 —042, _a%7 _qab7 —qgac, _qad7 _qbc7 _qbd7 _qu7 q)oo
- (qabed; q)oc

q—6(§)(_a2b262d2)n(q, 11 1 1 1 1

. 1 .
ab’  ac’ E7_E7_ma_a7Q)n(W,q)2n
— m,n
(qa%)cd;q)n(ﬁi;Q)Zn

X
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New orthogonality relations and beta integrals

Continuous integral correspondence for ¢~ !-AW polynomials

Let n,m, N € Ny, g € C', a,a,b,¢,d € C*, a be the multiset given by
{a,b,c,d}, n,m < N such that |abcd| < |q|*N~'. Then

Ki(; 8g) = /

—00

(1+ ¢**a?)p,q"; alglp,,[¢"a; alq]
ql T 3
x(—¢" aa, —a Qoo™ P dw

1
:/ \I!mm(q“’a;a]q)qzxt”a“dx
0

V27 acexp <2(1°g°‘ ) (—
= 1
8

log q—l qaba —qac, _qad7 —QbC, —de, _qu; q)

Vlog g~ (gabed; ) oo
q76(2) (_a2b202d2)n(q’ alb? _al_ca _é? _i7 _%a _é; Q)n(qaicd; Q)2n

1 1 -
(qabcd; q)n(mﬂ])%
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New orthogonality relations and beta integrals

Continuous integral correspondence for continuous dual

g '-Hahn polynomials

Let n,m € Ny, g € CI, o, a,b,c € C*, a be the multiset given by {a,b, c}
and define

\I]m,n(a§a|Q)
G 2% 2 k k k+1 q' =k 2k2_k Ak
= (1+¢*a?)p,[¢"a; alglp,,[¢" o; alg) (—¢" ' oa, Ao
k=—o00

q
= (g, —a?, — 3> —4ab, —qac, —qbc; @)oo

ny [a?b?\" 1 1 1
Xq_4(2) a ¢ q,——F,——H —7:q 5771,717
q ab” ac’ bc "),

which provides the infinite discrete bilateral orthogonality relation for the
continuous dual ¢g~!-Hahn polynomials.
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New orthogonality relations and beta integrals

Continuous integral correspondence for continuous dual

I_Hahn polynomials

Then one has the following continuous integral correspondence

Kim,n(@; alg)

o 1-x
aq 2_
= / (1 + q2w 2)pn[q$a; a|q]pm[q$a; a|q](_qx+1aa’ 733 q)ooqh oA

—00

1
= / (P a‘q)q2w2—aza4x da
0

V2T aexp ( (log ) ) —qab, —qac, —qbc; q) 0o

log =1
é\/logq

ny [a?b?A\" 11 1
Xq_4(2) g c 9, ——F> 7.4 6m,n-
q ab” ac’ bc "),
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New orthogonality relations and beta integrals

Continuous integral correspondence for

g '-Al-Salam—Chihara polynomials

Let n,m € Ny, ¢ € C!, a,a,b € C*, a be the multiset given by {a, b} and
define

U, n(c;alq)
oo
= Y (14 ¢*a*)Qnlg"0; alq)Qmld"e; alqg]
k=—o00
k+1 Ik 2k2—k 4k
x(—¢"aa, ai)eg @
q _o(ny {ab\" 1
= (¢, —0®, ——5, —qab; ¢)soq 2(3) (—) (q,——;q) O,
« q ab” "),
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New orthogonality relations and beta integrals

Continuous integral correspondence for

g '-Al-Salam—Chihara polynomials

Then
Kim,n(c; alq)

(1+ ¢**a?)Qul¢®; alg)Qum[g®; alg]

11—z

i
—
] 3

a;q)ooq® o™ da

1
= / U, (g a;alg) g 2 da
0

log a)2
_ Vo () Cabte iy ()1
N T «) \"Taw?) o
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New orthogonality relations and beta integrals

Continuous integral correspondence for continuous big

g '-Hermite polynomials

Let n,m € Ny, ¢ € C, a,a € C* and define

[e.e]

Upnn(asalg) = Y (14 ¢ a®)Hu[q"o; alg]Hm[g"a; alq]
k=—0c0
1-k

k+1 q "a 2k2—k Ak
x(—¢""aa, o $q)00 a!

(q,—a?, —Z @)oo q_(g) (¢;9)n

(—gqaa, £ q)so q

Dingoo
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New orthogonality relations and beta integrals

Continuous integral correspondence for continuous big

g '-Hermite polynomials

Then
Km,n(oﬁ a|q)
o0
= / (1 + 0 Hy[¢0; alglHmlga; ald]
—00
11—z
x (=" laa, T2 9) 0 g® o™ da
(6%

1
:/ \Ilmjn(qxa;a|q)q2“2*xa4xd:c
0

TG DnOmn [V 0 5 @

2_
= (¢; D)oo = 0 (—g*"0%, == 0)ocq™ "' dw
o — 2(loga)2) _(n
27Tanp ( logg—1! q <2)(QQ Q)ném,n

g5\/log g~ q"
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New orthogonality relations and beta integrals

Specialize to Askey—Wilson polynomials

m One can specialize from the ¢~ !-Askey-Wilson polynomials to the
Askey-Wilson polynomials using

p,(z;a,b,¢,d|q) = q_3(g) (tabed)" pr(z; —(%7 —%7 —%, —ﬁ‘q)

m Then one can obtain orthogonality relations for other orthogonal
polynomials in the ¢-Askey scheme. For instance for continuous
g-Jacobi and continuous g-ultraspherical polynomials through
specialization.

m Although limits are usually problematic.
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New orthogonality relations and beta integrals

Orthogonality relation for cts ¢g-Jacobi polynomials

Let n,m € Ny, g € Ct, a, B € C*. Then

[+ e - NP e - o

—00
(e5) (zl9)q 2% 4y = hv(zaﬁ)(q)‘sm,m

w(a,ﬁ)(a:'q) o (iq%—%a—kx,_iq%—%ﬁ—l—x’iq%_l otz zq4 2,6’+a:

iqi =307 —igi %O‘_“”,zq%_%ﬁ_m —igiTI% ) o,
h(a,ﬁ)( ) V2m (g« ¢ P, —q —3(a+8) ,—q —3(a+B-1). @)oo
n 1 —
qs+/logq—! —3(a+B) q3 1 (a+B+1).  q)oo
cglerhmn (@ a™ N

ki .
(g, g8+, —q2(@+BA+D): gy, (qo+B+2; g)o,,
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New orthogonality relations and beta integrals

Orthogonality relation for cts g-ultraspherical polynomials

By setting 8 = « in cts ¢g-Jacobi polynomial orthogonality relation, one
obtains the an orthogonality relation for cts g-ultraspherical polynomials.

Let n,m € Ny, g € Ct, a, B € C*. Then

/oo (1+¢**)Cu(i(¢"—q™"), Bla)Crm(i(d” —a~); Bla)

—00

1+2z 1-2z

_q _q . 2z2 —x _
x( 5T 8 1 q) oo dz = hn(Blq)0m,n,
where
ha(Blg) = 2% (D (=48, 8% )u(5% 0)an
" ' qé logg—! (%7%;(1)00 (q, _/B;Q)n(Q/B2QQ)2n .
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New g-beta and beta integrals

Total mass of ¢ '~AW OR provides g-beta integral

Let ¢ € CT, o, a,b,c,d € C*, a be the multiset given by {a,b,c,d}. Then if
one examines Ko o(a;alg) in the above continuous integral correspondence
for g~ !-Askey-Wilson polynomials, one has the following ¢-beta integral,

00 ql—x 2
|+t rtian —ai g s
o

—0o0

 V2raexp (iﬂgii‘l ) (—qab, —qac, —qad, —qbc, —qbd, —qcd; q) oo
g5 \/log ¢~ (qabed; ) oo

where |abed| < |g|~! is required for convergence of the integral.
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New g-beta and beta integrals

g — 17 limit gives new beta integral

The ¢ — 1~ limit gives the following new symmetric beta integral

&0 dx
/oo 2z, —2z,14a+z,1+a—x,1+b+x, 1+ b—x, 1+c+z,1+c—x, 1+d+z, 1+d—2x)

1 T(a+b+c+d+1)
T 2mT(a+b+l,at+c+l,a+d+1,b+c+1,b+d+1,c+d+1)

where R(a + b+ c+d) > —1 and we are using the convention that a comma delineated
list of argument to the gamma function represents multiplication by separate gamma
functions with their corresponding arguments.
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Ongoing work

Ongoing related work

m Volkmer and Cohl are working on a preprint where we consider
integrals of Ramanujan-type in terms of bilateral hypergeometric
series, limiting cases and g-analogues.

m Costas-Santos and Cohl are working on finding limiting orthogonality
relations in the Askey scheme.

m Define the Wilson polynomials
Wi (2% a,b,¢,d) :== (a+ b)p(a + c)nla+d)y,
< F —n,n+a+b+c+d—1,aiz’:c‘1
a3 a+ba+ca+d ’

m Define the continuous dual Hahn polynomials

—n,a iz )

Sn(2%;a,b,¢) == (a + b)n(a+c)n3F2<a+ bya+c’
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Ongoing work

Orthogonality relation for Wilson polynomials

Let a:= {a, b, c,d},
/ Wi (=22 a) Wy, (—2?; a)w(z; a) da

(—1)"*1n)

- 2on?

" I'(—a—b—c—d+1-2n)['(—a—b—c—d+2—n)/T'(2—a—b—c—d—2n)dmn
Fl—a—b—n)'(l—a—c—n)I'(l—a—d—n)I'(1-b—c—n)['(1-b—d—n)I'(1—c—d—n)

where
1

IN(+£22)T'(1—a+z)T(1—btz)I(1—ctx)(1—-d+x)’

w(z;a) =
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Ongoing work

Orthogonality relation for continuous dual Hahn polynomials

Let a := {a,b,c},
/ S, (—22;a) Sy, (—z?; a)w(z; a) dr

B (—1)”+1n! G
22 T'(l—a—b—n)I(1—a—c—n)I'(1—b—c—n)

where
1

I'(£22)l'(1—at+z)l(1—b+z)I'(1—ctz)

w(z;a) =
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Future work

Future work

m Using the new beta integral to investigate orthogonality relations for
Jacobi and Hermite polynomials by examining limits of orthogonality
relations

m Investigate generalizations of other known orthogonality relations for
the continuous ¢~ !'-Hermite polynomials such as those which
correspond to the Ismail-Masson ¢-beta integral

/°° (¢" + ¢~ *)Hplig"|q | Hplig" Iq ] d
(¢%8,¢*B, —

=@9

z+1 z+1
) —:I:B,_q—mﬁ, ) ﬁ 7q)oo

q (2)_27”(61;(1)@ _ _
B(—q)"logq~'(q, —BB, —q/(8B), B/B,aB/B; Dso

m Others?
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