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A partition of a positive integer n is a sequence of positive integers
A= (A1,..., ) with >° A; = n, also written |A| = n.

The \;, called the parts of A, are ordered so that Ay > --- > A;.

We write P(n) for the set of all partitions of n and p(n) := |P(n)| with the
convention that p(0) := 1.
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A partition of a positive integer n is a sequence of positive integers
A= (A1,..., ) with >° A; = n, also written |A| = n.

The \;, called the parts of A, are ordered so that Ay > --- > A;.

We write P(n) for the set of all partitions of n and p(n) := |P(n)| with the
convention that p(0) := 1.

For example,

)
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{(4), (3,1), (2,2), (2,1,1), (1,1,1,1)}
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Given a partition A, the minimal excludant of A, or mex of A, written mex(\), is
the least positive integer that is not a part of A.

This term was first applied to partitions in a 2019 Annals of Combinatorics
paper of Andrews and Newman.

However, the concept was considered earlier by Grabner and Knopfmacher in a
2006 Ramanujan Journal paper.
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Given a partition A, the minimal excludant of A, or mex of A, written mex(\), is
the least positive integer that is not a part of A.

This term was first applied to partitions in a 2019 Annals of Combinatorics
paper of Andrews and Newman.
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However, the concept was considered earlier by Grabner and Knopfmacher in a
2006 Ramanujan Journal paper.

Several authors have studied the mex statistic from a wide variety of
perspectives, including Hopkins and Sellers (in 2020 and 2024),
Hopkins-Sellers-Stanton, Hopkins-Sellers-Yee, Konan, and Yao.
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Among the many generalizations of mex(\) that have been considered, our
focus in this project was on the mex sequence of a partition defined by Kaur,
Rana, and Eyyunni (Rocky Mountain Journal of Mathematics, 2024).
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Among the many generalizations of mex(\) that have been considered, our
focus in this project was on the mex sequence of a partition defined by Kaur,
Rana, and Eyyunni (Rocky Mountain Journal of Mathematics, 2024).

Given a partition ), the mex sequence of X is the longest sequence of
consecutive missing integers in the partition starting with mex()\).

Overpartitions and
Kaur, Rana, and
Eyyunni's
Mex Sequences

Minnesota Duluth

Introduction




. Overpartitions and
IntrOd UCthn Kaur, Rana, and
Eyyunni's
Mex Sequences

Among the many generalizations of mex(\) that have been considered, our
focus in this project was on the mex sequence of a partition defined by Kaur,
Rana, and Eyyunni (Rocky Mountain Journal of Mathematics, 2024).

Introduction

Given a partition ), the mex sequence of X is the longest sequence of
consecutive missing integers in the partition starting with mex()\).

We note in passing that the above is a different set-valued generalization of the
mex than those considered by Knopfmacher and Warlimont (Util. Math., 2006)
and Bhoria, Eyyunni, and Li (Discrete Math., 2024).
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focus in this project was on the mex sequence of a partition defined by Kaur,
Rana, and Eyyunni (Rocky Mountain Journal of Mathematics, 2024).
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Given a partition ), the mex sequence of X is the longest sequence of
consecutive missing integers in the partition starting with mex()\).

We note in passing that the above is a different set-valued generalization of the
mex than those considered by Knopfmacher and Warlimont (Util. Math., 2006)
and Bhoria, Eyyunni, and Li (Discrete Math., 2024).

Let's look at several examples of mex and mex sequences.
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Example:

(a) The partition (4) has mex 1 and mex sequence (1,2, 3).

(b) The partition (9,4,4,3,1) has mex 2 and mex sequence (2).
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Example:

(a) The partition (4) has mex 1 and mex sequence (1,2, 3).

(b) The partition (9,4,4,3,1) has mex 2 and mex sequence (2).

(c) The partition (4,3,3,3,2,1,1) has mex 5 and mex sequence (5,6,7,...).
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(a) The partition (4) has mex 1 and mex sequence (1,2, 3).
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(b) The partition (9,4,4,3,1) has mex 2 and mex sequence (2).

(c) The partition (4,3,3,3,2,1,1) has mex 5 and mex sequence (5,6,7,...).

With the above definition of mex sequence in mind, Kaur, Rana, and Eyyunni
defined the following family of partitions.
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For any integer r > 1, let P™™°*(n) be the set of partitions of n whose mex

mex

sequences have length at least r with p*®*(n) := | P™(n)].
For all > 1 and any n > 0, it is clear that P15 (n) € P (n).

Moreover, P"**(n) = P(n) for all n since the mex sequence of any partition of

n has length at least 1 (the mex itself).
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In their Rocky Mountain J. Math. paper, Kaur, Rana, and Eyyunni use
elementary generating function manipulations, as well as a version of Heine's

transformation of a 9¢; summation formula, to obtain a generating function
mex(n)_

identity for pJ

It incorporates the standard Pochhammer notation: Assuming |¢| < 1,

(a;q)o =1,
(@;q)n :=(1—a)(l—aq)---(1— aq"_l),

(@; @)oo = lim (a; q)n.
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Theorem: (K-R-E, Theorem 10) For r a positive integer,

dp

n>0

mex
r

1

(n)q" = (

4 6%)oo (@5 6%) 00
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Theorem: (K-R-E, Theorem 10) For r a positive integer,
1

pmex n qn — .
nz;o ) (43 6*)oo (075 4%) oo

With an eye towards interpreting the above in a combinatorial way, K-R-E
defined the following two families of restricted partitions (and their

corresponding counting functions):
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n>0
With an eye towards interpreting the above in a combinatorial way, K-R-E UL %f Kaur,
. . . . .. . ana, and Eyyunni
defined the following two families of restricted partitions (and their

corresponding counting functions):

Let P>"(n) be the set of partitions of n in which any even part is at least r with
pe"(n) = |BZ7 (n)].
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The Work of Kaur,
Rana, and Eyyunni

With an eye towards interpreting the above in a combinatorial way, K-R-E
defined the following two families of restricted partitions (and their
corresponding counting functions):

Let P>"(n) be the set of partitions of n in which any even part is at least r with
pe"(n) = |BZ7 (n)].

Let P77 (n) be the set of partitions of n into odd parts where parts greater than
r come in two colors with p>5(n) := | P35 (n)].
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For example, using subscripts for colors, p§§(6) = 8 from

{(517 1)) (527 1)7 (317 31)7 (317 32)7 (327 32)7 (317 17 1) 1)1 (32’ 17 17 1)7 (1> 1) 17 17 17 1)}
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For example, using subscripts for colors, p§§(6) = 8 from
{(517 1)) (527 1)7 (317 31)7 (317 32)7 (327 32)7 (317 17 1) 1)1 (32’ 17 17 1)7 (1> 1) 17 17 17 1)}

Note that (32,31) is not listed since it is the same partition as (31, 32).
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For example, using subscripts for colors, p§§(6) = 8 from

{(517 1)) (527 1)7 (317 31)7 (317 32)7 (327 32)7 (317 17 1) 1)1 (32’ 17 17 1)7 (1> 1) 17 17 17 1)}

Note that (32,31) is not listed since it is the same partition as (31, 32).

Also, the parts 1 can be considered as 11, i.e., having the first color.
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For example, using subscripts for colors, p§§(6) = 8 from
{(517 1)) (527 1)7 (317 31)7 (317 32)7 (327 32)7 (317 17 1) 1)1 (32’ 17 17 1)7 (1> 1) 17 17 17 1)}

Note that (32,31) is not listed since it is the same partition as (31, 32).
Also, the parts 1 can be considered as 11, i.e., having the first color.

The following result then follows from elementary interpretations of the
generating function identity in the above theorem.
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Corollary: (K-R-E, Corollary 11) For each integer r > 1,

mex p."(n) if ris odd,
p?" (n) = >r . .
poa(n) if ris even.

In their concluding remarks, K-R-E write, “It would be highly desirable to get a

bijective proof of the identities for p***(n) in Corollary 11."
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The Work of Kaur, Rana, and Eyyunni
Corollary: (K-R-E, Corollary 11) For each integer r > 1,

mex p2"(n) if ris odd,
(n) =

Pr poh(n) if ris even.

In their concluding remarks, K-R-E write, “It would be highly desirable to get a
bijective proof of the identities for p***(n) in Corollary 11."

The goal of the rest of this talk is to provide such proofs after establishing a
connection between the mex sequence and overpartitions.

Overpartitions and
Kaur, Rana, and
Eyyunni's
Mex Sequences

James
Un
Minnesota Duluth

The Work of Kaur,
Rana, and Eyyunni




Our Fulfillment of the K-R-E Request

Overpartitions and
Kaur, Rana, and
Eyyunni's
Mex Sequences

Our Fulfillment of
the K-R-E Request




Our Fulfillment of the K-R-E Request

As we begin to look at our combinatorial proof of the K-R-E result, we need one
additional definition.
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As we begin to look at our combinatorial proof of the K-R-E result, we need one
additional definition.

An overpartition of a positive integer n is a partition of n wherein the first
occurrence of a part may be overlined.
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As we begin to look at our combinatorial proof of the K-R-E result, we need one
additional definition.

An overpartition of a positive integer n is a partition of n wherein the first
occurrence of a part may be overlined.

That is, any overlined parts must be distinct while there is no restriction on
non-overlined parts.
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As we begin to look at our combinatorial proof of the K-R-E result, we need one
additional definition.

An overpartition of a positive integer n is a partition of n wherein the first
occurrence of a part may be overlined.

That is, any overlined parts must be distinct while there is no restriction on
non-overlined parts.

We write P(n) for the set of of overpartitions of n and p(n) := |P(n)| with the
convention that p(0) := 1.
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For example,

1),(2,2),(2,2),
1), (1,1,1,1),(1,1,1,1)}

and p(4) = 14.
We will sometimes write an overpartition as (\, ;) where X is a partition with

distinct parts (corresponding to the overlined parts) and |\| + |u| = n so that,
for example, (2,1,1) corresponds to ((2,1),(1)).
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For example,

1),(2,2),(2,2),
1), (1,1,1,1),(1,1,1,1)}

and p(4) = 14.

We will sometimes write an overpartition as (\, ;) where X is a partition with
distinct parts (corresponding to the overlined parts) and |\| + |u| = n so that,
for example, (2,1,1) corresponds to ((2,1),(1)).

Overpartitions were named by Corteel and Lovejoy ( Trans. Amer. Math. Soc.,
2004) although, as they discuss, equivalent sets of partitions had previously been
considered in various contexts.
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Reminder — the generating functions for the number of partitions and
overpartitions of n are the following:
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Reminder — the generating functions for the number of partitions and
overpartitions of n are the following:

S p(n) L S p(n) g = 6D

= 4 q)oo = (¢ 9)oo
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Reminder — the generating functions for the number of partitions and
overpartitions of n are the following:

1 (¢ @)
2P = LI =T

n>0

In order to complete our combinatorial proof of the K-R-E result, we will rely on
two classical bijective maps which | will describe here for completeness’ sake.
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Reminder — the generating functions for the number of partitions and
overpartitions of n are the following:

1 —¢;9)
2_p(n) ’ 2Pl = (q7Q)oo '

n>0 4 q)oo n>0

In order to complete our combinatorial proof of the K-R-E result, we will rely on
two classical bijective maps which | will describe here for completeness’ sake.

Both of these are discussed in the book of Andrews and Eriksson entitled Integer
Partitions.
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Using the Ferrers graph of a partition, where each part corresponds to a row of
dots, an obvious operation is conjugation which swaps rows and columns.
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dots, an obvious operation is conjugation which swaps rows and columns.

This map A — X is clearly an involution.

Our Fulfillment of
the K-R-E Request




Our Fulfillment of the K-R-E Request

Using the Ferrers graph of a partition, where each part corresponds to a row of
dots, an obvious operation is conjugation which swaps rows and columns.

This map A — X is clearly an involution.

One consequence is the equal count of two types of restricted partitions.
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Using the Ferrers graph of a partition, where each part corresponds to a row of
dots, an obvious operation is conjugation which swaps rows and columns.

This map A — X is clearly an involution.
One consequence is the equal count of two types of restricted partitions.

Proposition: The number of partitions of n into distinct parts equals the number
of partitions of n where each part size from 1 to A1 appears at least once.
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Although not stated directly, this follows from a discussion in Sylvester and
Franklin's major work (Amer. J. Math., 1882).
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Although not stated directly, this follows from a discussion in Sylvester and
Franklin's major work (Amer. J. Math., 1882).

See the following table for the connection between such partitions of 6.
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Although not stated directly, this follows from a discussion in Sylvester and

Franklin's major work (Amer. J. Math., 1882).

See the following table for the connection between such partitions of 6.

P(6) distinct parts ‘ 6 51 42 321

P(6) no gaps ‘ 16 21* 2211 321

Note that partitions where each part size from 1 to \; appears at least once, also
called partitions with no gaps, have mex A1 + 1 and an infinite mex sequence.
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In one of the first published results on partitions, Euler used generating functions
to show that the number of partitions of n into distinct parts equals the number
of partitions of n into parts all odd.
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to show that the number of partitions of n into distinct parts equals the number Unive
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In one of the first published results on partitions, Euler used generating functions
to show that the number of partitions of n into distinct parts equals the number
of partitions of n into parts all odd.

Using Pochhammer notation, this is simply encoded by the generating function
identity

1
(49 = m

Glaisher (Messenger Math., 1883) provided a combinatorial proof of the above
(as part of Glaisher's famous generalization of Euler's result).

Overpartitions and
Kaur, Rana, and
Eyyunni's
Mex Sequences

James

Un
Minnesota Duluth

Our Fulfillment of

the K-R-E Request




Our Fulfillment of the K-R-E Request

In one of the first published results on partitions, Euler used generating functions
to show that the number of partitions of n into distinct parts equals the number
of partitions of n into parts all odd.

Using Pochhammer notation, this is simply encoded by the generating function
identity

1
(49 = m

Glaisher (Messenger Math., 1883) provided a combinatorial proof of the above
(as part of Glaisher's famous generalization of Euler's result).

It is easily described as follows:
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In a partition which contains distinct parts, the even parts are split into halves
until all parts in the newly-obtained partition are odd.
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In a partition which contains distinct parts, the even parts are split into halves
until all parts in the newly-obtained partition are odd.

Conversely, in a partition with odd parts, any two repeated parts are merged into
a single part (of twice the size) until all parts in the new partition are distinct.
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In a partition which contains distinct parts, the even parts are split into halves
until all parts in the newly-obtained partition are odd.

Conversely, in a partition with odd parts, any two repeated parts are merged into
a single part (of twice the size) until all parts in the new partition are distinct.

This operation produces an involution.
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In a partition which contains distinct parts, the even parts are split into halves
until all parts in the newly-obtained partition are odd.

Conversely, in a partition with odd parts, any two repeated parts are merged into
a single part (of twice the size) until all parts in the new partition are distinct.

This operation produces an involution.

Here's the example for n = 6.
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In a partition which contains distinct parts, the even parts are split into halves
until all parts in the newly-obtained partition are odd.

Conversely, in a partition with odd parts, any two repeated parts are merged into
a single part (of twice the size) until all parts in the new partition are distinct.

This operation produces an involution.

Here's the example for n = 6.

P(6) distinct parts‘ 6 51 42 321
P(6) odd parts ‘ 33 51 16 313
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We now have all the tools we need to establish a bijection between P™*(n) and
a certain family of overpartitions.
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We now have all the tools we need to establish a bijection between P™*(n) and
a certain family of overpartitions.

With this bijection in hand, we satisfy Kaur, Rana, and Eyyunni's request for
combinatorial proofs of their corollary mentioned above.
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We now have all the tools we need to establish a bijection between P™*(n) and
a certain family of overpartitions.

With this bijection in hand, we satisfy Kaur, Rana, and Eyyunni's request for
combinatorial proofs of their corollary mentioned above.

Here's a quick reminder of that result.
Corollary: (K-R-E, Corollary 11) For each integer r > 1,

ex po"(n) if ris odd,
p?" (n) - >r . .
Pos(n) if ris even.
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We begin with an unexpected connection between certain restricted
overpartitions and ordinary partitions.
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We begin with an unexpected connection between certain restricted
overpartitions and ordinary partitions.

Clearly, overpartitions with no overlined parts are simply partitions.
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We begin with an unexpected connection between certain restricted
overpartitions and ordinary partitions.

Clearly, overpartitions with no overlined parts are simply partitions.

We show that the number of overpartitions of n where any non-overlined parts
are even also equals p(n).
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We begin with an unexpected connection between certain restricted
overpartitions and ordinary partitions.

Clearly, overpartitions with no overlined parts are simply partitions.

We show that the number of overpartitions of n where any non-overlined parts
are even also equals p(n).

Proposition: There are p(n) overpartitions of n where every non-overlined part is
even, i.e., overpartitions (A, i) where p consists of only even parts.
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We begin with an unexpected connection between certain restricted
overpartitions and ordinary partitions.

Minnesota Duluth

Clearly, overpartitions with no overlined parts are simply partitions.

We show that the number of overpartitions of n where any non-overlined parts S Eulflliat: af
are even also equals p(n). BITLS S

Proposition: There are p(n) overpartitions of n where every non-overlined part is
even, i.e., overpartitions (A, i) where p consists of only even parts.

To prove this proposition, we establish a bijection between P(n) and the
described subset of P(n).
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Proof:
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Proof: Given a partition k of n, apply Glaisher's map to any odd parts and
overline the resulting distinct parts while leaving any even parts of k
non-overlined.
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Proof: Given a partition k of n, apply Glaisher's map to any odd parts and
overline the resulting distinct parts while leaving any even parts of k
non-overlined.

This produces an overpartition of n where any non-overlined parts are even.
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Proof: Given a partition k of n, apply Glaisher's map to any odd parts and
overline the resulting distinct parts while leaving any even parts of k
non-overlined.

This produces an overpartition of n where any non-overlined parts are even.

Next, given an overpartition (\, pu) of n where all parts of u are even, apply
Glaisher's map to A and take the union of the resulting odd parts (with overlines

removed) and p to make an ordinary partition of n.
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Proof: Given a partition k of n, apply Glaisher's map to any odd parts and
overline the resulting distinct parts while leaving any even parts of k
non-overlined.

This produces an overpartition of n where any non-overlined parts are even.

Next, given an overpartition (\, pu) of n where all parts of u are even, apply
Glaisher's map to A and take the union of the resulting odd parts (with overlines
removed) and p to make an ordinary partition of n.

Because Glaisher’'s map establishes a bijection, the maps described here are

inverses. L]
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Here's an example (for n = 6) of the maps in the proof of the above proposition.
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Here's an example (for n = 6) of the maps in the proof of the above proposition.
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y of
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P(6)‘6 51 42 411 33 321 313 23 2211 21* 16

overpartitions‘(i 51 42 42 6 321 321 23 222 42 42
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Here's an example (for n = 6) of the maps in the proof of the above proposition.

rs
y of
Duluth

P(6)‘6 51 42 411 33 321 313 23 2211 21* 16

overpartitions‘(i 51 42 42 6 321 321 23 222 42 42
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Recall the observation that P/"“*(n) = P(n).
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Here's an example (for n = 6) of the maps in the proof of the above proposition.

Minnesota Duluth

P(6)‘6 51 42 411 33 321 313 23 2211
321 2% 222 42 42

overpartitions‘(} 51 42 42 6 321

Our Fulfillment of
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Recall the observation that P/"“*(n) = P(n).

The proposition above then suggests a connection between partitions with longer
mex sequences and more restricted overpartitions.
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Definition: For any integer r > 1, let P,.(n) be the set of overpartitions of n
where non-overlined parts must be greater than r and have the same parity as
r+1, and let p,.(n) := |P(n)|.
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Definition: For any integer r > 1, let P,.(n) be the set of overpartitions of n
where non-overlined parts must be greater than r and have the same parity as

r+1, and let p,.(n) := |P,(n)|.

James

With this notation, the above proposition establishes the fact that
p1(n) = p**(n) for all n.
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Definition: For any integer r > 1, let P,.(n) be the set of overpartitions of n
where non-overlined parts must be greater than r and have the same parity as

r+1, and let p,.(n) := |P,(n)|.

With this notation, the above proposition establishes the fact that
p1(n) = p**(n) for all n.

This is the first case of a more general result.

Overpartitions and
Kaur, Rana, and
Eyyunni's
Mex Sequences

James

Un
Minnesota Duluth

Our Fulfillment of

the K-R-E Request




Our Fulfillment of the K-R-E Request

Definition: For any integer r > 1, let P,.(n) be the set of overpartitions of n
where non-overlined parts must be greater than r and have the same parity as
r+1, and let p,.(n) := |P(n)|.

With this notation, the above proposition establishes the fact that
p1(n) = p**(n) for all n.

This is the first case of a more general result.

Theorem: For any integer r > 1, p,.(n) = pi**(n) for all n.
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We provide both a generating function proof and, in the spirit of the remaining
results, a combinatorial proof of this connection.
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We provide both a generating function proof and, in the spirit of the remaining
results, a combinatorial proof of this connection.

The latter will use a part-wise combination of partitions explained by the
example (4,2) & (5,1,1) = (9,3, 1).
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We provide both a generating function proof and, in the spirit of the remaining
results, a combinatorial proof of this connection.

The latter will use a part-wise combination of partitions explained by the
example (4,2) & (5,1,1) = (9,3, 1).

We will also allow some temporary parts 0 at the end of partitions to avoid
having to detail special cases.
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We provide both a generating function proof and, in the spirit of the remaining
results, a combinatorial proof of this connection.

The latter will use a part-wise combination of partitions explained by the
example (4,2) & (5,1,1) = (9,3, 1).

We will also allow some temporary parts 0 at the end of partitions to avoid
having to detail special cases.

Let's look first at our generating function proof (which is rather brief).
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Proof: (via generating functions) Combining the K-R-E Theorem from above
with Euler's identity gives
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Proof: (via generating functions) Combining the K-R-E Theorem from above
with Euler's identity gives

Zp?ex(n)qn — 1 — (_q;Q)oo

= (©:6*)sc(@ 5 0%)00  (1¢%)o0’
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Proof: (via generating functions) Combining the K-R-E Theorem from above
with Euler's identity gives
1 _ (_q;Q)oo

pmex(n)qn — — .
,;) " (:0%)oc(@" 500 (1150700

This is the generating function for the overpartitions P,.(n) (with the restriction

on non-overlined parts apparent in the denominator).
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Proof: (via generating functions) Combining the K-R-E Theorem from above .
with Euler’s identity gives S
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1 (_q;Q)oo
pmex(n)qn — — .
,;) " (:0%)oc(@" 500 (1150700
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This is the generating function for the overpartitions P,.(n) (with the restriction
on non-overlined parts apparent in the denominator). O

Now let’s turn to our combinatorial proof of this result (where we establish a
bijection between P, (n) and P™%*(n)).
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Proof: (via combinatorial techniques)
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Proof: (via combinatorial techniques)

(a) Given k € P™*(n), if the mex sequence is infinite, then x has no gaps and
k" (the conjugate of k) is a distinct part partition by the proposition mentioned
above.
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Proof: (via combinatorial techniques)

(a) Given k € P™*(n), if the mex sequence is infinite, then x has no gaps and
k" (the conjugate of k) is a distinct part partition by the proposition mentioned
above.

In this case, send x to the overpartition (k’, @) which, with only overlined parts,
is trivially in P,(n).
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If the mex sequence of « is finite, write
R = (Hl,...,ﬁi,gi+1,...,0j)

where k; > mex(k) and 0,41 = mex(k) — 1 (possibly 0).
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If the mex sequence of « is finite, write
R = (Hl,...,ﬁi,gi+1,...,0j)

where k; > mex(k) and 0,41 = mex(k) — 1 (possibly 0).

We describe how to write k as
k= (k1 —01,...,ki —0;) ® (01,...,0j)

where (k1 — 01, ...,k; — 0;) is a partition with each part at least r and the same
parity as  + 1, and (o1,...,0;) is a partition with no gaps.
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Since k € P"*(n), in fact k; > 041 + 7+ 1.
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Since k € P"*(n), in fact k; > 041 + 7+ 1.

We first determine o;.
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Since k € P"*(n), in fact k; > 041 + 7+ 1.

We first determine o;.

There are two possibilities for o; in order for (o, . ..

0; = 0441 Or 0; = 041 + 1.
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Since k € P"**(n), in fact k; > 0441 +r + 1.
We first determine o;.

There are two possibilities for o; in order for (o3, ...,0;) to have no gaps: Either

0; = 0441 Or 0; = 041 + 1. Our Fulfillment of
the K-R-E Request

Exactly one of the two possibilities for o; will make k; — o; have the same parity
asr+1.
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Since k € P"**(n), in fact k; > 0441 +r + 1.
We first determine o;.

There are two possibilities for o; in order for (o3, ...,0;) to have no gaps: Either
0; = 0441 Or 0; = 041 + 1.

Exactly one of the two possibilities for o; will make k; — o; have the same parity
asr+1.

With o; set, we proceed to o;_1, etc.
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More precisely, working from ¢ =4 down to ¢ =1, let

|
|

O¢+1
opr1 +1

O¢+1
opr1+1

if kg —op 1 =7+ 1mod 2,

if kg — (0p41+1) =r+1mod 2;
if kg — opr1 Z r mod 2,

if kg — 0opr1 = r mod 2.

Overpartitions and
Kaur, Rana, and
Eyyunni's
Mex Sequences

L [¢
Minnesota Duluth

Our Fulfillment of
the K-R-E Request




Our Fulfillment of the K-R-E Request

More precisely, working from ¢ =4 down to ¢ =1, let

011 if kg —op 1 =7+ 1mod 2,
Oy = .
o1+ 1 ifkg—(0pp1+1) =7+ 1mod 2;
o if kg — opr1 Z r mod 2,
opr1+ 1 if kg —opr1 = r mod 2.
Clearly the resulting (o1,...,0;) is a partition with no gaps and each

ke — oy =7+ 1 mod 2.
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More precisely, working from ¢ =4 down to ¢ =1, let

011 if kg —op 1 =7+ 1mod 2,
Oy = .
o1+ 1 ifkg—(0pp1+1) =7+ 1mod 2;
o if kg — opr1 Z r mod 2,
opr1+ 1 if kg —opr1 = r mod 2.
Clearly the resulting (o1,...,0;) is a partition with no gaps and each

ke — oy =7+ 1 mod 2.

It remains to show that each ky — oy > r.
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Note that k; — 0y > 0441+ 7+ 1 — (0441 + 1) = r, as desired.
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Note that k; — 0y > 0441+ 7+ 1 — (0441 + 1) = r, as desired.

Next, if k;_1 = k;, then 0,1 = 0; and K;_1 — 0,1 = Kk; — 0; > T.
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Note that k; — 0y > 0441+ 7+ 1 — (0441 + 1) = r, as desired. ”q 7
Next, if kK;_1 = k;, then 0,1 =0; and k;_1 —0j_1 = K; —0; > T.

Otherwise, x;—1 > k; + 1 and
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Note that k; — 0y > 0441+ 7+ 1 — (0441 + 1) = r, as desired.
Next, if kKj_1 = k4, then 0;_1 = 0; and K;_1 — 041 = K; — 0} > T.
Otherwise, x;—1 > k; + 1 and

Ki-1 — 01 > Ki+1—(oi+1) =k —0o; >

Continuing in this way, we see that each ky — oy is at least 7.
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With the above in hand, assign « to the overpartition

(@1 --103), (51 = 01, - Kt — 01))-
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With the above in hand, assign « to the overpartition

(@1 --103), (51 = 01, - Kt — 01))-

Since (01, ...,0;) is a partition with no gaps, by the “no gaps" proposition
above, its conjugate has distinct parts.
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With the above in hand, assign « to the overpartition

(@1 --103), (51 = 01, - Kt — 01))-

Since (01, ...,0;) is a partition with no gaps, by the “no gaps" proposition
above, its conjugate has distinct parts.

With (k1 — o1, ..., k; — ;) established as a partition with each part at least r
and congruent to 7 + 1 modulo 2, the overpartition image of x is in P,(n).
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(b) Given (), i) € P.(n), send the overpartition to xk = X @ p € P(n).
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Our Fulfillment of the K-R-E Request
(b) Given (), i) € P.(n), send the overpartition to xk = X @ p € P(n).

We need to show that x has mex sequence of length at least 7.
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Our Fulfillment of the K-R-E Request
(b) Given (), i) € P.(n), send the overpartition to xk = X @ p € P(n).

We need to show that x has mex sequence of length at least 7.

Writing A = (A1,...,;), by the “no gaps” proposition, the conjugate A’ has
first part j, length A1, and no gaps.
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Our Fulfillment of the K-R-E Request
(b) Given (), i) € P.(n), send the overpartition to xk = X @ p € P(n).

We need to show that x has mex sequence of length at least 7.

Writing A = (A1,...,;), by the “no gaps” proposition, the conjugate A’ has
first part j, length A1, and no gaps.

Now suppose 1 consists of m parts (which are all greater than r and have the

same parity as 7 + 1).
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Our Fulfillment of the K-R-E Request
(b) Given (), i) € P.(n), send the overpartition to xk = X @ p € P(n).

We need to show that x has mex sequence of length at least 7.

Writing A = (A1,...,;), by the “no gaps” proposition, the conjugate A’ has
first part j, length A1, and no gaps.

Now suppose 1 consists of m parts (which are all greater than r and have the
same parity as 7 + 1).

If m =0, then kK = X has mex j + 1 and an infinite mex sequence.
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If 1 <m < Aq, then Ky, > N, + 7 and Kpy1 = A,y which is either A or
AL, — 1 and every smaller part size appears at least once since \’ has no gaps.
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If 1 <m < Aq, then Ky, > N, + 7 and Kpy1 = A,y which is either A or
AL, — 1 and every smaller part size appears at least once since \’ has no gaps.

Therefore « has finite mex sequence of length at least r (with
mex(k) = Km41 + 1> 1).
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If 1 <m < Aq, then Ky, > N, + 7 and Kpy1 = A,y which is either A or
AL, — 1 and every smaller part size appears at least once since \’ has no gaps.

Therefore « has finite mex sequence of length at least r (with
mex(k) = Km41 + 1> 1).

Finally, if m > A1, then kK = X @ p has each part greater than 7 and finite mex
sequence of length at least r (with mex(x) = 1).
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In each case, k € P™*(n).
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In each case, k € P™*(n).

It is straightforward to verify that the maps are inverses, establishing a bijection

and completing the combinatorial proof.
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In each case, k € P™*(n).

It is straightforward to verify that the maps are inverses, establishing a bijection

and completing the combinatorial proof.

Let's look at a few examples of the maps in the combinatorial proof above.
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Our Fulfillment of the K-R-E Request
(a) The partition k = (8,6,5,1,1) has mex sequence (2,3,4).
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(a) The partition k = (8,6,5,1,1) has mex sequence (2,3,4).

» For r = 2, the non-overlined parts of the corresponding overpartition in
P3(21) need to be odd and greater than 2.
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(a) The partition k = (8,6,5,1,1) has mex sequence (2,3,4).

James

» For r = 2, the non-overlined parts of the corresponding overpartition in
P3(21) need to be odd and greater than 2.

» Below the mex the parts are 04 = 05 = 1.
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Our Fulfillment of the K-R-E Request
(a) The partition k = (8,6,5,1,1) has mex sequence (2,3,4).

» For r = 2, the non-overlined parts of the corresponding overpartition
P3(21) need to be odd and greater than 2.

» Below the mex the parts are 04 = 05 = 1.

» Since 5 — 1 # 3 mod 2, we let 03 =04+ 1 =2 so that k3 — 03 = 3.
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Our Fulfillment of the K-R-E Request
(a) The partition k = (8,6,5,1,1) has mex sequence (2,3,4).

» For r = 2, the non-overlined parts of the corresponding overpartition
P3(21) need to be odd and greater than 2.

» Below the mex the parts are 04 = 05 = 1.

» Since 5 — 1 # 3 mod 2, we let 03 =04+ 1 =2 so that k3 — 03 = 3.

» Next, since 6 — 2 #Z 3 mod 2, we let o9 = 3 so that k3 — 09 = 3.

in
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Our Fulfillment of the K-R-E Request
(a) The partition k = (8,6,5,1,1) has mex sequence (2,3,4).

» For r = 2, the non-overlined parts of the corresponding overpartition
P3(21) need to be odd and greater than 2.

» Below the mex the parts are 04 = 05 = 1.

» Since 5 — 1 # 3 mod 2, we let 03 =04+ 1 =2 so that k3 — 03 = 3.

» Next, since 6 — 2 #Z 3 mod 2, we let o9 = 3 so that k3 — 09 = 3.
» Finally, since 8 — 3 = 3 mod 2, we let 1 = 3 so that k1 — o1 = 5.

in
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Our Fulfillment of the K-R-E Request
(a) The partition k = (8,6,5,1,1) has mex sequence (2,3,4).

vVvYyyvyy

For r = 2, the non-overlined parts of the corresponding overpartition in
P3(21) need to be odd and greater than 2.

Below the mex the parts are 04 = 05 = 1.

Since 5 — 1 #Z 3 mod 2, we let 03 =04+ 1 = 2 so that k3 — 03 = 3.
Next, since 6 — 2 # 3 mod 2, we let oo = 3 so that ko — 09 = 3.
Finally, since 8 — 3 = 3 mod 2, we let 01 = 3 so that k1 — o1 = 5.

Therefore
(8,6,5,1,1) = (3,3,2,1,1) @ (5, 3,3)

— ((3,3,2,1,1),(5,3,3)) = ((5,3,2), (5,3,3))
~ (5,5,3,3,3,2).
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(b) For r = 3, the same partition x = (8,6,5,1,1) has a different image in
P3(21).
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(b) For r = 3, the same partition x = (8,6,5,1,1) has a different image in
P3(21).

» Since 5 —1=4mod 2, we let 03 = 1 so that kK3 — o3 = 4.
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(b) For r = 3, the same partition x = (8,6,5,1,1) has a different image in
P3(21).

» Since 5 —1=4mod 2, we let 03 = 1 so that kK3 — o3 = 4.
» Next, since 6 — 1 #Z 4 mod 2, we let 09 = 2 so that kg — 09 = 4.

Overpartitions and
Kaur, Rana, and
Eyyunni's
Mex Sequences

James

Our Fulfillment of
the K-R-E Request
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(b) For r = 3, the same partition x = (8,6,5,1,1) has a different image in
P3(21).

» Since 5 —1=4mod 2, we let 03 = 1 so that kK3 — o3 = 4.
» Next, since 6 — 1 #Z 4 mod 2, we let 09 = 2 so that kg — 09 = 4.

» Finally, since 8 — 2 = 4 mod 2, we let o1 = 2 so that k1 — 01 = 6.
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Eyyunni's
Mex Sequences

(b) For r = 3, the same partition x = (8,6,5,1,1) has a different image in 7
F3(21). ) ’;

y O
Duluth

» Since 5 —1=4mod 2, we let 03 = 1 so that kK3 — o3 = 4.
» Next, since 6 — 1 #Z 4 mod 2, we let 09 = 2 so that kg — 09 = 4.
» Finally, since 8 — 2 = 4 mod 2, we let o1 = 2 so that k1 — 01 = 6. Our Fulfillment of

the K-R-E Request
» Therefore

(87 67 5’ ]" ]') = (27 27 17 1’ 1) @ (6’ 4’ 4)
— ((2,2,1,1,1), (6,4,4)) = ((5,2), (6,4, 4))
~ (6,5,4,4,2).




Our Fulfillment of the K-R-E Request

(c) The partition v = (8,5,4,4) has mex sequence (1,2, 3) so we temporarily set
o5 = 0.
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(c) The partition v = (8,5,4,4) has mex sequence (1,2, 3) so we temporarily set
o5 = 0.

» With » = 3, since 4 — 0 = 4 mod 2, we let 04 = 0 so that vy — 04 = 4.
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(c) The partition v = (8,5,4,4) has mex sequence (1,2, 3) so we temporarily set
o5 = 0.

» With » = 3, since 4 — 0 = 4 mod 2, we let 04 = 0 so that vy — 04 = 4.

» Likewise, 03 =0 and v3 — o3 = 4.
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Our Fulfillment of the K-R-E Request

(c) The partition v = (8,5,4,4) has mex sequence (1,2, 3) so we temporarily set
o5 = 0.

» With » = 3, since 4 — 0 = 4 mod 2, we let 04 = 0 so that vy — 04 = 4.
» Likewise, 03 =0 and v3 — o3 = 4.
» Next, since 5 — 0 #Z 4 mod 2, we let 09 = 1 so that vy, — 09 = 4.
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Our Fulfillment of the K-R-E Request

(c) The partition v = (8,5,4,4) has mex sequence (1,2, 3) so we temporarily set
o5 = 0.

» With » = 3, since 4 — 0 = 4 mod 2, we let 04 = 0 so that vy — 04 = 4.
» Likewise, 03 =0 and v3 — o3 = 4.

» Next, since 5 — 0 #Z 4 mod 2, we let 09 = 1 so that vy, — 09 = 4.

» Finally, since 8 — 1 £ 4 mod 2, we let 01 = 2 so that v; — o1 = 6.
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Our Fulfillment of the K-R-E Request

(c) The partition v = (8,5,4,4) has mex sequence (1,2, 3) so we temporarily set
o5 = 0.

With » = 3, since 4 — 0 = 4 mod 2, we let 04 = 0 so that vy — o4 = 4.
Likewise, 03 = 0 and v3 — 03 = 4.
Next, since 5 — 0 # 4 mod 2, we let 0o = 1 so that 1o — g9 = 4.

Finally, since 8 — 1 £ 4 mod 2, we let o1 = 2 so that v; — o1 = 6.

vVvyYyyvyy

Therefore the corresponding overpartition in P3(21) is

(8,5,4,4) = (2,1,0,0,0) & (6,4, 4,4)
— ((2,1),(6,4,4,4)) = ((2,1), (6,4, 4, 4))
~ (6,4,4,4,2,1).
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(d) For r = 2, the overpartition (5,5,3,3,3,2) € P3(21) has A = (5,3,2) with
conjugate N = (3,3,2,1,1) and . = (5,3, 3).
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(d) For r = 2, the overpartition (5,5,3,3,3,2) € P3(21) has A = (5,3,2) with
conjugate N = (3,3,2,1,1) and . = (5,3, 3).

Thus, it maps to
(3,3,2,1,1)® (5,3,3) = (8,6,5,1,1) € P(21)

which has mex sequence (2,3,4).
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Our Fulfillment of the K-R-E Request

(d) For r = 2, the overpartition (5,5,3,3,3,2) € P3(21) has A = (5,3,2) with
conjugate N = (3,3,2,1,1) and . = (5,3, 3).

Thus, it maps to
(3,3,2,1,1)® (5,3,3) = (8,6,5,1,1) € P(21)

which has mex sequence (2,3,4).

This is an element of P}"*(21).
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(d) For r = 2, the overpartition (5,5,3,3,3,2) € P3(21) has A = (5,3,2) with e Sequencés

conjugate N = (3,3,2,1,1) and . = (5,3, 3). ) LJIE}

Thus, it maps to

(3,3,2,1,1) @ (5,3,3) = (8,6,5,1,1) € P(21)

Our Fulfillment of

the K-R-E Request

which has mex sequence (2,3,4).
This is an element of P}"*(21).

Along with Example (a) above, this is an example of the maps being inverses.
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One additional remark is in order.
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One additional remark is in order. The map described in part (b) of the proof of
the theorem above can be applied to a larger set of overpartitions, but then it is
not injective.
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Our Fulfillment of the K-R-E Request

One additional remark is in order. The map described in part (b) of the proof of
the theorem above can be applied to a larger set of overpartitions, but then it is
not injective.

For example, (5,4,3,3,3,2,1), which is not in P5(21) since 4 # 3 mod 2, would
be associated with
(5,3,2,1) @ (4,3,3) = (4,3,2,1,1) & (4,3,3) = (8,6,5,1,1),

the same image in P}***(21) associated with (5,5,3,3,3,2) in example (d)
above.
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Our Fulfillment of the K-R-E Request

One additional remark is in order. The map described in part (b) of the proof of
the theorem above can be applied to a larger set of overpartitions, but then it is
not injective.

For example, (5,4,3,3,3,2,1), which is not in P5(21) since 4 # 3 mod 2, would
be associated with

(5,3,2,1) @ (4,3,3) = (4,3,2,1,1) & (4,3,3) = (8,6,5,1,1),
the same image in P}***(21) associated with (5,5,3,3,3,2) in example (d)

above.

However, we know from example (a) that (8,6,5,1,1) is uniquely associated
with (5,5,3,3,3,2) € P2(21).
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Here's a table indicating the n = 7 cases of the correspondence of the above
theorem for r = 2 and r = 3.
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Here's a table indicating the n = 7 cases of the correspondence of the above
theorem for r = 2 and r = 3.

PRex(7)y | 7 61 511 43 413 3211 231 2213 21° 17
Py(7)| 7 52 331 331 43 421 43 52 61 7
Py(7) | 7 61 61 52 43 43 421 421
Prex(7) (17 7 215 2213 511 231 61 3211
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With this unified interpretation of p***(n) in terms of overpartitions, we can

provide combinatorial proofs of our corollary requested by Kaur, Rana, and
Eyyunni.
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With this unified interpretation of p***(n) in terms of overpartitions, we can
provide combinatorial proofs of our corollary requested by Kaur, Rana, and

Eyyunni.

Given the very different nature of their combinatorial interpretations depending
on the parity of r, we give two bijections.
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With this unified interpretation of p***(n) in terms of overpartitions, we can
provide combinatorial proofs of our corollary requested by Kaur, Rana, and

Eyyunni.

Given the very different nature of their combinatorial interpretations depending
on the parity of r, we give two bijections.

Proposition: For each odd r > 1, p,(n) = p2"(n) for all n.
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Our Fulfillment of the K-R-E Request

With this unified interpretation of p***(n) in terms of overpartitions, we can
provide combinatorial proofs of our corollary requested by Kaur, Rana, and
Eyyunni.

Given the very different nature of their combinatorial interpretations depending
on the parity of r, we give two bijections.

Proposition: For each odd r > 1, p,(n) = p2"(n) for all n.

The r =1 case is one of the propositions above.
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With this unified interpretation of p/"®*(n) in terms of overpartitions, we can
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Eyyunni.

Given the very different nature of their combinatorial interpretations depending

on the parity of r, we give two bijections.
Our Fulfillment of
the K-R-E Request

Proposition: For each odd r > 1, p,(n) = p2"(n) for all n.
The r =1 case is one of the propositions above.

In fact, as detailed next, the result for any odd r follows from the same map
applied to the appropriate subsets.
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Proof: Given r > 1 odd, we establish a bijection between P."(n) and P,(n).
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Proof: Given r > 1 odd, we establish a bijection between P."(n) and P,(n).

We first build a map from P."(n) to P,(n).
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Proof: Given r > 1 odd, we establish a bijection between P."(n) and P,(n).

We first build a map from P."(n) to P,(n).

Given a partition k € P."(n), apply Glaisher's map to any odd parts and
overline the resulting distinct parts while leaving any even parts of x (necessarily

greater than r) non-overlined.
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Proof: Given r > 1 odd, we establish a bijection between P."(n) and P,(n).
We first build a map from P."(n) to P,(n).

Given a partition k € P."(n), apply Glaisher's map to any odd parts and
overline the resulting distinct parts while leaving any even parts of x (necessarily
greater than r) non-overlined.

This produces an overpartition of n where any non-ovelined parts are even and
greater than r, i.e., an element of P,(n).
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We next build a map from P,.(n) to P."(n).
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We next build a map from P,.(n) to P."(n).

Given an overpartition (), ;1) € P,.(n), note that 4 consists entirely of even parts
greater than 7.
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We next build a map from P,.(n) to P."(n).

Given an overpartition (), ;1) € P,.(n), note that 4 consists entirely of even parts
greater than 7.

Apply Glaisher's map to A and take the union of the resulting odd parts and u to
make a partition in P."(n).
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Our Fulfillment of the K-R-E Request

We next build a map from P,.(n) to P."(n).

Given an overpartition (), ;1) € P,.(n), note that 4 consists entirely of even parts
greater than 7.

Apply Glaisher's map to A and take the union of the resulting odd parts and u to
make a partition in P."(n).

As explained above, these maps are inverses.
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The following table includes examples of the maps in the proof of the above
proposition.
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The following table includes examples of the maps in the proof of the above
proposition.

Here we have n = 8, r = 3 which includes the » = 5 and » = 7 cases.
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The following table includes examples of the maps in the proof of the above
proposition.

Here we have n = 8, r = 3 which includes the » = 5 and » = 7 cases.

Pe>3(8)‘8 71 611 53 513 44 431 41* 3311 315 18

Py®)|s 71 62 53 520 44 431 M4 62 131 8

Combined with our theorem above, this proposition gives a combinatorial proof
of the K-R-E corollary for the odd r case, as desired.
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Next, we proceed to providing a bijection for the even r case.
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Next, we proceed to providing a bijection for the even r case.

Proposition: For each even r > 2, B,(n) = p;5(n) for all n.
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Next, we proceed to providing a bijection for the even r case.
Proposition: For each even r > 2, B,(n) = p;5(n) for all n.

Proof: Given 7 > 2 even, we establish a bijection between P.’j(n) and P.(n).
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Next, we proceed to providing a bijection for the even r case.

Proposition: For each even r > 2, B,(n) = p;5(n) for all n.
Proof: Given 7 > 2 even, we establish a bijection between P.’j(n) and P.(n).

We begin by finding a map from P’} (n) to P.(n).
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Given v € P75 (n), write v = (, p) where 7 consists of any odd parts of the
first color (including any odd parts less than 7) and p consists of any odd parts
of the second color (each at least r).
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Given v € P75 (n), write v = (, p) where 7 consists of any odd parts of the
first color (including any odd parts less than 7) and p consists of any odd parts
of the second color (each at least r).

Apply Glaisher’s map to m, overline the resulting distinct parts, and leave any
parts of p non-overlined.
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Given v € P75 (n), write v = (, p) where 7 consists of any odd parts of the
first color (including any odd parts less than 7) and p consists of any odd parts
of the second color (each at least r).

Apply Glaisher’s map to m, overline the resulting distinct parts, and leave any
parts of p non-overlined.

This produces an overpartition of n where any non-overlined parts are odd and
greater than r, i.e., an element of P,(n).
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Next, we find a map from P,.(n) to P, (n).

Overpartitions and
Kaur, Rana, and
Eyyunni's
Mex Sequences

Our Fulfillment of
the K-R-E Request




Our Fulfillment of the K-R-E Request

Next, we find a map from P,.(n) to P, (n).

Given an overpartition (\, ) € P,(n), note that p consists entirely of odd parts
greater than r (if it is nonempty).

Overpartitions and
Kaur, Rana, and
Eyyunni's
Mex Sequences

Our Fulfillment of
the K-R-E Request




Our Fulfillment of the K-R-E Request

Next, we find a map from P,.(n) to P, (n).

Given an overpartition (\, ) € P,(n), note that p consists entirely of odd parts
greater than r (if it is nonempty).

Apply Glaisher’s map to A, assign the resulting odd parts the first color, and
assign the parts of u the second color.
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Next, we find a map from P,.(n) to P, (n).

Given an overpartition (\, ) € P,(n), note that p consists entirely of odd parts
greater than r (if it is nonempty).

Apply Glaisher’s map to A, assign the resulting odd parts the first color, and
assign the parts of u the second color.

The union of these colored odd parts is an element of P, (n).
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Next, we find a map from P,.(n) to P, (n).

Given an overpartition (\, ) € P,(n), note that p consists entirely of odd parts

greater than r (if it is nonempty).

Apply Glaisher’s map to A, assign the resulting odd parts the first color, and
assign the parts of u the second color.

The union of these colored odd parts is an element of P, (n).

Since Glaisher's map is a bijection, it is clear that these maps are inverses.

O
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Here is a table that provides an example of this result for n = 6 and r = 2.
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Here is a table that provides an example of this result for n = 6 and r = 2.
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Here is a table that provides an example of this result for n = 6 and r = 2.

)

PO>22(6)‘5111 511 3131 3132 3232 31(11)% 32(11)% (11)°

?2(6)‘ 51 51 6 33 33 21 321 42

W

Combined with our theorem above, this proposition gives a combinatorial proof

of the K-R-E corollary for the even r case, as desired.
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Here is a table that provides an example of this result for n = 6 and r = 2.

PO>22(6)‘5111 511 3131 3132 3232 31(11)% 32(11)% (11)°

)

?2(6)‘ 51 51 6 33 33 21 321 42

W
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Combined with our theorem above, this proposition gives a combinatorial proof
of the K-R-E corollary for the even r case, as desired.

That means we have completely fulfilled the request of K-R-E.
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Please allow me to share some closing thoughts.
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Please allow me to share some closing thoughts.

Given the very different nature of P.”"(n), a subset of ordinary partitions, and
P0>2T(n) a restricted partition with parts of two colors, it is pleasantly surprising
that a single type of overpartition allows bijections to both sets, enabling us to
satisfy the request of Kaur, Rana, and Eyyunni for combinatorial proofs of their
corollary in a fairly unified way.
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Please allow me to share some closing thoughts.

Given the very different nature of P.”"(n), a subset of ordinary partitions, and
P0>2T(n) a restricted partition with parts of two colors, it is pleasantly surprising
that a single type of overpartition allows bijections to both sets, enabling us to
satisfy the request of Kaur, Rana, and Eyyunni for combinatorial proofs of their
corollary in a fairly unified way.

This suggests that the overpartitions P,.(n) provide a more natural combinatorial
interpretation of P™°*(n), the partitions with mex sequence of length at least r.
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And with that | will close.
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And with that | will close.

Thanks very much for your attention!
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