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An overpartition of n is a partition of n wherein the last instance of any given

Background

part size may (or may not) be overlined.

For example, the partitions of n = 4 are given by
4, 3+1, 242, 241+1, 1+14+1+1,
while the overpartitions of n =4 are

4, 4, 3+1, 3+1, 3+1, 3+1, 2+2, 2+2,

2+1+1, 24141, 24141, 241+1, 1+1+1+4+1, 1+4+1+1+1



Background

In 2015, Bringmann, Dousse, Lovejoy, and Mahlburg defined the function ¢(n) to
be the number of overpartitions of weight n where (i) the difference between two
successive parts may be odd only if the larger part is overlined and (ii) if the

smallest part is odd then it is overlined.
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In 2015, Bringmann, Dousse, Lovejoy, and Mahlburg defined the function ¢(n) to
be the number of overpartitions of weight n where (i) the difference between two
successive parts may be odd only if the larger part is overlined and (ii) if the

smallest part is odd then it is overlined.

For example, (4) = 8 where the overpartitions in question are

, 3+1, 341, 2+2, 2+2, 24141, 1+1+1+1.
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In 2015, Bringmann, Dousse, Lovejoy, and Mahlburg defined the function ¢(n) to
be the number of overpartitions of weight n where (i) the difference between two
successive parts may be odd only if the larger part is overlined and (ii) if the
smallest part is odd then it is overlined.

For example, (4) = 8 where the overpartitions in question are

|

4, 4, 3+1, 3+1, 2+2, 2+2, 2+1+1, 1+1+1+1

In their 2015 paper, BDLM prove that the generating function for ¢(n) is given

by 5
_ n__ 3
Zt(n)q A
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where

fro = fu(@) = (¢"1¢")

with
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where

fe=fe(@) = (0" with  (a;9)00 := [J(1 — ag').

They also proved that ¢(n) satisfies a nice characterization modulo 3.
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Background

They also proved that ¢(n) satisfies a nice characterization modulo 3.
Theorem 1

For alln > 1,

(=¥ (mod 3) ifn = k? for some integer k,

0 (mod 3) otherwise.
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Since the publication of the paper of BDLM, several other authors have proven

arithmetic properties satisfied by ¢(n).
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In particular, in 2023, Hanson and Smith utilized the theory of modular forms to

prove the following two congruences modulo 5:
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For all n > 0,
t(80n 4 40) = #(80n +60) =0 (mod 5).
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Our goal in this work is straightforward — to provide an alternative proof of the

above pair of congruences which does not rely on modular forms.
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above pair of congruences which does not rely on modular forms.

Instead, we utilize well-known dissection properties which already appear in the
literature, along with a generalization of Chern and Tang's work in 2021, to
initially determine the behavior of the generating function for #(5n) modulo 5.
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Our goal in this work is straightforward — to provide an alternative proof of the

above pair of congruences which does not rely on modular forms.

Instead, we utilize well-known dissection properties which already appear in the
literature, along with a generalization of Chern and Tang's work in 2021, to
initially determine the behavior of the generating function for #(5n) modulo 5.

This is, by far, the most involved aspect of our proof.
Once this is complete, we simply need to 2—dissect the generating function for

t(5n) further until we reach a congruence modulo 5 satisfied by the generating
function for £(20n).
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The two 2—dissections that are necessary here are extremely elementary and are

completed with ease.
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Once this is done, the proof of the above pair of congruences modulo 5 is readily
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Background




. . . Elementary Proofs
P rel Iminaries of Congruences
Modulo 5 for
Overpartitions
with Restricted
Odd Differences

Preliminaries




Elementary Proofs

P rel I m | n a rleS of Congruences
Modulo 5 for

Overpartitions

We now describe the toolbox of results that we need in order to complete our with Restricted

Odd Differences
proof.

Preliminaries




Preliminaries

We now describe the toolbox of results that we need in order to complete our
proof. Some of these results are well-known, others are new (constructed by us

for the purpose of completing the proof of the results mentioned above).
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We now describe the toolbox of results that we need in order to complete our
proof. Some of these results are well-known, others are new (constructed by us

for the purpose of completing the proof of the results mentioned above).

First, we require the following 2-dissection results, all of which already appear in
the literature.
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fl_f42f126_2q fg )
B_R 5
I3 fi2 fafe’
N 0 A i
A fBhe Th
fi _ ffisfsy  fafSfafas
fs fifsfs qf4f62f16f247
1 & +q f2 134
fifs  f3hafdfs, f3 1813 o’
ft_ Rfifl 2quQfsf"leM
3 fefsfau fafg
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Next, we require the following identity which we easily proved using the results

already mentioned above.
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Next, we require the following identity which we easily proved using the results

already mentioned above.

Lemma 3

We have 6 .
1 _ fafafs

21

121312
2

215
f2ré

+104°

Note the coefficient 10 above; remember, we will be working modulo 5 for the

remainder of this work...
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Lemma 3
We have

Preliminaries

P _ RAS
R i

215
f2ré

121312
2

+104°

Note the coefficient 10 above; remember, we will be working modulo 5 for the
remainder of this work... so we will remove that term when we utilize this result

in our congruences modulo 5.
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Next, we introduce the Rogers—Ramanujan continued fraction

(4:0°)o0 (0% 6°) o
(q25q5)00(q35q5)oo’

R:=R(q) =

which first appeared in the work of Rogers and later in Ramanujan's first letter
to Hardy.
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Next, we introduce the Rogers—Ramanujan continued fraction

(4:0°)o0 (0% 6°) o
((125q5)00(q35q5)oo’

R:=R(q) =

which first appeared in the work of Rogers and later in Ramanujan's first letter
to Hardy.

The following 5—dissections involving R are well—known.
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Lemma 4
We have
1
fi=Jfos (R@S) —q— q2R(q5)> ,
1 f3 5
—_ =12 (R 7 7
fi f56 ( (¢°) Q)
where

1 2 2 3 3
®(r, Q) = 774+1%+%+ %+5Q4_3Q5T+2Q6T2—Q7T3+Q87‘4.
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As immediate consequences of the previous lemma, we obtain with Restricted

f3 = frs (R(;m) - ¢* — ¢° R(q"

LB ang), )
fk f5§§ ’

To simplify the notation in our work below, we set

1 fof? o i f3
K = 1 57 S: 2J1 37

4 flflo f53f15
U=q! 1313 v fEf6f30

fEfé frofis’ ~ fsffis

).

T — q72 f3f55

Odd Differences
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For a € Z>p and 8 € Z, Chern and Tang (2021) introduced the two families

1
¢“R(q)*+t?8R(¢2)2—5
1
q“R(q)? 3B R(g3)—F

+ (1) ¢*R(q)**P R(¢?)** P,

+ (=1)*¢*R(q)** T3P R(¢*)* 7,

and represented them in terms of eta quotients involving K, S, T through

recurrence relations.

Elementary Proofs

of Congruences
Modulo 5 for
Overpartitions
with Restricted
Odd Differences

Minnesota Duluth

Preliminaries




Preliminaries

For a € Z>p and 8 € Z, Chern and Tang (2021) introduced the two families

1
¢“R(q)*+t?8R(¢2)2—5
1
q“R(q)? 3B R(g3)—F

+ (1) ¢*R(q)**P R(¢?)** P,

+ (=1)*¢*R(q)** T3P R(¢*)* 7,

and represented them in terms of eta quotients involving K, S, T through

recurrence relations.

In our first manuscript mentioned in the introduction, we extended the results of
Chern and Tang to the following three-parameter family, which is extremely

beneficial for representing the generating functions in question.
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For a triple (m,n,p) € Z3, we set
w(m,n,p) == q " R(q)"*" " R(¢*)" """ R(¢*>)""7,
and define

(-1

G(m,n,p) :=w(m,n,p) + pp——

Then, we immediately have G(0,0,0) = 2 and the reflection property

G(—m,—n, —p) = (=)™ G(m,n, p).
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For a triple (m,n,p) € Z3, we set
w(m,n,p) == q " R(q)"*" " R(¢*)" """ R(¢*>)""7,
and define

(-1

G(m,n,p) :=w(m,n,p) + pp——

Then, we immediately have G(0,0,0) = 2 and the reflection property
G(_m7 -n, _p) = (_1)m+n G(mv nap)

We can then prove the following recurrences for all (m,n,p) € Z3.
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G(m+1,n,p)

G(m,n+1,p)
G(m,n,p+1)

=
=

K

4
G(’I?’L, nap) + G(m - 17 nvp)>

1-— V) G(m7n7p) + G(m7n - 17p)7
U-—-2)G(m,n,p) — G(m,n,p—1).

Elementary Proofs

of Congruences
Modulo 5 for
Overpartitions
with Restricted
Odd Differences

Preliminaries




Elementary Proofs
of Congruences
Modulo 5 for
Overpartitions

Preliminaries
with Restricted

Odd Differences

4
G(m+1,n,p) = gG(m n,p) +G(m —1,n,p),

1-— V) G(m7n7p) + G(m7n - 17p)7
U-—-2)G(m,n,p) — G(m,n,p—1).

Preliminaries

G(m,n+1,p) = (
G(m,n,p+1) = (

Moreover, we have the initial values
4
G(0,0,0) =2, G(1,0,0) = 73 G(0,1,0)=1-V, G(0,0,1)=U —2,
4 9
G(1,1,1)2K+2+?, G(1,1,0) :2—|—f, G(0,1,1) = K,

1
G(1,0,1)24(TS+;+6>.
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We require one additional identity which appears in the work of Baruah and

Begum:

4 3 f2f2

K-3- 24— Il

K 5 fio

We also require the parameterization of f—quotients due to Alaca, Alaca, and
Williams (2006).
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We require one additional identity which appears in the work of Baruah and
Begum:
K—?)—%:(f1 fgfg.
J5 1o
We also require the parameterization of f—quotients due to Alaca, Alaca, and
Williams (2006). Let

plg) =1+2> "

n>1

denote the classical theta function of Ramanujan,
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K—3—i:q71 f1f2
K 1213
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We also require the parameterization of f—quotients due to Alaca, Alaca, and
Williams (2006). Let

plg) =1+2> "

n>1
denote the classical theta function of Ramanujan, and set

0% —¥*(¢?)
4q0%(¢3)
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Lemma 5
We have

fr =822 (1= 2g)1 2 (14 )8 (1+ 2qt) /0 (1 + 4qt) /%,
fo = 2812 (1 = 2gt)Y % (1 + qt) Y4 (1 + 2qt) /12 (1 + 4qt) /4,
f3 = s 28 (1 — 2qt) Y0 (1 + qt)/** (1 + 2qt)M/2 (1 + 4qt) /™,

fo = 264 (1 = 2¢0) 2 (1 + qt)V/12 (1 + 2¢t) % (1 + 4qt)' /2.
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Lastly, as we close this section, we note the following lemma

the Binomial Theorem.

Lemma 6
For a prime p and positive integers k and [,

k k—1
= fl’; (mod p¥).

which follows from
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Lastly, as we close this section, we note the following lemma which follows from with Restricted
Odd Differences

the Binomial Theorem.

Lemma 6
For a prime p and positive integers k and [, Preliminaries

k k—1
= fl’; (mod p¥).

With all the above tools in hand, we are now in a position to prove our main

theorem.
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Proof of Our Main Theorem

We begin by establishing the following generating function result.

Theorem 7
We have

Zf(fm)q” = fl;j?f?? (mod 5).
n>0

Editorial comment: This is, by far, the most difficult result that we must prove...

Everything else that is needed follows extremely easily...

Proof: Using the 5—dissections that involve R mentioned above, we have

5 ¢£5
> Hn)g" = I sb s ®(R(¢°),q) ®(R(¢"), ¢*) <Rll5 —¢ =4 R(Q”’)) :

>0 56f1% (q )
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Proof of Our Main Theorem

Extracting the terms in which the exponents of ¢ are congruent to 0 modulo 5

and then replacing ¢° by ¢ gives

Z%(E)n)qn — f55f1%f15 A,

n>0 e
where A denotes the sum of the terms of the product
(D(R(q5),q) (I)(R(qlo)7 q2) (R(qlﬁ'))fl o q3 o QGR(qls))

whose g-exponent is divisible by 5, with ¢° then replaced by q.
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Proof of Our Main Theorem

Extracting the terms in which the exponents of ¢ are congruent to 0 modulo 5

and then replacing ¢° by ¢ gives

S #on)g = LIS
7S

n>0

where A denotes the sum of the terms of the product
(D(R(q5),q) (I)(R(qlo)7 q2) (R(qlﬁ'))fl o q3 o QGR(qls))

whose g-exponent is divisible by 5, with ¢° then replaced by q.

Thus A can be expressed as a Laurent polynomial in R(q), R(q?), and R(q®)

with coefficients in Z[q].
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Proof of Our Main Theorem

Carrying out this finite extraction and reducing every coefficient modulo 5

simplifies A to
Lo

R(q®)
where Lo, L1, Lo are the following Laurent polynomials in R(q) and R(¢?):

A + L1+ R(¢®) Ly (mod 5),
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Carrying out this finite extraction and reducing every coefficient modulo 5 g;tdhs'i?tricted
simplifies A to
A= L03 (q3) Ly (mod 5),
R(q%)

where Lo, L1, Lo are the following Laurent polynomials in R(q) and R(¢?):
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Lo = R(¢)*R(¢*) ™ + ¢(2R(q)R(¢°) " + 3R(¢q) ' R(¢*) ™ + 2R(q) *R(¢*)?)
+ ¢ (R(q)*R(¢?

)7* +4R(q)*R(¢°) " + 2R(q)*R(¢%))
3(4R(q)R(q%) + R(q)""R(¢%)* + 4R(q) °R(¢*)?)
*(2R(q)*R(¢%)* + 3R(q)*R(¢*)%) ,
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L1 = q(3R(q) *R(¢*) ™ + 4R(q) *R(¢*)~®)
2 R(q)gR( )"+ 3R(q)R(¢*)* + 4R(q) ' R(¢*)"* + 2R(q) *R(¢*) "
‘R(¢*)7% +4R(¢)*R(¢*) " + R(q) *R(¢*) + 3R(q) "R(¢°)?)

( ) R(q )R(q ) +3R(q)_1R(q2)3+4R(q)_3R(q2)4) Proof of Our Main

Theorem
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So we have

5 r£5
> H(5n)g" = 5 J‘ffl;g”’ (Rf;) + L+ R(q3)L2> (mod 5).
n>0
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Odd Differences

We pair the twelve terms of Lo/R(q®) with the twelve terms of R(q®)Ls, while
the sixteen terms of L; (with coefficient R(g%)?) form eight internal pairs.
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Now a key step!

We pair the twelve terms of Lo/R(q®) with the twelve terms of R(q®)Ls, while
the sixteen terms of L; (with coefficient R(g%)?) form eight internal pairs.

This pairing is done in a natural way with an eye towards rewriting our results in

terms of G(m,n,p) for specific values of m, n, and p.

Elementary Proofs

of Congruences
Modulo 5 for
Overpartitions
with Restricted
Odd Differences

Minnesota Duluth

Proof of Our Main
Theorem




Proof of Our Main Theorem

Now a key step!

We pair the twelve terms of Lo/R(q®) with the twelve terms of R(q®)Ls, while
the sixteen terms of L; (with coefficient R(g%)?) form eight internal pairs.

This pairing is done in a natural way with an eye towards rewriting our results in

terms of G(m,n,p) for specific values of m, n, and p.

Indeed, this is EXACTLY why we needed to construct G(m,n,p) and

understand its properties!

Elementary Proofs

of Congruences
Modulo 5 for
Overpartitions
with Restricted
Odd Differences

Proof of Our Main
Theorem
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Now a key step!

We pair the twelve terms of Lo/R(q®) with the twelve terms of R(q®)Ls, while
the sixteen terms of L; (with coefficient R(g%)?) form eight internal pairs.

This pairing is done in a natural way with an eye towards rewriting our results in

terms of G(m,n,p) for specific values of m, n, and p.

Indeed, this is EXACTLY why we needed to construct G(m,n,p) and

understand its properties!

Collecting these twenty blocks modulo 5, we obtain:
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Lo
R(q?)

+ L1+ R(¢ Ly = (

1

R(q)*R(¢*)*R(q3)
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=¢*[G(1,2,3) +2G(-1,1,2) + 3G(0,1,2) + 2G(1,1,2)
+ G(-2,0, 1)+4G( 1,0,1) +2G(2,0,1) +4G(0,—1,0)
+G(1,-1,0) +4G(2,-1,0) + 3G(1,2,1) + 3G(0,2,1)
+3G(0,2,2) +4G(1,2,2) + G(~2,1,1) + 3G(-1,1,1) Proof of Our Main
+4G(0,1,1) +2G(1,1,1) + 3G(-2,0,0) + 4G(-1,0,0)], e
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=¢*[G(1,2,3) +2G(-1,1,2) + 3G(0,1,2) + 2G(1,1,2)
+ G(-2,0, 1)+4G( 1,0,1) +2G(2,0,1) +4G(0,—1,0)
+G(1,-1,0) +4G(2,-1,0) + 3G(1,2,1) + 3G(0,2,1)
+3G(0,2,2) +4G(1,2,2) + G(~2,1,1) + 3G(-1,1,1)
+4G(0,1,1) +2G(1,1,1) + 3G(-2,0,0) + 4G(-1,0,0)],

where this last equality follows from recognizing that each such pairing above
can be rewritten in terms of G(m,n,p).

Elementary Proofs

of Congruences
Modulo 5 for
Overpartitions
with Restricted
Odd Differences

Proof of Our Main
Theorem




Proof of Our Main Theorem

=¢*[G(1,2,3) +2G(-1,1,2) + 3G(0,1,2) + 2G(1,1,2)
+ G(-2,0, 1)+4G( 1,0,1) +2G(2,0,1) + 4G(0,—1,0)
+G(1,-1,0) +4G(2,-1,0) + 3G(1,2,1) + 3G(0,2,1)
+3G(0,2,2) +4G(1,2,2) + G(~2,1,1) + 3G(-1,1,1)
+4G(0,1,1) +2G(1,1,1) + 3G(-2,0,0) + 4G(-1,0,0)],

where this last equality follows from recognizing that each such pairing above
can be rewritten in terms of G(m,n,p).

We next wish to simplify modulo 5.
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Proof of Our Main Theorem

By finitely many applications of the recurrences and initial values | mentioned

above, along with the reflection property, we obtain the following equalities.
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By finitely many applications of the recurrences and initial values | mentioned with Restricted
Odd Differences

above, along with the reflection property, we obtain the following equalities.

Minnesota Duluth

ouan=- 09 [3(r-s+ ) dr0- (o)

9 4 roof of Our Main
~w-p|a-v(2+3)+ 5], o

K K T
G(0,1,2) = K(U-2)+V —1,

G(-1,1,2) = (U — 2) <K—2+4>+4(1_V)_2_9,

4 9
G(1,1,2) = (U —2) <K+2+K>—2—T,
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GFZQDzﬂU—%(Hj@>—K<T—S+T>—K,

1 9\ 3 4U-2)
G(LQD_4<TS+T>+2 T
G(2 0 1) — (U - 2) + i T — S —|— g —|— E Proof of Our Main
T K T K’ Theorem
G(0,-1,0) =V — 1,
9 4(1-V)
1,-1,0) =24 = — "/
G(1,—1,0) = 2+ 7 — =,

16 8 36
G(2,-1,0)=—-(1-V) <1+K.2> +?+ﬁ’
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G(1,2,1):4(T—S+3>+i+(1—{/) <K+2+K),

G(0,2,1) = (1 - V)K +U — 2,
G(0,2,2)=(1-V)K(U -2)—(1-V)2+(U-2)%-2,
1 9 3 Proof of Our Main
Theorem
G(1,2,2) = (U — 2) [4 <T—S+T> +2}

+(1-V) {(U—Q) <K+2+j‘{>—2—ﬂ _4
8 16

2L, ) =K -4+ —— —
G(-2,1,1) + % T
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4
G(-1,1,1) =K -2+ —
( 77) +K7

G(0,1,1) = K,

4

GLL1L,)=K+2+ —

(77) + +Ka
16
G(_27070):2+ﬁ7
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4
G-1,1,1)=K -2+ —
(1.1, v
G(0,1,1) = K,
4
G1,1,1)=K+2+ —,
16 K Proof of Our Main
G(—270,0) — 2 + ﬁ, Theorem
4
G(-1,0,0) = ——.
( ) ) K

We now reduce the twenty evaluations in the above list modulo 5.
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Setting A := S + T~! + 4T and completing a SIGNIFICANT number of

reductions modulo 5, we obtain

where

Ly
R(q%)

+ L1+ R(P)Ly = KT 'P(K,T,AU,V)

(mod 5)
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Setting A := S + T~! + 4T and completing a SIGNIFICANT number of

reductions modulo 5, we obtain

Lo

) T T R@) 2= CKTTTP(K T, AUY) - (mod 5)

where

P(K,T,A,U,V)
= KT[KA+ (K*+2K +4)(1 - V) +2K]|(U —2)*
+ AK*TA+ KQK*T+ KT+ K+ T)(1-V)
+2K°T + 2K*T + KT + T](U - 2)
+ KT(K +4)A+2K*T(1 - V)* + (4K? + 2KT + T)(1 — V)
+2K*T + 3K + AKT + 4K +2T.
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From the work we completed above, this means

> H(5n)q" =

n>0

J2 fiof1s
fers

K 2T 'P(K,T,A,U,V)

(mod 5).
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From the work we completed above, this means with Restricted
Odd Differences

5 r£5
> " H(5n)g" = %q%—?rlp(& T,A,U,V) (mod 5).
n>0 Gep

Here and below we write Proof of Our Main

Theorem

4 fif
g = K-3-—= q 5
K 21

where the last equality follows from one of our lemmas above.
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From the work we completed above, this means o D
= 2 fiofis 3. a1 o
Z t(5n)qn = Wq K T P(K7 T7 A’ U’ V) (mOd 5)' I“.‘"‘H;th()td Duluth
>0 1J2

Here and below we write Proof of Our Main
Theorem

VY

g = K-3-— q 272 0
K f5 Fio
where the last equality follows from one of our lemmas above.

Thanks to the Alaca—Alaca—Williams parameterization, we have the following:
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Lemma 8 g:dh Sii?etrriecnt::s
1 —2qt)5(1 + 2qt)?
_ Q)3(+Q)3 (mod 5),
qt (1 + qt)3(1 + 4qt)
(1 —2qt)3(1 + qt)*(1 + 4qt)?
T= db
212 (14 2q1)° (mod 5),
1
= d 5 Proof of Our Main
9= St (=250 gP( T+ 20021 T agrp o4 5 Thearom
1
U = od 5),
STqt (1= 2q02(1 + qO)(1 + 2q0°(1 + dgr) 04D
1
V= d 5),
ST (U= 2021 + g)2(1 T 2q02(1 + dgre 1Y)
1
S = (mod 5).

512 g%12 (1 — 2qt)3(1 + qt)?(1 + 2qt)3(1 + 4qt)?
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Using facts about the s and ¢ from the Alaca—Alaca—Williams parameterization,

we then prove the following “collapse” lemma.
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we then prove the following “collapse” lemma.
Lemma 9
We have
K2T7'P(K,T,A, U, V)=Ug* (mod 5).
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Proof of Our Main Theorem

Using facts about the s and ¢ from the Alaca—Alaca—Williams parameterization,

we then prove the following “collapse” lemma.

Lemma 9
We have
K2T7'P(K,T,A, U, V)=Ug* (mod 5).

Applying the above lemma, we obtain

Zf(5n)q” = fE’Sfj%ir);)ci(),t15qug2 (mod 5).
n>0
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Substituting the f-quotient results that we have for U and g, we get

> " H(5n)q" Bl 7 <q_1f§f§ ) (q_l il )2 (mod 5)

n>0 13 fL 18 frofis 213
3
= f;g?f? (mod 5) e
_ f1f2f§’ . E T:J:)r;“ ur Main
5R

h f22f§’ (mod 5).
I
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Substituting the f-quotient results that we have for U and g, we get

. n:fgffofm(_lf%fé,”)(_lf%f%f
%jomn)q s T\ rnofs) \U R (
= f;ﬁcé% (mod 5)
_NRfi
it
3
Ef1§§f3 (mod 5).

This completes the proof of our main theorem.

mod 5)
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Now that we have a generating function result for #(5n), we can move forward uith Restricted
to generating functions for £(40n) and #(40n + 20) modulo 5.
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Now that we have a generating function result for #(5n), we can move forward

to generating functions for £(40n) and #(40n + 20) modulo 5.

Theorem 10
We have
< n Mt fsft 1 [fifEfa
Zt(40n)q T f3 f3fafou 4 fifs fsf12 (mod 5),

n>0

> " #(40n + 20)g SR T 2 ffshoe

n>0

L Bfelsfty S Jifsfa s

Elementary Proofs
of Congruences
Modulo 5 for
Overpartitions
with Restricted
Odd Differences

Finishing The
Proof of the
Congruences
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Proof: From our main theorem, we have

Zf(fm)q” = ]%
n>0 f6
_ 2

— r2

6

-fﬁ.ff (mod 5)

fi

<f§'fg qfl?’2> <f2f85 _
f3f12 fa firg
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Proof: From our main theorem, we have with Restricted

Odd Differences

3
Zwmw:ﬁﬁjﬁ(mﬂw
n>0

:f<fffg+ f12><f2f85 _2qf2f126>
2\ f2f12 Ja i fs )

Minnesota Duluth

[\

Extracting the terms with even exponents of ¢ and then replacing ¢* by ¢ gives

Finishing The

. w_ PRI} RIS Eih
10 = —2q db
2, 00n)a" = 305 —20 faps (mod )

_ f2f4 2 f6f8 <f2f3ff2 B f22f8f12f24>
fof3 it '

2
fofsfos b fufE
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Isolating the terms in which the exponents of ¢ are even and then replacing ¢°

by ¢, we obtain

_ _h(8,
Zt(QOn)q =7 (f4

filfi2)  moas)

n>0
<f2f16f24
fefsfas

faf2 f12f48> <f2
f4f6f16f24

f4f6f12>
g )
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Finishing The Proof of the Congruences

Isolating the terms in which the exponents of ¢ are even and then replacing ¢°

by ¢, we obtain

Zf(QOn)q” = h (f2 + 4q f4f6f12) (mod 5)

n>0 \J? 13
_ <f2f16f24 f2f8f12f48> <f2 oy f4f6f12>
fefsfas f4f6f16f24 12 /3 '

Now, extracting the terms with even exponents of ¢ and then replacing ¢? by ¢
yields the result for £(40n). Similarly, isolating the terms with odd exponents of
q, dividing both sides by g, and then replacing ¢* by g gives the result for
t(40n + 20).
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n>0 ! S5 [ fafa qflfs fsfi2

Zi(mn)":ﬁ- folip _y, 1 Jafileln (mod 5)

_ (R}, f%ffffg) sl
_< M) Baf
I$ 1o e > J3 1315 faa
—4q d
<f2f4f6 ; T f2f62f82f12 fsfrz (mo 5) Finishing The
f6 f8 2 f4 f24 Proof of the

Congruences

" fofizfas — 4 21315
= Yo(q ) (mod 5),
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_ 6 2 1 2 r2 £2
Zt(40n)q" = f—12 : J;wa —4q J2fidefu (mod 5)
= fs fifafoa fifs  fshe
_ <fzf4f§’ . 4qf§f42f%2) fsf
I /e I3 fafou
S8 1t f2 13, J3 1315 faa
—4q9\ 7 i T (mod 5)
f2 f4f6 24 f2 f6 f8 f12 fS f12 Finishing The
. fg f8 2 fo5’4 Proof of the

Congruences

" fofiofoa 1 21315
= Yo(qQ) (mod 5),

so that £(40(2n + 1)) = #(80n + 40) = 0 (mod 5).
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and ...

> #(40n + 20)q”
n>0

L ffefsfly

T fifs

Jafoa f3

+

fif6fou

11 f34

f3fsf12

(mod 5)

(e
 \fifafs £
B <f2f4fé’

3
f12

f3 12 f7

qf§f§f§f12

fifefa

+ 4q
I

 Pf3 B TR 18 fou

YRR T Bt

= Yi(¢%)

(mod 5),

)

I3 fsfiz

> f§f6f8f122
fafoa

(mod 5)
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(mod 5)

(mod 5)

and ...
< n_ L Ffefsfia [P fifefa
nzzot(anrQO)q N 4f1f3 fafoa 3 f3fsfiz
E4< f82f152 +q f45f224 > f§f6f8f122
fafaféfs, 3 fefife fafoa
B <f2f4fé5 +4qf22fff122> fifofaa
I 12 I3 fsfiz

:4f2f§’f172 [ 18 fau
R s
=Yi(¢®) (mod 5),

so that £(40(2n + 1) + 20) = #(80n + 60) = 0 (mod 5).

Elementary Proofs
of Congruences
Modulo 5 for
Overpartitions
with Restricted
Odd Differences

Finishing The
Proof of the

Congruences




. Elementary Proofs
CIOSI ng Thoughts of Congruences
Modulo 5 for
Overpartitions
with Restricted
Odd Differences

Closing Thoughts




Closing Thoughts

Our work above can also be used to provide a new elementary proof of the
following theorem, first proven by Chern and Hao via modular forms and later

proved in elementary fashion by Lin, Liu, Wang, and Xiao.
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Closing Thoughts

Our work above can also be used to provide a new elementary proof of the
following theorem, first proven by Chern and Hao via modular forms and later

proved in elementary fashion by Lin, Liu, Wang, and Xiao.

Theorem 11
For all n >0, t(45n + 30) = 0 (mod 5).
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Our work above can also be used to provide a new elementary proof of the with Restricted
Odd Differences
following theorem, first proven by Chern and Hao via modular forms and later

proved in elementary fashion by Lin, Liu, Wang, and Xiao.

Theorem 11
For all n >0, t(45n + 30) = 0 (mod 5).

In order to prove the above theorem, we require two additional 3-dissection
results.
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Lemma 12
We have

fife =

f71:7_
fig

fo

fofo
f3fis
/9

—qfofis
fafis

2 fefo
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Lemma 12
We have
fefs 2f3ff8
flf f f18 Qf f fﬁfg,
T f79_ f3 s

B hs g

Using our main theorem as the starting point, we have
flf2f§ (mod 5) Closing Thoughts

> Hn)g" = 7

3
- ﬁ;(flm.
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From the above lemma, we then know
Odd Differences

4
D H(15n)g*" = jjz ( ﬁj{igg) (mod 5)

n>0

or
2 ¢4
Jifs (mod 5)

Closing Thoughts

n>0
f3 <f9 B qf3f18>
f1s fefo

again from the 3—dissections above.
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From the above lemma, we then know
Odd Differences

> H(15n)g*" = I (fﬁf-é) (mod 5)

nzo AN
or
sy Jids
> H(15n)g" = <15 (mod 5)
n>0 f2f6
I3 <fg2 _2qf3f128>
== :
f6 f18 f6 f9 Closing Thoughts
again from the 3—dissections above. Note that, when expanded as a power series
3n+2

in g, the last expression above will contain no terms of the form ¢
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1(15(3n +2)) = £(45n.+30) =0 (mod 5).

Closing Thoughts




Elementary Proofs

Closing Thoughts

Modulo 5 for
Overpartitions

Therefore, for all n > 0, with Restricted
Odd Differences

1(15(3n +2)) = £(45n.+30) =0 (mod 5).

And with that | will close.

Closing Thoughts




Closing Thoughts

Therefore, for all n > 0,
t(15(3n+2)) = t(45n +30) =0 (mod 5).

And with that | will close.

Thanks very much for attending my talk!
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