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Partition Statistics in Arithmetic Progressions
Partitions

THE PARTITION FUNCTION p(n)
DEFINITION
A partition of an integer n is any nonincreasing sequence

A={A, A N

of positive integers which sum to n.
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Partitions

THE PARTITION FUNCTION p(n)

DEFINITION

A partition of an integer n is any nonincreasing sequence
A:={A1, A2, N}

of positive integers which sum to n.

NOTATION

The partition function

p(n) := # partitions of n.
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Partitions

THE PARTITION FUNCTION p(n)

DEFINITION

A partition of an integer n is any nonincreasing sequence
A:={A1, A2, N}

of positive integers which sum to n.

NOTATION

The partition function

p(n) := # partitions of n.

4=3+1=2+2=2+141=14+1+1+1 = p(4)=5.

v
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We have that
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RAMANUJAN’S LEGACY

THEOREM (HARDY AND RAMANUJAN)
We have that

1 o/ 2n

p(n)~4n\/§e e

THEOREM (RAMANUJAN)

For every n, we have that
p(bn+4)=0 (mod 5),

p(Tn+5)=0 (mod 7),
p(1lln+6) =0 (mod 11).
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Partitions

DyYSON’S RANK

DEFINITION
The rank of a partition is its largest part minus its number of parts.

N(m,n) := #{partitions of n with rank m}.
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Partition Statistics in Arithmetic Progressions

Partitions

DyYSON’S RANK

DEFINITION

The rank of a partition is its largest part minus its number of parts.

N(m,n) := #{partitions of n with rank m}.

EXAMPLE

The ranks of the partitions of 4:

Partition
4
3+1
242
24+14+1
1+1+14+1

Largest Part # Parts
4 1
3 2
2 2
2 3
1 4

Rank
3=3 (mod 5)
1=1 (mod 5)
0=0 (mod 5)

—1=4 (mod 5)
—3=2 (mod 5)

v
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Partitions

DyYsoON’S CONJECTURE

DEFINITION
If 0 < a < b, then let

N(a, b;n) := #{partitions of n with rank =a mod b}.
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Partitions

DyYsoON’S CONJECTURE

DEFINITION
If 0 < a < b, then let

N(a, b;n) := #{partitions of n with rank =a mod b}.

CONJECTURE (DYSON, 1944)

For every n and every a, we have

N(a,5;5n +4) = p(5n +4)/5,

N(a,7;7n+5) =p(Tn+5)/T7.
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Dyson’s Congecture is true.
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EQUIDISTRIBUTION OF RANKS MODULO ¢

THEOREM (ATKIN AND SWINNERTON-DYER, 1954)

Dyson’s Conjecture is true.

THEOREM (BRINGMANN (DUKE MATH. J, 2008))

Dyson’s Rank functions N(a,b;n) satisfy

. N(a,b;n) 1
lim —= = —.
n—+oo  p(n) b
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Partitions

EQUIDISTRIBUTION OF RANKS MODULO ¢

THEOREM (ATKIN AND SWINNERTON-DYER, 1954)

Dyson’s Conjecture is true.

THEOREM (BRINGMANN (DUKE MATH. J, 2008))

Dyson’s Rank functions N(a,b;n) satisfy

. N(a,b;n) 1
lim —= = —.
n—+oo  p(n) b

REMARK

Consequences of harmonic Maass form theory (“mock modularity”).
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NATURAL QUESTIONS

QUESTIONS

Suppose s(A) is an integer valued partition invariant,
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NATURAL QUESTIONS

QUESTIONS

Suppose s(A) is an integer valued partition invariant, and let

C(a,b;n) := #{Size n partitions A with s(A) =a (mod b)}.
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NATURAL QUESTIONS

QUESTIONS

Suppose s(A) is an integer valued partition invariant, and let

C(a,b;n) := #{Size n partitions A with s(A) =a (mod b)}.

@ What can be said about the distribution of

p(n) = C(0,b;n) + C(1,b;n) 4 -+ -+ C(b—1,b;n)?

o’
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Partitions

NATURAL QUESTIONS

QUESTIONS

Suppose s(A) is an integer valued partition invariant, and let

C(a,b;n) := #{Size n partitions A with s(A) =a (mod b)}.

@ What can be said about the distribution of

p(n) = C(0,b;n) + C(1,b;n) 4 -+ -+ C(b—1,b;n)?

@ For instance, do we have equidistribution

lim C(a,b;n)

_ 1 ?
n—-—+o00 p(n) a b '

o’
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NEW EXAMPLES

QUESTIONS
What can be said about the distributions of

o Partition hook numbers?
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Partition Statistics in Arithmetic Progressions
Partitions

NEW EXAMPLES

QUESTIONS
What can be said about the distributions of

o Partition hook numbers?

o Betti numbers of Hilbert schemes?
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Hooks

HoOK NUMBERS

DEFINITION
Each partition Ay > Ao > --- > A, has a Ferrers-Young diagram

e ...e < )\jnodes
° < Ao nodes
o ... o < A nodes,
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HoOK NUMBERS

DEFINITION
Each partition Ay > Ao > --- > A, has a Ferrers-Young diagram

e ...e < )\jnodes
° < Ao nodes
o ... o < A nodes,

The node in row k£ and column j has hook number

h(k,5) == (A — k) + (X; — ) + 1,
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Hooks

HoOK NUMBERS

DEFINITION
Each partition Ay > Ao > --- > A, has a Ferrers-Young diagram

e ...e < )\jnodes
° < Ao nodes
o ... o < A nodes,

The node in row k£ and column j has hook number
h(k,7) = (A — k) + (\j = j) + 1,

where )\;- is the number of nodes in column j.
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Hooks

HoOK NUMBERS

DEFINITION
Each partition Ay > Ao > --- > A, has a Ferrers-Young diagram

e ...e < )\jnodes
° < Ao nodes
o ... o < A nodes,

The node in row k£ and column j has hook number
h(k,7) = (A — k) + (\j = j) + 1,

where ). is the number of nodes in column j.
A t-hook is any hook number which is a multiple of .
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Hooks

AN EXAMPLE

EXAMPLE

The partition A =5+ 4 + 1, has Young diagram

311

D
3

4
2

—_

|>ACH\]
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Hooks

AN EXAMPLE

EXAMPLE
The partition A =5+ 4 + 1, has Young diagram

A]3]1]
2

D
3

—_

|>ACH\]

Therefore, we have
(Hooks) H(A)={1,1,1,2,3,3,4,5,5,7}

(2 Hooks)  Ha(A) = {2,4}
(3 Hooks)  Hs(A) ={3,3}.

K. Bringmann, W. Craig, J. Males, and K. Ono Partition Statistics in Arithmetic Progressions



-



Partition Statistics in Arithmetic Progressions
Partitions
Hooks

HOOK NUMBERS AND REPRESENTATION THEORY

THEOREM (CLASSICAL)

@ There are p(n) many irreducible representations of Sy,.
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HOOK NUMBERS AND REPRESENTATION THEORY

THEOREM (CLASSICAL)

@ There are p(n) many irreducible representations of S,.

@ The S, action on standard tableaux of partitions A gives

pA : Sp— GL(VR).
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HOOK NUMBERS AND REPRESENTATION THEORY

THEOREM (CLASSICAL)
@ There are p(n) many irreducible representations of S,.
@ The S, action on standard tableaux of partitions A gives
pA : Sp— GL(VR).
In terms of hook numbers, we have

n!

dim(Vy) = —HhEH(A) R 7)
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Hooks

HOOK NUMBERS AND REPRESENTATION THEORY

THEOREM (CLASSICAL)
@ There are p(n) many irreducible representations of S,.
@ The S, action on standard tableaux of partitions A gives
pA : Sp— GL(VR).
In terms of hook numbers, we have

n!

dim(Vy) = —HhEH(A) R 7)

REMARKS

(1) The p-divisibility of hook numbers dictates divisibility of dim(Vy).

4
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HOOK NUMBERS AND REPRESENTATION THEORY

THEOREM (CLASSICAL)

@ There are p(n) many irreducible representations of S,.

@ The S, action on standard tableaux of partitions A gives
pA : Sp— GL(VR).
In terms of hook numbers, we have

n!

dim(Vy) = —HhEH(A) R 7)

REMARKS

(1) The p-divisibility of hook numbers dictates divisibility of dim(Vy).
(2) Granville-O solved Brauer’s Problem 19 by classifying H,(A) = 0.
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Hooks

HOOKS AND INFINITE PRODUCTS

THEOREM (NEKRASOV-OKOUNKOV, 2003)

For any complex number z, we have

[Ma-er =3 I (1-7)
n=1 heH(A)
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HOOKS AND INFINITE PRODUCTS

THEOREM (NEKRASOV-OKOUNKOV, 2003)

For any complex number z, we have

fla-m= =S I (- %),
n=1 heH(A)

THEOREM (HAN, 2008)
Fort € N, roots of unity ¢ and z € C we have

. 1—q qu 11 ( CZ;)
— — N

n:l heH (

o0
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ECLIPSES CLASSICAL THETA FUNCTION IDENTITIES

o (Buler) ¢[2%,(1— ) =q—¢® — ¢* +¢"2 +¢'% —

o (Jacobi) q[[02,(1—¢%")3 =q—3q¢° +5¢* — 7¢"* + 11¢'*! —

16m\2
o (Gauss) g2, Gele =a+a® +¢® +¢P + ¢+ ..
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Hooks

ECLIPSES CLASSICAL THETA FUNCTION IDENTITIES

o (Buler) ¢[2%,(1— ) =q—¢® — ¢* +¢"2 +¢'% —
o (Jacobi) q[ToZ,(1—¢*")® = q—3¢° +5¢°° — 7¢* +11¢"*" —

16m\2
o (Gauss) g2, Gele =a+a® +¢® +¢P + ¢+ ..

REMARKS

(1) N-O gives the first two with z = 2,4 by expanding

> I (-5)

AFn heH(A
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ECLIPSES CLASSICAL THETA FUNCTION IDENTITIES

o (Buler) ¢[2%,(1— ) =q—¢® — ¢* +¢"2 +¢'% —
o (Jacobi) q[ToZ,(1—¢*")® = q—3¢° +5¢°° — 7¢* +11¢"*" —

16m\2
o (Gauss) g2, Gele =a+a® +¢® +¢P + ¢+ ..

REMARKS

(1) N-O gives the first two with z = 2,4 by expanding

> I (-5)

AFn heH(A

(2) The N-O and Han q-series “are” modular forms when z € Z.
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COUNTING t-HOOKS IN PARTITIONS

DEFINITION
If t € ZT and 0 < a < b, then we define

pe(a,byn) :=#{AFn : #Hi(A) =a (mod b)}.
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COUNTING t-HOOKS IN PARTITIONS

DEFINITION
If t € ZT and 0 < a < b, then we define

pe(a,byn) :=#{AFn : #Hi(A) =a (mod b)}.
Moreover, we define the density function

Ui(a,bin) = W_
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COUNTING t-HOOKS IN PARTITIONS

DEFINITION
If t € ZT and 0 < a < b, then we define

pe(a,byn) :=#{AFn : #Hi(A) =a (mod b)}.
Moreover, we define the density function

Ui(a,bin) = W_

QUESTION

For large n, what is the distribution of

p(n) = pe(0,b;n) + pe(1,b;n) + -+ pe(b— 1,b;n) ?
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NUMBER OF 3-HOOKS MODULO 3

n W3(0,3;m) U3(1,3;n) | U5(2,3;n)
100 ~ 0.4356 ~ 0.1639 | =~ 0.4003

500 ~ 0.3234 ~ 0.3670 | =~ 0.3096
600 ~ 0.3318 ~0.3114 | ~0.3567

2100 ~ 0.3320 ~ 0.3348 | = 0.3332
2300 ~ 0.3330 ~ 0.3345 | =~ 0.3325
2500 ~ 0.3324 ~ 0.3337 | =0.3339
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Partitions
Hooks

NUMBER OF 3-HOOKS MODULO 3

n W3(0,3;m) U3(1,3;n) | U5(2,3;n)
100 ~ 0.4356 ~ 0.1639 | =~ 0.4003

500 ~ 0.3234 ~ 0.3670 | =~ 0.3096
600 ~ 0.3318 ~0.3114 | ~0.3567

2100 ~ 0.3320 ~ 0.3348 | = 0.3332
2300 ~ 0.3330 ~ 0.3345 | =~ 0.3325
2500 ~ 0.3324 ~ 0.3337 | =0.3339

REMARK
The number of 3-hooks seems to be equidistributed modulo 3. J
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NUMBER OF 2-HOOKS MODULO 3

n Ws(0,3;n) Wa(1,3:n) | Ua(2,3;n)

300 ~ (.7347 ~ (0.2653 0
600 ~ 0.6977 ~ 0.3022 0
900 ~ (.6837 ~ 0.3163 0
4500 = (.6669 ~ 0.3330 0
4800 ~ (0.6669 = 0.3330 0
5100 ~~ 0.6668 2~ 0.3331 0
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Partitions
Hooks

NUMBER OF 2-HOOKS MODULO 3

n Ws(0,3;n) Wa(1,3:n) | Ua(2,3;n)

300 ~ 0.7347 ~ 0.2653 0

600 ~ 0.6977 ~ 0.3022 0

900 ~ 0.6837 ~ 0.3163 0

4500 ~ 0.6669 ~ 0.3330 0

4800 =~ 0.6669 =2 0.3330 0

5100 =~ 0.6668 =~ 0.3331 0
QUESTIONS

@ What is going on?
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NUMBER OF 2-HOOKS MODULO 3

n Ws(0,3;n) Wa(1,3:n) | Ua(2,3;n)

300 ~ 0.7347 ~ 0.2653 0

600 ~ 0.6977 ~ 0.3022 0

900 ~ 0.6837 ~ 0.3163 0

4500 ~ 0.6669 ~ 0.3330 0

4800 =~ 0.6669 =2 0.3330 0

5100 =~ 0.6668 =~ 0.3331 0
QUESTIONS

@ What is going on?
@ Does it matter that the n in the table are multiples of 37
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Partitions
Hooks

NUMBER OF 4-HOOKS MODULO 3

Wy (0,3;12n)

Wy(1,3;12n)

Uy(2,3;12n)

180
190
200

~ 0.4804

= 0.4500
~ (.4485

= 0.4447
= 0.4447
~ 0.4446

~ 0.3373

= (.3381
~ 0.3373

= (0.3340
= (0.3339
~ 0.3338

~ 0.1823

=~ 0.2119
~ (.2142

=~ (0.2212
~ (0.2214
~ 0.2215
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NUMBER OF 4-HOOKS MODULO 3

n Wy (0,3;12n) Wy(1,3;12n) | Wy(2,3;12n)
10 ~ 0.4804 ~ 0.3373 ~ (0.1823
50 =2 0.4500 = 0.3381 =~ 0.2119
60 =2 (.4485 ~ 0.3373 ~ (.2142
180 =2 0.4447 =2 0.3340 =~ (.2212
190 =2 0.4447 = 0.3339 =~ (0.2214
200 =~ 0.4446 =~ 0.3338 ~ 0.2215
SPECULATION

4/9 ifa=0 9
lim Uy(a,3;12n) =< 1/3 ifa=1 .
n—-+oo
2/9  ifa=2
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DISTRIBUTIONS

THEOREM (B-C-M-0)
Ift > 1 and 0 < a < b, where b is an odd prime, then we have

Ct(a’a b,n) e 2

a,b;n) ~ 3,
Pl ) 4v/3n
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DISTRIBUTIONS

THEOREM (B-C-M-0)

Ift > 1 and 0 < a < b, where b is an odd prime, then we have

b; a2
pt(a7 b7 n) ~ Ct(a’ 7n) .e 23 .
4/3n

Moreover, the function c¢i(a,b;n) is periodic in n modulo b.
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DISTRIBUTIONS

THEOREM (B-C-M-0)
Ift > 1 and 0 < a < b, where b is an odd prime, then we have

b; a2
pt(a7 b7 n) ~ Ct(a’ 7n) .e 23 .
4/3n

Moreover, the function c¢i(a,b;n) is periodic in n modulo b.

<

REMARKS
@ Equidistribution requires ci(a,b;n) = 1/b.
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DISTRIBUTIONS

THEOREM (B-C-M-0)
Ift > 1 and 0 < a < b, where b is an odd prime, then we have

b; a2
pt(a7 b7 n) ~ Ct(a’ 7n) .e 23 .
4/3n

Moreover, the function c¢i(a,b;n) is periodic in n modulo b.

<

REMARKS
@ Equidistribution requires ci(a,b;n) = 1/b.

@ Theorem known earlier for t = 2 by Craig and Pun.

K. Bringmann, W. Craig, J. Males, and K. Ono Partition Statistics in Arithmetic Progressions



Partition Statistics in Arithmetic Progressions
Partitions
Hooks

FORMULAS FOR c¢(a, b;n)

DEFINITION
If 0 < a < b, where b is an odd prime, then

0 if blt,

elabin) = L+ d (DT bt F (4) if bt and ¢ is odd,
b b . b
—t)(b—1) 1 (142 —b2)+at—n
(—1)(1 2=t b3 (M) ey ifb)t and tis even,
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FORMULAS FOR ¢(a, b;n)

DEFINITION
If 0 < a < b, where b is an odd prime, then

0 if blt,

elabin) = L+ d (DT bt F (4) if bt and ¢ is odd,

b b . b
—t)(b— L(1-2)(1-b2)+at—n

(—1)(1 2=t b3 (M) ey ifb)t and tis even,

Here I(a, b, t,n) is a certain residue class indicator function, and
ep := 1 (resp, ) when b =1 (mod 4) (resp. b =3 (mod 4)).
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FORMULAS FOR ¢(a, b;n)

DEFINITION
If 0 < a < b, where b is an odd prime, then

0 if blt,

(=1) =41, b, £, o~ (1)

: if bt and ¢t is odd,

ci(a,byn) = !

g‘l'

—t)(b— L(1-2)(1-b2)+at—n
(—1)(1 2=t b3 (M) ey ifb)t and tis even,

Here I(a, b, t,n) is a certain residue class indicator function, and
ep := 1 (resp, ) when b =1 (mod 4) (resp. b =3 (mod 4)).

REMARK

We have equidistribution precisely when b | t.
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VANISHING FOR t € {2, 3}

THEOREM (B-C-M-0O)

The following are true for primes £.
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Hooks

VANISHING FOR t € {2, 3}

THEOREM (B-C-M-0O)
The following are true for primes £.
(1) If ¢ is odd and (M) = —1, then we have

p2(a1, 4;0n + az) = 0.

K. Bringmann, W. Craig, J. Males, and K. Ono Partition Statistics in Arithmetic Progressions




Partition Statistics in Arithmetic Progressions
Partitions
Hooks

VANISHING FOR t € {2, 3}

THEOREM (B-C-M-0O)
The following are true for primes £.
(1) If ¢ is odd and (M) = —1, then we have

p2(a1, 4;0n + az) = 0.
(2) If ¢ =2 (mod 3) and ord;(—9a; +3az+1) =1, then we have

D3 (a1,€2;€2n + ag) = 0.
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VANISHING FOR t € {2, 3}

THEOREM (B-C-M-0O)
The following are true for primes £.
(1) If ¢ is odd and (M) = —1, then we have

p2(a1, 4;0n + az) = 0.
(2) If ¢ =2 (mod 3) and ord;(—9a; +3az+1) =1, then we have

D3 (a1,€2;€2n + ag) = 0.

QUESTION

The proof uses theta functions and weight 1 Eisenstein series.

4
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Partitions
Hooks

VANISHING FOR t € {2, 3}

THEOREM (B-C-M-0O)
The following are true for primes £.
(1) If ¢ is odd and (M) = —1, then we have

p2(a1, 4;0n + az) = 0.
(2) If ¢ =2 (mod 3) and ord;(—9a; +3az+1) =1, then we have

D3 (a1,€2;€2n + ag) = 0.

QUESTION

The proof uses theta functions and weight 1 Eisenstein series.
Is there an “elementary combinatorial proof”?

4
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For ¢ = 3, part (1) implies

p2(0,3;3n + 2) = pa(1,3;3n+ 1) = p2(2,3;3n) = 0.

«O>» «F>» «=)r» «=)» = Q>



Partition Statistics in Arithmetic Progressions
Partitions
Hooks

EXAMPLES

EXAMPLE (2 HOOKS)

For ¢ = 3, part (1) implies

p2(0,3;3n + 2) = pa(1,3;3n + 1) = pa(2,3;3n) = 0.

There are 3(¢2 — ¢) many pairs (a1,a2) (mod ¢) with this vanishing.

K. Bringmann, W. Craig, J. Males, and K. Ono Partition Statistics in Arithmetic Progressions



Partition Statistics in Arithmetic Progressions
Partitions
Hooks

EXAMPLES

EXAMPLE (2 HOOKS)

For ¢ = 3, part (1) implies
p2(0,3;3n + 2) = pa(1,3;3n + 1) = pa(2,3;3n) = 0.

There are 3(¢2 — ¢) many pairs (a1,a2) (mod ¢) with this vanishing.

v

EXAMPLE (3 HOOKS)

For ¢ = 2, part (2) gives

p3(0,4;4n + 3) = p3(1,4;4n + 2) = p3(2,4;4n + 1) = p3(3,4;4n) = 0.
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Partitions
Hooks

EXAMPLES

EXAMPLE (2 HOOKS)

For ¢ = 3, part (1) implies

p2(0,3;3n + 2) = pa(1,3;3n + 1) = pa(2,3;3n) = 0.

There are 3(¢2 — ¢) many pairs (a1,a2) (mod ¢) with this vanishing.

v

EXAMPLE (3 HOOKS)

For ¢ = 2, part (2) gives

p3(0,4;4n 4 3) = p3(1,4;4n + 2) = p3(2,4;4n + 1) = p3(3,4;4n) = 0.

For £/ =2 (mod 3) and each 0 < a; < 2, there are £ — 1 choices for as.

v
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Partition Statistics in Arithmetic Progressions
Partitions
Hilbert schemes

HILBERT SCHEMES ON n POINTS

DEFINITION

The nth Hilbert scheme of a projective variety S is a
“smoothed” version of the nth symmetric product of S.
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HILBERT SCHEMES ON n POINTS

DEFINITION

The nth Hilbert scheme of a projective variety S is a
“smoothed” version of the nth symmetric product of S.

EXAMPLE (GOTTSCHE AND BURYAK, FEIGIN, & NAKAJIMA)

Denote the Hilbert scheme of n points of C? by (C?)".

o’
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Partitions
Hilbert schemes

HILBERT SCHEMES ON n POINTS

DEFINITION

The nth Hilbert scheme of a projective variety S is a
“smoothed” version of the nth symmetric product of S.

EXAMPLE (GOTTSCHE AND BURYAK, FEIGIN, & NAKAJIMA)

Denote the Hilbert scheme of n points of C? by (C?)".
For 0 < a < b, we define the modular sums of Betti numbers

B(a,b;((Cz)[n]) = Y dim(Hj(((Cz)[n],Q>).

j=a (mod b)

o’
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HILBERT SCHEMES ON n POINTS

DEFINITION

The nth Hilbert scheme of a projective variety S is a
“smoothed” version of the nth symmetric product of S.

EXAMPLE (GOTTSCHE AND BURYAK, FEIGIN, & NAKAJIMA)

Denote the Hilbert scheme of n points of C? by (C?)".
For 0 < a < b, we define the modular sums of Betti numbers

B(a,b;(Cz)[n]) = Y dim(Hj(((CQ)[n],Q>).

j=a (mod b)

The homology is labelled by the partitions of n, and so we have

p(n) = bi:l B (a, b; ((C2)[n]) .
a=0

K. Bringmann, W. Craig, J. Males, and K. Ono Partition Statistics in Arithmetic Progressions
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Partition Statistics in Arithmetic Progressions
Partitions
Hilbert schemes

DISTRIBUTION FUNCTIONS

QUESTION
For large n, what is the distribution of
p(n) =

v
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Partitions
Hilbert schemes

DISTRIBUTION FUNCTIONS

QUESTION

For large n, what is the distribution of

p(n) =
B (O’ b; ((C2)[n]) + B (1,[); (((:2)[”]) 4+...4+ B (b —1,b; ((CQ)[TL]) ?

v

DEFINITION
If 0 < a < b, then define the Betti distribution functions

B ((1,, b; (CQ) [n])

d(a,byn) = o)
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Partitions
Hilbert schemes

NUMERICAL EXAMPLE

n 8(0,3;n) 8(1,3;n) | 6(2,3;n)
1 0 0
2 0.5000 0 0.500

—_

18 ~ 0.3377 ~ 0.3325 | = 0.3299
19 ~ 0.3367 ~ (0.3306 | =~ 0.3327
20 ~ 0.3333 ~ 0.3317 | =~ 0.3349
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Partitions
Hilbert schemes

NUMERICAL EXAMPLE

n 8(0,3;n) 8(1,3;n) | 6(2,3;n)

1 1 0
2 0.5000 0 0.500
18 ~ 0.3377 ~ 0.3325 | = 0.3299

19 ~ 0.3367 ~ (0.3306 | =~ 0.3327
20 ~ 0.3333 ~ 0.3317 | = 0.3349

REMARK
This looks like equidistribution! J
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Partition Statistics in Arithmetic Progressions
Partitions
Hilbert schemes

BETTI NUMBER DISTRIBUTION

THEOREM (B-C-M-0)
As n — oo, we have
B ,b, (C2 [n] ~ ’ LT 5
(a5 (@)") ~ S50 e

where
if b is odd,

if @ and b are even,

d(a,b) :=

S oo =

if a is odd and b is even.
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BETTI NUMBER DISTRIBUTION

THEOREM (B-C-M-0)

As n — oo, we have

d b n
B (a, (€)") ~ 290 v/,
4\/§n
where
% if b is odd,
d(a,b) :=q 2 if @ and b are even,
0 if a is odd and b is even.
REMARKS

(1) We have equidistribution for odd b.

4
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BETTI NUMBER DISTRIBUTION

THEOREM (B-C-M-0)

As n — 0o, we have

d(a,b)
4\/§n ’

2n
3

B (a, b; (Cz)[n]> ~

where
% if b is odd,
d(a,b) :=q 2 if @ and b are even,
0 if a is odd and b is even.
REMARKS

(1) We have equidistribution for odd b.

(2) We have equidistribution over even classes modulo even b.

4
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Partition Statistics in Arithmetic Progressions
Circle Method

PROOFS RELY ON THE CIRCLE METHOD

@ For partition statistic s(A), consider the generating function
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Circle Method

PROOFS RELY ON THE CIRCLE METHOD

@ For partition statistic s(A), consider the generating function

Gs(q) := Z 25N gL,
A
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Circle Method

PROOFS RELY ON THE CIRCLE METHOD

@ For partition statistic s(A), consider the generating function

)i= 3 2 Mgl
A

@ For 0 <a < band ¢ := 2™/’ we have

b 1
Gs(a,b;q) Zgb TG q) = 3 gl

A
s(A)=a (mod b)
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PROOFS RELY ON THE CIRCLE METHOD

@ For partition statistic s(A), consider the generating function

)i= 3 2 Mgl
A

@ For 0 <a < band ¢ := 2™/’ we have

b 1
Gs(a,b;q) Zgb TG q) = 3 gl

A
s(A)=a (mod b)

@ Therefore, by Cauchy’s Theorem we get

, 1 [ Gs(a,b;q)
#{AFn with s(A) =a (mod b)} = o /C qu'
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Partition Statistics in Arithmetic Progressions
Circle Method

REMARKS ABOUT THE CIRCLE METHOD

@ Great for modular generating functions!
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Circle Method

REMARKS ABOUT THE CIRCLE METHOD

@ Great for modular generating functions!
Often gives exact formulas (i.e. Rademacher expansions).
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Circle Method

REMARKS ABOUT THE CIRCLE METHOD

@ Great for modular generating functions!
Often gives exact formulas (i.e. Rademacher expansions).

2 Z Ak(n)[ (?T\/24?1 — 1)

(24n 1)1 k2 Gk

p(n) =
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Circle Method

REMARKS ABOUT THE CIRCLE METHOD

@ Great for modular generating functions!
Often gives exact formulas (i.e. Rademacher expansions).

p(n) = 27 i Z Akgn)lg (?T\/Zil?‘l - 1) .
(24n — 1)1 13 k2 6k

@ “Wright’s Variant” is sufficient for asymptotics for many
other generating functions.
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Circle Method

THEOREM (WRIGHT)
Suppose the following for F(q) =3 c(n)q"™ = L(q)&(q).

(1) For k > 1, as |z| — 0 in the cone |Arg(z)| < § —d, we have

, k=1 )
L(e %) = B E ozjzJ + Os (zk)

j=0

fe=") = P (1 10,4 (e;z’x)> .

(2) As |z] — 0 in the cone 5 — & < |Arg(z)| < 5, we have L(e™ %) <5 2= C.

(3) As |z] = 0 in the bounded cone 5 — 3§ < |Arg(z)| < §, we have

_e
l€(e™ ) <5 £(le™ e =
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THEOREM (WRIGHT)
Suppose the following for F(q) =3 c(n)q"™ = L(q)&(q).

(1) For k > 1, as |z| — 0 in the cone |Arg(z)| < § —d, we have

, k=1 )
L(e %) = B E ozjzJ + Os (zk)

j=0

fe=") = P (1 10,4 (e;z’x)> .

(2) As |z] — 0 in the cone 5 — & < |Arg(z)| < 5, we have L(e™ %) <5 2= C.
(3) As |z] = 0 in the bounded cone 5 — 3§ < |Arg(z)| < §, we have

_e
l€(e™ ) <5 £(le™ e =

If (1)-(3) hold, then as n — oo we have for any R € Rt

3

R—1
1
c(n) = ni (2B=26-3) 2¢vm (Z PN
=0

co (v ) ) ,
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Partition Statistics in Arithmetic Progressions
Circle Method

t-HOOK GENERATING FUNCTION

THEOREM (HAN, 2008)

As formal power series, we have

Z #H: (M)A 1 ﬁ (1-¢™)
Hi(z;9) == ) 27" WM = e —=,
&= Fa(zq') 2% 1—gq

where Fy(z;q) :==[]02, (1 — (2q)™).
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t-HOOK GENERATING FUNCTION

THEOREM (HAN, 2008)

As formal power series, we have

#HL(A) A 1 7 (1—a™)'
Hi(z;q) := Z AHHN) Al — Fled) . H
AEP !

where Fy(z;q) :==[]02, (1 — (2q)™).

REMARKS

@ Note that Hy(1;q) = Yo" o p(n)g™.

v
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t-HOOK GENERATING FUNCTION

THEOREM (HAN, 2008)

As formal power series, we have

Ho (2 q) — #H. M) A _ L o (=g’
t(z9) = Z “ v = Fr(zq) H
AeP !

where Fy(z;q) :==[]02, (1 — (2q)™).

REMARKS
@ Note that Hi(1;q) =Y oo, p(n)g™.

@ Dedekind’s eta-function n(r) = a/HT,(1 — q) is a weight
1/2 modular form in q := e*™'7.

v
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Circle Method

t-HOOK GENERATING FUNCTION

THEOREM (HAN, 2008)

As formal power series, we have

#H: (M)A 1 T (1—¢™)'
e a) =y a g 1]

. At)t
=) F2(qu)

where Fy(z;q) :==[]02, (1 — (2q)™).

REMARKS
@ Note that Hi(1;q) =Y oo, p(n)g™.

@ Dedekind’s eta-function n(r) = a/HT,(1 — q) is a weight
1/2 modular form in q := e*™'7.

@ For roots of unity z = ¢, we have that H¢((; q) is “essentially” a

weight -1/2 modular form.

v
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Partition Statistics in Arithmetic Progressions
Circle Method

BETTI NUMBERS FOR n POINT HILBERT SCHEMES

THEOREM (GOTTSCHE 1992)

As formal power series, we have that

G(z;q) == ZP (((CQ)M ;2) q" = H 1—22:’[”_2QW’
n=0 m=

where P (((Cz)[n] ;z) 18 the Poincaré polynomial.
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BETTI NUMBERS FOR n POINT HILBERT SCHEMES

THEOREM (GOTTSCHE 1992)

As formal power series, we have that

G(z;q) == ZP (((CQ)M ;2) q" = H 1—22:’[”_2QW’
n=0 1

m=

where P (((Cz)[n] ;z) 18 the Poincaré polynomial.

REMARKS
@ Note that G(1;q9) =Y o2, p(n)g™.
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BETTI NUMBERS FOR n POINT HILBERT SCHEMES

THEOREM (GOTTSCHE 1992)

As formal power series, we have that

G(z;q) == ZP (((CQ)M ;2) q" = H 1—22:’[”_2QW’
n=0 m=

where P (((Cz)[n] ;z) 18 the Poincaré polynomial.

REMARKS
@ Note that G(1;q9) =Y o2, p(n)g™.

@ At roots of unity z = (, this q-series is not a modular form.
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Partition Statistics in Arithmetic Progressions
Asymptotics for various infinite products

SOME INFINITE PRODUCTS

DEFINITION

For roots of unity z, we define

ﬁ (1—2q¢")

n=1

=T — o),

n=1

F5(z;q) :== (1 — z_l(zq)") :

|

3
Il
-
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Asymptotics for various infinite products

SOME INFINITE PRODUCTS

DEFINITION

For roots of unity z, we define

n=1

ﬁ

=il

S

ﬁ (1—2q¢")

0)"),

ﬁ(l—z (zq)™ )

n=1

REMARKS

@ We need to determine their behavior as ¢ — roots of unity.

<
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SOME INFINITE PRODUCTS

DEFINITION

For roots of unity z, we define

ﬁ (1—2q¢")

n=1

:H(l_

n=1

(1—2""(zq)").

|

Fs(z;q) :==

3
Il
-

REMARKS

Q@ We need to determine their behavior as ¢ — roots of unity.

@ F5(¢;q) is a twisted Dedekind eta-function.

<
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Partition Statistics in Arithmetic Progressions
Asymptotics for various infinite products

ASYMPTOTICS OF F5((;q)

LEMMA
Let (=€ and g = et ") where ged(h, k) = 1.
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Asymptotics for various infinite products

ASYMPTOTICS OF F5((;q)

LEMMA

Let ¢ = e and qg= e%(h“z), where ged(h, k) = 1.
Then as z — 0 we have

b

1
Apatz ) 2 712;5}6
F3 (G4") ~ Wiin, s =) e Phet,
( ? ) tkh,a+ h’aay)\h,a k
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Asymptotics for various infinite products

ASYMPTOTICS OF F5((;q)

LEMMA

Let ¢ = e and q= e%(h“z), where ged(h, k) = 1.
Then as z — 0 we have

1
-1 k
Motz 2 —52
ot -1 h,a 1202 ¢tz
12(C7Q)Nwht>\ha Ah.qa L e e
% Tt Mha

REMARKS

Q FEssentially a twisted modular transformation law for
Dedekind’s eta-function.
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Asymptotics for various infinite products

ASYMPTOTICS OF F5((;q)

LEMMA
Let ¢ = e and q= e%(h‘“‘z), where ged(h, k) = 1.

Then as z — 0 we have

1
-1 k
Motz 2 —52
Lt -1 h,a 1202 ¢tz
12(C7Q)Nwht>\ha Ah.qa L e e
% Tt Mha

REMARKS

Q FEssentially a twisted modular transformation law for
Dedekind’s eta-function.

@ RHS depends on automorphy factors (i.e. Dedekind sums).
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Partition Statistics in Arithmetic Progressions
Asymptotics for various infinite products

ASYMPTOTIC OF Fi(C;q) AND F3(C;q)

THEOREM (B-C-M-0)

If C is a primitive b-th root of unity, then we have:
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ASYMPTOTIC OF Fi(C;q) AND F3(C;q)

THEOREM (B-C-M-O)
If C is a primitive b-th root of unity, then we have:
(1) Assume that ¢ # 1. As x — 0", we have
1 -S¥6aD_ e 10(a?)

Fl(C;eix): /1_&-6 *
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ASYMPTOTIC OF Fi(C;q) AND F3(C;q)

THEOREM (B-C-M-0)

If C is a primitive b-th root of unity, then we have:

(1) Assume that ¢ # 1. As x — 0", we have

L 6_ C<I>(43:72'1)_1251%7() +O(I2)'
1-¢

Fy (Ge™) =

(2) Asz— 0%, we have

F3(¢e™)
\/ﬂ(bx)%*

2
H 1 6*6272@*(*%*%*5%0)1*0(“”2)

-\ 1
1<j<b—1 (1 = ¢7)?

o=
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Partition Statistics in Arithmetic Progressions
Asymptotics for various infinite products

ASYMPTOTICS FOR Fi((;q) AND F3(C;q)

@ Euler-Maclaurin summation gives

¢ b a 2 2%h—1 2%—1
St~ [ steyaa s LTI L5 Ze (porone) - pern )

0
n=a k=
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ASYMPTOTICS FOR Fi((;q) AND F3(C;q)

@ Euler-Maclaurin summation gives

/ (o) da + )+f( ) +§: sz! (f(Zk—l)(b) _f(2k—1)(a))‘

k=1

@ If we have h(x) ~ > 07 cpa”,
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ASYMPTOTICS FOR Fi((;q) AND F3(C;q)

@ Euler-Maclaurin summation gives

N /ab f(@) dm+ +§: By k' (f<2k 1) (b) — f(Zk—l)(a)) ‘

(2k)

@ If we have h(z) ~ Y >° ¢ a™, then as x — 01, we have

I ~=nBn
Zh n+ a)z Ni_ Ciﬂ(a)xn, (1)
n=0

n+1

where Ij, := [ h(u)du.
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ASYMPTOTICS FOR Fi((;q) AND F3(C;q)

@ Euler-Maclaurin summation gives

N /ab f(@) dm+ +§: By k' (f<2k 1) (b) — f(2k—1)(a)) ‘

(2k)

@ If we have h(z) ~ Y >° ¢ a™, then as x — 01, we have

I ~=nBn
Zh n+ a)z Ni_ Ciﬂ(a)xn, (1)
n=0

n+1

where Ij, := [ h(u)du.
@ Lots of little details to get right.
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Asymptotics for various infinite products

LEADS TO A KEY LEMMA

Lemma 2.2. Assume that f(z) ~ > oo

g Cn@" as © — 0%, For 0 < a <1 and any A € R*, we have,
as ¢ — 0%, that

> —2 It . o
Zf((’ﬂ+ a)z) ~ Z cnl(—n,a)z™ + % - 71 (log (Az) +(a) +v) — ch
n=0

n=ng n=0

Bn+1 (a') z"
n+1

s
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Asymptotics for various infinite products

LEADS TO A KEY LEMMA

Lemma 2.2. Assume that f(z) ~ Y oo cpz™ asz — 0. For 0 < a <1 and any A € R*, we have,

as ¢ — 0%, that -
3 S % I;vA €1 1 A. = Bn+1(a') n
nz:jof((ma)z) ~ n;f"“"’a)z + L8 — =2 (log (Az) +9(a) + ) fnzzjocnmz :

REMARKS

@ Apply lemma to the logarithms of F1(¢;q) and F3(¢;q).
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Partition Statistics in Arithmetic Progressions
Asymptotics for various infinite products

LEADS TO A KEY LEMMA

Lemma 2.2. Assume that f(z) ~ Y oo cpz™ asz — 0. For 0 < a <1 and any A € R*, we have,

as ¢ — 0%, that -
3 S % I;vA €1 1 A. = Bn+1(a') n
nz:jof((ma)z) ~ n;f"“"’a)z + L8 — =2 (log (Az) +9(a) + ) {:jomz :

REMARKS
@ Apply lemma to the logarithms of F1(¢;q) and F3(¢;q).
@ Exzxponentiate to get the asymptotics.
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Partition Statistics in Arithmetic Progressions
Asymptotics for various infinite products

LEADS TO A KEY LEMMA

Lemma 2.2. Assume that f(z) ~ > oo

g Cn@" as © — 0%, For 0 < a <1 and any A € R*, we have,
as ¢ — 0%, that

-2

00 I* c_ > n a
S (@)~ 3 end(-ma)a” + A — L (log () +9(@) +7) - Y en 22,
n=0

n=ng = n+1

REMARKS
@ Apply lemma to the logarithms of F1(¢;q) and F3(¢;q).
@ Exzxponentiate to get the asymptotics.
@ Inserting into the Circle Method(s) gives our results!
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Partition Statistics in Arithmetic Progressions
Summary

t-HOOK DISTRIBUTIONS

THEOREM (B-C-M-0)

Ift >1 and 0 < a < b, where b is an odd prime, then we have

b; T/ 20
pt(a’ b7 n) ~ Ct(a, 7n) .e 3 X
4/3n

Moreover, we have equidistribution precisely when b | t.
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Partition Statistics in Arithmetic Progressions
Summary

t-HOOK DISTRIBUTIONS

THEOREM (B-C-M-0)
Ift >1 and 0 < a < b, where b is an odd prime, then we have

b; T/ 20
pt(a’ b7 n) ~ Ct(a, 7n) .e 3 X
4/3n

Moreover, we have equidistribution precisely when b | t.

REMARK

For t € {2,3} there is a web of arithmetic progressions with

pQ(al,&én + az) =0 pg(a1,€2;€2n a4 GQ) = 0.
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Partition Statistics in Arithmetic Progressions
Summary

BETTI NUMBERS ON n POINT HILBERT SCHEMES

THEOREM (B-C-M-0)

As n — 0o, we have

s

d(a,b) e \/%T’
4\/§n

B (a, b; (Cz)[n]> ~

where
if b is odd,

if @ and b are even,

d(a,b) :=

S oo =

if a is odd and b is even.

K. Bringmann, W. Craig, J. Males, and K. Ono Partition Statistics in Arithmetic Progressions



Partition Statistics in Arithmetic Progressions
Summary

BETTI NUMBERS ON n POINT HILBERT SCHEMES

THEOREM (B-C-M-O)

As n — 0o, we have

s

d(a,b) e \/%T’
4\/§n

B (a, b; ((C2)[n]> ~

where
% if b is odd,
d(a,b) :=q 2 if @ and b are even,
0 if a is odd and b is even.
REMARKS

(1) We have equidistribution for odd b.

(2) We have equidistribution over odd classes modulo even b.
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