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» Share some thoughts regarding cubic partitions

» Discuss Merca's recent work on cubic partitions, with
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Goals For This Talk

My goals in this talk include the following:

» Share some thoughts regarding cubic partitions

» Discuss Merca's recent work on cubic partitions, with
special focus on his recent congruences and the proofs
he provided

» Describe work that Robson and | have since completed
to prove Merca's results as well as (newly identified)
infinite families of congruences for these objects using
truly elementary methods
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The primary combinatorial objects on which we will focus
our attention today are known as cubic partitions.
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The primary combinatorial objects on which we will focus
our attention today are known as cubic partitions.

These are integer partitions wherein the even parts are
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Introductory Thoughts

The primary combinatorial objects on which we will focus
our attention today are known as cubic partitions.

These are integer partitions wherein the even parts are
allowed to appear in two different colors.

Cubic partitions were introduced by Hei-Chi Chan in 2010 in
connection with Ramanujan’s cubic continued fraction.
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Introductory Thoughts

In a recent publication in the Ramanujan Journal, Mircea
Merca extensively studied a function which he denoted as
A(n) and is defined to be the difference between the number
of cubic partitions of n into an even numbers of parts and
the number of cubic partitions of n into an odd numbers of

parts.
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In a recent publication in the Ramanujan Journal, Mircea Partitions
Merca extensively studied a function which he denoted as S
A(n) and is defined to be the difference between the number
of cubic partitions of n into an even numbers of parts and

the number of cubic partitions of n into an odd numbers of ——
Thoughts

parts.
Merca noted that the generating function for A(n) is given

by
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In his paper, Merca proved the following two
Ramanujan—like congruences satisfied by A(n) :
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Introductory Thoughts

In his paper, Merca proved the following two
Ramanujan—like congruences satisfied by A(n) :

For all n > 0,

A9n+5)=0 (mod 3),
A(2Tn +26) =0 (mod 3).

Merca's proof of these two congruences relies solely on
Smoot’'s Mathematica implementation of Radu's algorithm
for proving partition congruences (which relies heavily on the
machinery of modular forms).
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In his paper, Merca proved the following two Partitions
Ramanujan—like congruences satisfied by A(n) : :

For all n > 0,
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A9n+5) =
A(2Tn + 26) =

(mod 3),

0
0 (mod 3).

Merca's proof of these two congruences relies solely on
Smoot’'s Mathematica implementation of Radu's algorithm
for proving partition congruences (which relies heavily on the
machinery of modular forms).

The relevant generating functions found via Smoot's
package are the following:
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Elementary Proofs of Merca's Congruences

In contrast to the proof approach mentioned above, our
initial goal is to provide truly elementary proofs of Merca's
two congruences.
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initial goal is to provide truly elementary proofs of Merca's
two congruences.

In order to do so, we will require a few well-known tools.
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Elementary Proofs of Merca's Congruences

In contrast to the proof approach mentioned above, our
initial goal is to provide truly elementary proofs of Merca's
two congruences.

In order to do so, we will require a few well-known tools.
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These functions satisfy many interesting properties, including
the following:
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In this light, we know that the generating function for A(n)
is given by
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In this light, we know that the generating function for A(n)
is given by
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In this light, we know that the generating function for A(n)
is given by

. n __ ﬁ _ ¢(_Q)
nZ:OA(n)q T

Next, we will need some well-known 3—dissection results in
order to construct our proofs.
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Elementary Proofs of Merca's Congruences

We are now in a position to provide our proof of Merca's
first congruence, which states that, for all n > 0,

A9n+5)=0 (mod 3).

We begin by using the first two dissection lemmas
mentioned above to extract the terms involving ¢®"*2 in the
original generating function:
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We are now in a position to provide our proof of Merca's
first congruence, which states that, for all n > 0,

A9n+5)=0 (mod 3).

We begin by using the first two dissection lemmas
mentioned above to extract the terms involving ¢®"*2 in the
original generating function:
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A 3 2 3n+2 2 J6J9J36 _2 2 JbJ18
> e+ 2 T s

n=0

Elementary Proofs
of Infinite Families
of Congruences for
Merca's Cubic
Partitions

Elementary Proofs
of Merca's
Congruences




Elementary Proofs of Merca's Congruences

We are now in a position to provide our proof of Merca's
first congruence, which states that, for all n > 0,

A9n+5)=0 (mod 3).

We begin by using the first two dissection lemmas
mentioned above to extract the terms involving ¢®"*2 in the
original generating function:

fefo s foff
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Dividing by ¢ and replacing ¢* by g yields
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Using the second and third dissection lemmas, we next
extract the terms of the form ¢3! from both sides of the
last congruence to obtain
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Using the second and third dissection lemmas, we next
extract the terms of the form ¢3! from both sides of the
last congruence to obtain

ZA(9n+5)q3n+1

n=0
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Using the second and third dissection lemmas, we next
extract the terms of the form ¢3! from both sides of the
last congruence to obtain

= a1 _ J3fis 818
ZA(9n+5)q = qf6f12 4qf§f12 (mod 3)

n=0
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Using the second and third dissection lemmas, we next
extract the terms of the form ¢3! from both sides of the

last congruence to obtain
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Using the second and third dissection lemmas, we next
extract the terms of the form ¢3! from both sides of the

last congruence to obtain

x Isfls _, I8S5
A9n +5)¢* = —4 mod 3
nz:% ( Ja qf6f12 qf§f12 ( )
fafis fs 1818
= —4 mod 3
Tohe  hta gy MY
f3ff’8
= -3 mod 3
T f2 ( )
= 0 (mod 3).
This proves Merca's first congruence. O
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We now consider Merca's second congruence, that for all
n >0,
A(27Tn +26) =0 (mod 3).

To do so, we return to the fact that

fifs) 3 f2) f3fi2

iA(3n+2)q" = <f2> it <f2> 13 (mod 3).
n=0

We then use the second and third lemmas above to extract
the terms of the form ¢"*2 from both sides of the above:
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We now consider Merca's second congruence, that for all
n >0,
A(27Tn +26) =0 (mod 3).

To do so, we return to the fact that

iA(3n+2)q" = <f2> it <f2> 13 (mod 3).
n=0

fifs) 3 f2) f3fi2

We then use the second and third lemmas above to extract
the terms of the form ¢"*2 from both sides of the above:

= fo s 13 fe fi
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Dividing by ¢2 and replacing ¢* by ¢, we obtain

- w_ PI3FY SIS
A(9 8 = -8
2 Alon+8)d" = Tt 8y

(YA ()
S \fi) 13 fifa) 12

Now we employ the second and fourth lemmas to extract the
terms of the form ¢®"*2 from the congruence above.

(mod 3)

(mod 3).

The resulting congruence after division by ¢ and replacing
q> by q is given by the following:
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= 0 (mod 3).

And that proves Merca's second congruence.
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The above proofs are very elementary . ..
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The above proofs are very elementary . ..

and very satisfying.
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New Infinite Families of Congruences

The above proofs are very elementary ... and very satisfying.

And they handle all of the Ramanujan—like arithmetic
properties of A(n) that Merca considered in his paper.
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New Infinite Families of Congruences

The above proofs are very elementary ... and very satisfying.

And they handle all of the Ramanujan—like arithmetic
properties of A(n) that Merca considered in his paper.

However, Maple seemed to indicate that more was going on,
at least modulo 3.
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The above proofs are very elementary ... and very satisfying.

And they handle all of the Ramanujan—like arithmetic
properties of A(n) that Merca considered in his paper.

However, Maple seemed to indicate that more was going on,
at least modulo 3.

Indeed, it appeared that, for all n > 0, A(81n+44) =0
(mod 3)
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New Infinite Families of Congruences

The above proofs are very elementary ... and very satisfying.

And they handle all of the Ramanujan—like arithmetic
properties of A(n) that Merca considered in his paper.

However, Maple seemed to indicate that more was going on,
at least modulo 3.

Indeed, it appeared that, for all n > 0, A(81n+44) =0
(mod 3) and, after much more extensive calculations,
A(243n + 233) =0 (mod 3).
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New Infinite Families of Congruences

The above proofs are very elementary ... and very satisfying.

And they handle all of the Ramanujan—like arithmetic
properties of A(n) that Merca considered in his paper.

However, Maple seemed to indicate that more was going on,
at least modulo 3.

Indeed, it appeared that, for all n > 0, A(81n+44) =0
(mod 3) and, after much more extensive calculations,
A(243n + 233) =0 (mod 3).

Something more appears to be true!
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New Infinite Families of Congruences

Given past experience with such phenomenon, | decided to
hunt for an “internal” congruence modulo 3 which is
satisfied by A(n). And Maple found it for me immediately.
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New Infinite Families of Congruences
Given past experience with such phenomenon, | decided to
hunt for an “internal” congruence modulo 3 which is
satisfied by A(n). And Maple found it for me immediately.

Theorem: For all n > 0,

A(2Tn+8) = A(Bn+1) (mod 3).
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New Infinite Families of Congruences
Given past experience with such phenomenon, | decided to
hunt for an “internal” congruence modulo 3 which is
satisfied by A(n). And Maple found it for me immediately.
Theorem: For all n > 0,

A(2Tn+8) = A(Bn+1) (mod 3).

You might wonder, “Why should | care?” (about such an
internal congruence)
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New Infinite Families of Congruences

Given past experience with such phenomenon, | decided to
hunt for an “internal” congruence modulo 3 which is
satisfied by A(n). And Maple found it for me immediately.

Theorem: For all n > 0,
A(2Tn +8) = A(3n+1) (mod 3).
You might wonder, “Why should | care?” (about such an

internal congruence)

In essence, internal congruences of this type sometimes exist
and can provide the induction step of the proof of an infinite
family of congruences where the modulus does not grow as
the arithmetic progressions change.
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New Infinite Families of Congruences

Let's now prove this internal congruence:
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New Infinite Families of Congruences

Let's now prove this internal congruence:

Theorem: For all n > 0,

A(2Tn +8) = A(Bn+ 1)

(mod 3).
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New Infinite Families of Congruences

Let's now prove this internal congruence:

Theorem: For all n > 0,

A(2Tn+8) = A(Bn+1) (mod 3).

We prove this theorem by simply showing that the
generating functions for A(27n + 8) and A(3n+ 1) are
congruent to one another modulo 3.
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New Infinite Families of Congruences

Let's now prove this internal congruence:

Theorem: For all n > 0,

A(2Tn+8) = A(Bn+1) (mod 3).

We prove this theorem by simply showing that the
generating functions for A(27n + 8) and A(3n+ 1) are
congruent to one another modulo 3.

So we need to perform a few more dissections like the ones
we completed above.
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New Infinite Families of Congruences

First, we return to the generating function for A(n), written
as 3(@3)’ and use the first two dissection lemmas mentioned

earlier to obtain the following:
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New Infinite Families of Congruences

First, we return to the generating function for A(n), written

as 3(@3))’ and use the first two dissection lemmas mentioned
earlier to obtain the following:

f??ff)Q f3f6f§1f122f:§36

n=0
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New Infinite Families of Congruences

First, we return to the generating function for A(n), written

as i((:?z))’ and use the first two dissection lemmas mentioned
earlier to obtain the following:

n—0 f??ff)Q f3f6f§1f122f:§36

Dividing this expression by ¢ and replacing ¢> by ¢, we have
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New Infinite Families of Congruences

First, we return to the generating function for A(n), written

as i((:?z))’ and use the first two dissection lemmas mentioned
earlier to obtain the following:

n—0 f??ff)Q f3f6f§1f122f:§36

Dividing this expression by ¢ and replacing ¢> by ¢, we have

2 r2 r2 11
I3 1515 6

A no— _
2 Alsn+ 1 5 ChR R
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New Infinite Families of Congruences

First, we return to the generating function for A(n), written

as i(( 3)) and use the first two dissection lemmas mentioned
earlier to obtain the following:

iA(fSn—i—l)q?’”H :qufgfl% _2 1%
f??ff)Q f3f6f9f12f36

n=0

Dividing this expression by ¢ and replacing ¢> by ¢, we have

i ABn+1)¢" = 13151 -2 0!
o i f1f2f§1ffff’2
_ BER_, BR

f2f§f6 f1f2f3f4f12
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New Infinite Families of Congruences

First, we return to the generating function for A(n), written

as i(( 3)) and use the first two dissection lemmas mentioned

earlier to obtain the following:

iA(Z&n—i—l)q?’”“:qufgf%S—Q 1%
n=0 f??flz))Q f3f6f9f12f36

Dividing this expression by ¢ and replacing ¢> by ¢, we have

i ABn+1)¢" = 13151 -2 0!
o i f1f2f§1ffff’2
_ BER_, BR

f2f§f6 f1f2f3f4f12
flsf(s3 _9 f2f6 d3
L lrpnm medd)
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New Infinite Families of Congruences

Next, we revisit the congruence expression we obtained
earlier for A(9n + 8) (remember, this was needed on our way
to A(27n + 26)) and use the second and fourth dissection
lemmas to extract the terms of the form ¢" to obtain a
generating function expression for A(27n + 8):
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Next, we revisit the congruence expression we obtained Partitions

earlier for A(9n + 8) (remember, this was needed on our way
to A(27n + 26)) and use the second and fourth dissection
lemmas to extract the terms of the form ¢" to obtain a
generating function expression for A(27n + 8):
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New Infinite Families of Congruences

Next, we revisit the congruence expression we obtained
earlier for A(9n + 8) (remember, this was needed on our way
to A(27n + 26)) and use the second and fourth dissection
lemmas to extract the terms of the form ¢" to obtain a
generating function expression for A(27n + 8):

- 31 3 fis
A(2Tn 4 8)¢*" = -8 mod 3).
2 AT = L S, )
After replacement of ¢3 by ¢, we have
o0 3 13 5 ¢9
ZA(Q?TL +8)¢" = fife _ 2 J2 76 (mod 3).

f2ft S

n=0
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New Infinite Families of Congruences

Next, we revisit the congruence expression we obtained
earlier for A(9n + 8) (remember, this was needed on our way
to A(27n + 26)) and use the second and fourth dissection
lemmas to extract the terms of the form ¢" to obtain a
generating function expression for A(27n + 8):

- 31 3 fis
A(2Tn 4 8)¢*" = -8 mod 3).
2 AT = L S, )
After replacement of ¢3 by ¢, we have
o0 3 13 5 ¢9
ZA(Q?TL +8)¢" = fife _ 2 J2 76 (mod 3).

f2ft S

n=0

Elementary Proofs
of Infinite Families
of Congruences for
Merca's Cubic
Partitions

New Infinite
Families of
Congruences




New Infinite Families of Congruences

We are now ready to state and prove our two (NEW) infinite
families of congruences modulo 3 satisfied by A(n).
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New Infinite Families of Congruences

We are now ready to state and prove our two (NEW) infinite
families of congruences modulo 3 satisfied by A(n).

The first of our Ramanujan—like families is the following:
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We are now ready to state and prove our two (NEW) infinite Partitions
families of congruences modulo 3 satisfied by A(n). :

The first of our Ramanujan—like families is the following:

Theorem: For all j > 0 and all n > 0,

. 39 . 9-7 1 New Infinite
A <9J+1n + *) =0 (mod 3). Familes of
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New Infinite Families of Congruences

We are now ready to state and prove our two (NEW) infinite
families of congruences modulo 3 satisfied by A(n).

The first of our Ramanujan—like families is the following:

Theorem: For all j > 0 and all n > 0,

30-97 +1
_|_7

A9j+1
(725

) =0 (mod 3).

Let's pause and check to see what these represent:
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New Infinite Families of Congruences

We are now ready to state and prove our two (NEW) infinite
families of congruences modulo 3 satisfied by A(n).

The first of our Ramanujan—like families is the following:

Theorem: For all j > 0 and all n > 0,

30-97 +1
_|_7

A9j+1
(725

) =0 (mod 3).

Let's pause and check to see what these represent:

The j = 0 case gives A(9n +5) =0 (mod 3).
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New Infinite Families of Congruences

We are now ready to state and prove our two (NEW) infinite
families of congruences modulo 3 satisfied by A(n).

The first of our Ramanujan—like families is the following:

Theorem: For all j > 0 and all n > 0,

30-97 +1
_|_7

A9j+1
(725

) =0 (mod 3).
Let's pause and check to see what these represent:

The j = 0 case gives A(9n +5) =0 (mod 3).

The j =1 case gives A(81n 4+ 44) =0 (mod 3).
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New Infinite Families of Congruences

The proof of this result is rather straightforward and consists
of an induction proof on j.
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New Infinite Families of Congruences

The proof of this result is rather straightforward and consists
of an induction proof on j.

The basis case, j = 0, has already been proven (it was
Merca's first congruence, and we proved that earlier.)
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New Infinite Families of Congruences

The proof of this result is rather straightforward and consists
of an induction proof on j.

The basis case, j = 0, has already been proven (it was
Merca's first congruence, and we proved that earlier.)

To check the induction step, we assume that, for all n > 0,
. 39-99 +1
A <9ﬂ+1n + 8+> =0 (mod 3)

for some j.
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The proof of this result is rather straightforward and consists Partitions

of an induction proof on j.

The basis case, j = 0, has already been proven (it was
Merca's first congruence, and we proved that earlier.)

To check the induction step, we assume that, for all n > 0,

New Infinite

Families of

. .9J
A <9J+1n —'— 39 98 + 1> = 0 (mod 3) Congruences

for some j.

We want to prove that, for all n > 0,

‘ L9itl 4
A <9j+2n + 3998+> =0 (mod 3).




New Infinite Families of Congruences

Note that

9it2p

39991 41
_‘_7

8

27 (3-9jn+

1397
8
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New Infinite Families of Congruences

Note that

9it2p

39991 41
Tt

= 27(3-9jn+

1397
8

Thanks to our internal congruence, we know that, for all

n >0,

A(2Tn +8) = A(3n+1)

(mod 3).
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New Infinite Families of Congruences

Note that

9it2p

39991 41
Tt

= 27(3-9jn+

1397
8

Thanks to our internal congruence, we know that, for all

n >0,

A2Tn +8) = A(Bn + 1)

(mod 3).
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New Infinite Families of Congruences

Note that

8 8 24

. .9+l 4 . 13.9J
9J+2n+3997+ — 27(39]’04— 3-9 _7>_|_8

Thanks to our internal congruence, we know that, for all
n >0,
A2 +8) = A(3n+ 1) (mod 3).

This provides us with the engine we need for the induction
step!
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( n + 3 >

, 13-99 7
= Af2 .97 - —
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New Infinite Families of Congruences

neeE +39-9J'+1+1
8
, 13-99 7
= Af2 .97 - —
7<3 9n+ S 24>+8>

. 13-99 7
. 0QJ o
(3 Yn+ 3 24>+>

39-9J'+1>
nt g

Il
h
7~ N7 N 77 N 7 N

= 0 (mod 3)

by the induction hypothesis.
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8
27 (3.9
< n -+ 3
1397
8

(3-9jn+

8

Il
h
7~ N7 N 77 N 7 N

= 0 (mod 3)

by the induction hypothesis.

39.97 +1
n+———

13-97

)

39-9J'+1+1>
+7
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New Infinite Families of Congruences

The second of our Ramanujan—like families is the following:
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The second of our Ramanujan—like families is the following: Partitions

Theorem: For all 5 > 0 and all n > 0,

23-99Ft 41

A (3 S9itly 4 S

> =0 (mod 3).
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New Infinite Families of Congruences

The second of our Ramanujan—like families is the following:

Theorem: For all 5 > 0 and all n > 0,

, 23971 11
A (3 L9t 4 8+> =0 (mod 3).

Let's pause and check to see what these represent:

Elementary Proofs
of Infinite Families
of Congruences for
Merca's Cubic
Partitions

Minnesota Duluth

New Infinite
Families of
Congruences




New Infinite Families of Congruences

The second of our Ramanujan—like families is the following:

Theorem: For all 5 > 0 and all n > 0,

23-99Ft 41
+7

Al3.-9/t!
(30 22

> =0 (mod 3).

Let's pause and check to see what these represent:

The j = 0 case gives A(27n +26) =0 (mod 3).
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New Infinite Families of Congruences

The second of our Ramanujan—like families is the following:

Theorem: For all 5 > 0 and all n > 0,

23-99Ft 41

A (3 S9itly 4 S

> =0 (mod 3).
Let's pause and check to see what these represent:

The j = 0 case gives A(27n +26) =0 (mod 3).

The j =1 case gives A(243n +233) =0 (mod 3).
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New Infinite Families of Congruences

The proof of this second family is identical in nature to the
proof of the first.
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New Infinite Families of Congruences

The proof of this second family is identical in nature to the
proof of the first.

Namely, the basis step is satisfied by one of Merca's original
congruences (his second one)!
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New Infinite Families of Congruences

The proof of this second family is identical in nature to the
proof of the first.

Namely, the basis step is satisfied by one of Merca's original
congruences (his second one)!

The induction step follows as in the previous proof, using the
internal congruence to transition down from the j + 1 step
back to the j step just as in the previous proof.
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New Infinite Families of Congruences

The proof of this second family is identical in nature to the
proof of the first.

Namely, the basis step is satisfied by one of Merca's original
congruences (his second one)!

The induction step follows as in the previous proof, using the
internal congruence to transition down from the j + 1 step
back to the j step just as in the previous proof. []
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Closing Thoughts

One last note.
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Closing Thoughts

One last note.

Robson and | learned last week that our paper has been
accepted and is to appear in the Ramanujan Journal!
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Closing Thoughts

One last note.

Robson and | learned last week that our paper has been
accepted and is to appear in the Ramanujan Journal!

And with that | will close. Thanks for your attention!
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