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Gordon-Andrews identities

Theorem (Gordon, Andrews)

Fix ¢ >1, and let 0 < i < {. Let By (n) denote the number of
partitions of n satisfying \j — A\j1¢ > 2, and there are at most i
occurrences of 1 as parts. Let Ay i(n) denote the number of
partitions of n into parts # 0, £(i + 1) (mod 2¢ + 3). Then
Agi(n) = By i(n) for all n.

NF+NZ+-+ N7+ Nip1+Nigat+Ne

. n n pry q
> Bri(n)a 2 (6 @) (@ @) (@5 @),

n>0 ni,ny,...,ng>0
+1 204+2—i . 20+3. 20+3
(gt g2 T2 g? 13, g?t13)

x

(CHS




Refining the multisum

Let By m(n) denote the number of partitions of n with exactly m
parts satisfying A\; — A\j4¢ > 2, and there are at most / occurrences
of 1 as parts. Then
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Andrews-Bressoud identities

(Theoem |
Fix¢>1,and let0 < i</ Let BZ/(”) denote the number of
partitions of n satisfying \j — \j1¢y > 2, and, if \j — A\j14-1 <2,
then \j + Ajt1+ -+ Ajyr—1 = i(mod 2), and there are at most i
occurrences of 1 as parts. Then
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Refining the multisum

Let B}, ,(n) denote the number of partitions of n counted by
Bj;(n) with exactly m parts. Then

> Blim(nx"q"

m,n>0
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Capparelli, Meurman, Primc, Primc partitions: 2/ rows

Consider the following array of colored integers:

1 3 5 7 9 11

2 4 6 8 10 12
1 3 5 7 9 11

2 4 6 8 10 12

1 3 5 7 9 11
2 4 6 8 10 12

Parts with the same value (but in different rows) are distinct.



CMPP partitions: 2¢ rows

Associate an array of frequencies:

k1 fi f3 fs f7 fo f11
. fa fa fo fg fio fi2
k3 fi f3 fs f7 fo f11
f fa fo fg fio fa L,
ko fi 3 fs f7 fo fi1
ko fa fa fo fg fio fi2

where each f; indicates how many times the corresponding part
occurs in the original array.
The nonnegative integers ko, ..., k; provide initial conditions.



Downward paths

k1 f fs
. fo
k3 f fs
. fa
ko f3 fs
fo fa

fio
fio

fio

fi1
f11

f11

fi2

fi2

f12



Admissible partitions

We say that an array of frequencies is [ko, . . ., k¢]-admissible if, for
all downward paths D in the frequency array,

> <k

meD

where k = Zf:o ki.

CMPP conjecture: Generating function for [ko, ..., k¢]-admissible
partitions is an infinite product.



Base case: / =1

k1 fi f3 fs f7 fo fi1
ko fo fa fo fg fio fo 7

[ko, k1]-admissible partitions: those that satisfy mod 2(ko + k1) + 3
Gordon-Andrews difference conditions.



Bivariate generating function for k =1

Fix k =1. For 0 <i </, let F(i,j,n) be the number of

[ko, k1,..., ke =10,...,0,1,0,...,0]-admissible colored partitions
of n with exactly j parts, where k; = 1 (and all others are 0).
Then, define P;(z, q) to be the bivariate generating function

P,‘(Z, q) = Z F(’?./a n)zjqn.

nj>0

For0 < i</,
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Bivariate generating function for k =1
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Nearly the same as in the Andrews-Gordon identities, except that
the factor xM1tNot+Ne has changed to zM1.

As an immediate corollary,
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CMPP admissible partitions: 2¢ — 1 rows

We can define [k, k1, - . ., ke]-admissible partitions in an analogous
way; for the sake of simplicity, we will jump straight to the case
where ko—l—k1+~~-—{—kg:1.

@ Take i such that 0 </ < /.

o If i is even, create an array with 2¢ — 1 rows, where the top
and bottom rows consist of even integers.

o If / is odd, create an array with 2¢ — 1 rows, where the top
and bottom rows consist of odd integers.

@ Set ki =1, and all other k; = 0.

CMPP conjecture: Generating function for [ko, ..., k¢]-admissible
partitions is an infinite product.



CMPP partitions: 2¢ — 1 rows, ¢ = 6 example

Locations of k; for i even:

ko
ky

ke

ko

2

4

4

10

10

10

10

10

10

11

11

11

11

11

12

12

12

12

12

12



CMPP partitions: 2¢ — 1 rows, ¢ = 6 example

Locations of k; for i odd:

kk 1 3 5 7 9 11
2 4 6 8 10 12
kk 1 3 5 7 9 11
2 4 6 8 10 12
kw1 3 5 7 9 11
2 4 6 8 10 12
1 3 5 7 9 11
2 4 6 8 10 12
1 3 5 7 9 11
2 4 6 8 10 12



Bivariate generating function for k =1

Fix k =1. For 0 <i </, let F*(i,j, n) be the number of

[ko, k1,..., k] =10,...,0,1,0,...,0]-admissible partitions of n
(on 2¢ — 1 rows) with exactly j parts, where k; = 1 (and all others
are 0).

Define

Px(z,q) = ZF*/J, )2 q"
nj>0



Bivariate generating function for k =1

We then have the corresponding result here for P?(z, q):

For0 <</,
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giving us (by the Andrews-Bressoud identity)
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Past work

@ M. Primc and Trup&evi¢ proved 2¢-rowed conjectures in the
special case of initial conditions [k,O0,...,0].
@ Dousse and Konan used perfect crystals to prove the k =1

case of the 2¢ — 1-row conjecture (in the case of odd first and
last rows).

@ k =1 cases of all families of conjectures turn out to be
equivalent to a 2001 theorem of Jing, Misra, and Savage.

In all of the cases, the bivariate multisums are new.
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Functional equations for P;(z, q)

Suppose we have 2¢ rows. Recall F(i,j, n) is the number of
[ko, k1, ..., k] =10,...,0,1,0,...,0]-admissible colored partitions
of n with exactly j parts, and

P,‘(Z, q) = Z F(’?./a n)zjqn‘
nj>0

Then:

Pi(z,q) — Piy1(zq,q) = qujpi—j—l-l (z¢*1q), 0<i<ti-—1
j=1
¢

Pe(z,4) = Pu(z,9) = 3_ 24/ Pecjua (29", )
Jj=1




Functional equations: ¢ = 4

Po(z,q) = P1(zq, q)

Pi(z,q) = P2(2q,q) + 2" P1 (z¢°, q)

Pa(z,q) = P3(zq,q) + 2q"' P2 (0%, q) + z4° P1 (2%, q)
P3(z,q) = Pa(zq,q) + 24" P3 (26°, q) + 24° P> (26°, q)

+2¢*P1 (24, q)
P4(z,q) = Pa(zq, q) + 2q" P4 (2%, q) + 2¢° P3 (24°, q)
+2q°P, (2q%, q) + 24" P1 (29°, q)



[llustration for ¢ = 4

Here, we have the following initial picture, where exactly one of
the k; equals 1, and the rest are zero:

k1 f f3 fs f7 fo fi1 fi3
: f fa f fg fio fi2 fia
k3 f f3 fs f7 fo f11 fi3
: f fa f fg fio fi2 fia
k. f f3 fs f7 fo f11 f13 Y
: f fa f fg fio fi2 fia
ka fi f3 fs f7 fo f11 fi3
ko f fa f fg fio fi2 fia

Here are frequency arrays for the five generating functions that we
care about, with their initial conditions shown as 1, and -
representing parts that are forbidden from appearing:



fo fi1 fi3

fg fio fi2 fia
f7 fo fi1 f13
fo fg fio fi2 fia
fs f7 fo fi1 f13
fa fe fs fio fi2 fia
f3 fs fr fo fi1 fi3
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f7

f7

f7

fo

fo

fo

fio
fio
fio

fio

f11
f11
f11

fi1

f12
f12
f2

f12

fi3
f13
fi3

fi3

fia
fi4
fa

fia
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fe

fe
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f11
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fi3
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f14
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f3f4
f2f3f4
flf2f3
1
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fs

fr

f7
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fi0
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fio

fio

fi1
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f12
f12

f12

fi3
f13
fi3

fi3

f14
fi4
fa
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f3

f3

fa

fa

fs
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fe

fe

fz
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fio

fio

fi1

fi1
f11

fi1

f12
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f12

fi2
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fi3
fi3

fi3

fi4
f14
fia

fia



Functional equations

Po(z,q) = Pi(zq, q)

Pi(z,q) = P2(2q,9) + zq" P1 (4%, q)

Pa(z,q) = P3(zq,q) + 2q"' P2 (0%, q) + z4° P1 (2%, q)
P3(z,q) = Pa(zq,q) + 2" P3 (26°, q) + z4° P2 (26°, q)

+2q°P1 (z4*, q)
Pi(z,q) = Pi(2q,q) + 2q* P4 (29%, q) + 2q°P3 (2¢°, q)
+2q°P, (2q%, q) + 24" P1 (29°, q)

Po(z,q) = P1(zq, q): This is clear by inspection: simply “flip" the
picture for Pi(z, q) upside down and shift.



f7

f7

f7

fo

fo

fo

fio
fio
fio

fio

f11
f11
f11

fi1

f12
f12
f2

f12

fi3
f13
fi3

fi3

fia
fi4
fa

fia



fo fi1 fi3

fg fio fi2 fia
f7 fo fi1 f13
fo fg fio fi2 fia
fs f7 fo fi1 f13
fa fe fs fio fi2 fia
f3 fs fr fo fi1 fi3
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Consider a partition counted by P;(z, q).

1 A B
R

Either there is a 1 in this partition, or there is not.

fr

f7

fr

fg

fg

fo

fo

fo

Pi(z,q) = Px(zq, q) + zg* Py (z¢°, q)

fio
fio
fio

fo

f11
f11
f11

f11

f12
fi2
f2

fi2

fi3
fi3
fi3

f13

fia
fi4
fia

fia



If there is a 1, we have the following picture:

1 fs fs fr

* f4 fé
* fs fr

* fe
* fr

*

fg

*

fo
fo
fo

fo

Pi(z,q) = Px(zq, q) + zg* Py (z¢°, q)

fi0
fio0
fio

fi0

fi1
fi1
fi1

fi1

f12
f12
f12

f12

We can see that this corresponds to zqP; (242, q).

fi3
fi3
fi3

fi3

f14
f14
f14

f14



Pi(z,q) = Px(zq, q) + zg* Py (z¢°, q)

The other possibility is that there is no 1:

* f3 fs fr
f2 fa fe
f3 fs fr
fa fe

which corresponds to Ps(zq, q).

fg

fg

fg

fo

fo

fio0
fio
fio

fo

fi1
fi1
f11

f11

f12
f12
f12

f12

fi3
fi3
fi3

fi3

f14
fia
fia

fia



=)

fe

fe

fz
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fio0
fio0
fio0

fio

fi1

fi1
f11

fi1

f12
f1
f12

fi2

fi3
fi3
fi3

fi3

f14
f14
f14

fia
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fr

f7

fr

fo

fo

fio
fio
fi0

fo

f11
f11
fi1

f11

f12
fi2
fi2

fi2

fi3
fi3
fi3

fi3

Px(z,q) = P3(zq,q) + 26" P> (24%, q) + z6°P1 (2%, q)

fia
fia
fi4

fia

Either there is a 1, a 2 in the final row, or neither of these occur.



Px(z,q) = P3(zq,q) + 26" P> (24%, q) + z6°P1 (2%, q)

1 occurs:

*

*
* fr

* fe
* fs f7

* fa fo
1 f3 fs fr

* fa fo

Corresponds to zq' P> (zq2, q).

fg

fg

fg

fio

fio
fio

fio

fi1
fi1
fi1

f11

f12
f12
fi2

f12

fi3
fi3
fi3

fi3

f14
f14
fia

fia



Px(z,q) = P3(zq,q) + 26" P> (24%, q) + z6°P1 (2%, q)

A 2 in the final row:

*
*
* *
* *
* * fe
* * fs
2 fa fe

f7

fg
fg

fg

which corresponds to zq®P; (zq3, q).

fio0
fi0
fio

fio

fi1
fi1
fi1

fi1

f12
f12
f2

f2

fi3
fi3
fi3

f13

f14
f14
f1a

fia



Px(z,q) = P3(zq,q) + 26" P> (24%, q) + z6°P1 (2%, q)

Neither of those occur:

fs
fa
f3 fs
f2 fa
* fs fs
* fa

which corresponds to Ps3(zq, q).

f7

f7

fo

fo

fio
fio
fio

fio

f11
f11
f11

f11

fi2
f12
f12

fi2

fi3
fi3
fi3

fi3

fi4
fi4
fia

fia



Functional equations: ¢ = 4

Po(z,q) = P1(zq, q)

Pi(z,q) = P2(2q,q) + 2" P1 (z¢°, q)

Pa(z,q) = P3(zq,q) + 2q"' P2 (0%, q) + z4° P1 (2%, q)
P3(z,q) = Pa(zq,q) + 24" P3 (26°, q) + 24° P> (26°, q)

+2¢*P1 (24, q)
P4(z,q) = Pa(zq, q) + 2q" P4 (2%, q) + 2¢° P3 (24°, q)
+2q°P, (2q%, q) + 24" P1 (29°, q)



Pi(z,q) = Pa(zq, q) + 2¢* P4 (26°, q) + 26°P5 (24°, q) +
2q°P, (zq*, q) + 2" Py (29°, q)

fs f7 fo fi1 f13
fa fo fg fio fi2 fia
f3 fs f7 fo fi1 f13
o f fa fo fg fio fi2 fia
1 f f3 fs f7 fo fi1 f13
: f fa fo fg fio f12 fia
f3 fs f7 fo fi1 f13
fa fe fg fio f12 fia

Exactly one of the following must happen: a 1 occurs, a 2 in the
sixth row occurs, a 3 in the seventh row occurs, a 4 in the eighth
row occurs, or none of these occur.



Pi(z,q) = Pa(zq, q) + 2¢* P4 (26°, q) + 26°P5 (24°, q) +
2q°P, (zq*, q) + 2" Py (29°, q)

A 1 occurs in the partition:

* fr fo fi1 f13
* fo fg fio fi2 fia
* fs fr fo fi1 f13
* fa fo fg fio fi2 fia
1 f3 fs fr fo f11 f13 Y
* fa fo fg fio fi2 fia
* fs f7 fo fi1 f13
* fo fg fio fi2 fia

corresponding to zq' P4 (242, q).



Pi(z,q) = Pa(zq, q) + 2¢* P4 (26°, q) + 26°P5 (24°, q) +
2q°P, (zq*, q) + 2" Py (29°, q)

A 2 occurs in the sixth row:

* * fo f1 fi3
* * fg fio f12 fia
* * 7 fo fi1 fi3
* * fo fg fio fi2 fi4
* * fs f7 fo f11 fi3
2 fa fo fg fio f12 fi4
* fs f7 fo fi1 fi3
* fo fg fio f12 fi4

corresponding to zg?P3 (zq3, q).



Pi(z,q) = Pa(zq, q) + 2¢* P4 (26°, q) + 26°P5 (24°, q) +
2q°P, (zq*, q) + 2" Py (29°, q)

A 3 occurs in the seventh row:

* * * f11 fi3
* * * fio f12 f1a
* * * fo fi1 fi3
* * * fg fio fi2 fla

* * fe fg fio fi2 f14
3 fs f7 fo fi1 f13

* fe fg fio fi2 fi4

corresponding to zg> P, (zq4, q).



Pi(z,q) = Pa(zq, q) + 2¢* P4 (26°, q) + 26°P5 (24°, q) +
2q°P, (zq*, q) + 2" Py (29°, q)

A 4 occurs in the eighth row:

* * * * fi3
* * * * fio fia

* * * * fo fi1 fi3
* * * f fio fi2 fia

* * f7 fo fi1 fi3
4 fo f fio fi2 fia

corresponding to zq*Py (zq°, q).



Pi(z,q) = Pa(zq, q) + 2¢* P4 (26°, q) + 26°P5 (24°, q) +
2q°P, (zq*, q) + 2" Py (29°, q)

Or none of those occur:

fs f7 fo fi1 f13
fa fe fg fio f12 fia
f3 fs f7 fo fi1 f13
f fa f fg fio f12 fla
* 3 fs f7 fo fi1 f13 Y
* fa fe fg fio f12 fia
* fs f7 fo fi1 f13
* fo fg fio fi2 fia

corresponding to Pa(zq, q).



Rewritten functional equations

i
Pi(z,q) — Piy1(zq,q) = qu’Pi—jH (z¢'tt.q), 0<i<(-1
=1

l

Pu(z,q) — P(29,9) = Y 2¢'Pr_ji1 (2™, q)

j=1
Rewrite (suppressing the argument of q) as:
Po(Z) — Pl(zq) =0
Pi(z) — Pi+1(zq) — Pi—1(zq) + (1 — zq)P; (zq2) =0,1<i</¢-1
Pu(z,q) — Pe(2q) — Pr-1(29) + (1 — 2q)P¢ (24°) = 0



Proof

Let 1 < i < {¢. We now take the (i — 1) instance of the functional
equation, dilate z — zq, and reindex j:

i—1
P,'_]_(Z) — P,'(Zq) = qujp,'_j (qu+1)

Jj=1
i—1

Pi_1(zq) — P; (zq%) = ZZQJ+1Pi—j (z¢'*?)
Jj=1

P,-_l(zq) — P,' (zq2) = iijp,'_ﬁ_l (qu+1) N 1 < i < l
Jj=2



Proof

If i < /¢ —1, subtracting this from the / instance of the functional
equation gives

(Pi(2) = Pis1(29)) — (Pi-1(2q) — Pi (24°))
- qu‘iPi—j+l (z¢) - Z 2/ Pi-ji1 (2¢7)

j=1 j=2
= zqP; (zqz)

or

Pi(z)—Pit+1(zq)—Pi—-1(zq)+(1—zq)P; (zqz) =0, 1<i</i-1.



Proof

If i = ¢, subtracting this from the i = £ instance of the functional
equation gives, similarly,

(Pe(2) — Pe(2q)) — (Pe-1(2q) — Pe (247))
¢ ¢
= Z 2 Pp_ji1 (2¢) — Z 2¢' Py_jy1 (z¢ )
j=1 =2
= zqPy (zq2)

Py(z) — Pi(2q) — Pi—1(zq) + (1 — zq)P; (zg°) = 0.
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Functional equations for P#(z, q)

Suppose we have 2¢ — 1 rows. Recall F*(i,}, n) is the number of
[ko, k1, ..., k] =1[0,...,0,1,0,...,0]-admissible colored partitions
of n with exactly j parts, and

Piz.q)= . F (ij.m)Z "
nj>0

Then:

i
Pl*(z7q) - Pl?(—i—l(zq? q) = ZZqJP?—j—&—l (Zq/+17 q) ) 0 < i < ‘-1
Jj=1
¢

Pi(z,q) — P;1(29,9) = > 2¢/'P} 11 (211, q)
=1




Rewritten functional equations

P3(z) — Pi(zq) =0
P (2) — Pla(2q) — P11(2q) + (1 — 2q)Pf(2¢%) =0, 1< i < £ -1

b i

Pi(z) — 2P;_1(29) + (1 — zq)P{(29°) = 0
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fi3
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fi4

fia
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fio

fi1
fi1
fi1

f11

fi2
f1o

f12

fi3

fi3
fi3

fi3

fi4
f14

f14



f4f5
fzf3f4f5
1’1'(2f3

=)

fe

fe

f7

fr

fg

fg

fo

fo

fio
fio
fio

fio

f11
f11

f11

f12
f12
f12

f12

f13
fi3

fi3

fi4
fi4
fia

fi4
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Bivariate generating functions proof

Recall:

For0 < i</,

N qN12+N22+---+N§+N,-+1+N,-+2+---+Ng

(q; q)m(q; q)nz T (q; q)ng

P,'(Z,CI): Z

ni,m;...,ng>0

We actually haven't shown this yet.



Bivariate generating functions proof

Let us now define Tj(z) (0 < i < /) to be the sum side here:

Ti(z)= >

ni,ny,...,ng=>0

N1qN12+N22+--~+N§+N,-+1+N,-+2+~--+Ng

(@ @)m(q: @), - (G G,

Goal: Show that T;(z) satisfies the following system of functional
equations:
To(z) — Ti(zg) =0
Ti(2) = Tiy1(zq) — Ti—1(zq) + (1 — 2q) T; (2¢°) =0, 1<i<(-1
To(z) — Tu(zq) — To—1(zq) + (1 — 2q) To (2¢°) = 0



First approach

As observed by Ole Warnaar, this set of functional equations
exactly matches (normalized) Corteel-Welsh functional equations
for two-line cylindric partitions with profile (¢1, ¢2), where ¢1 +
is odd.

As such, we can simply complete the proof of the theorem by
observing that we can recover the formulas on the previous slide by
taking the limit as L — oo in a pair of Warnaar's equations.



Second approach

Let v=(v1,...,v) and n = (ny,...,ny) be vectors in R. Define
ZquNf+N22+~“+N§+v~n
AR DI o = M )
nl,ng,...7n[20 qv q n qv q np qv q ny
0=1(0,0,...,0)
1=(1,1,...,1)
e;=1(0,...,0,1,0,...,0) 1<i<t
t;=(0,...,0,1,2,3,....0—i—10—1), 1<i<(

where, in e; and t;, the 1 is located in position /.

Note that T;(z) = St,,,(2).



Atomic relations

Forallvand1l <</,

_ v-e;+i
SV - Sv-i-e,- =2Zzq ! 5V+2t1—2t,‘+1'
v

ZquN12+N§+---+Ng+v-n (1 _ qn,-)
S — 5ere,- = E
ni,n,...,ng>0

= 2

ni,ny,...,ng=>0

(@ @)m (9 @), - (5 @),
Zn1+n2+~~+ngqN12+N22+~~~+N§+v-n

(@ @)m(q @)y (@ @Q)ni—1--- (95 @),




Atomic relations

Sv - 5v+e,-

Zn1+n2+---+ngqu+N22+---+N§+v-n
- nw;npo (@ @)m(q: @)n - (a5 @)n—1 -+ (G5 @),
Zn1+---+ﬁ,-+1+---+neq(N1+1)2+--~+(N,-+1)2+N,-2+1+-~~+N§+v~n+v~e,-
GO CHE SR G R G I
Zn1+n2+-~~+r7;+~~+neqN12+~~+Nl?+2(N1+~~+N,-)+v~n

(0 9)m (a0 D), (G @) -+ (95 Q)

n1,n2,...,0,...,ng >0

_ qu~e,-+i Z

n,n2,...,Mjy...,ng >0

v~e,-+i5

=2zq V42t 2t

Slight abuse of notation: N; and n have n; replacing n;. Ol




Atomic relations

So now define, for 1 </ </,

P v-e;+i
rel, := Sy — Svye; — 29" Suqot, 2t

Each rel,, is, of course, equal to zero.

If we can obtain a certain expression as a linear combination of
rel,s, then that expression will also be equal to zero.



Atomic relations

Recall Tj(z) = St,,,(2). Goal:

Ti(2) — Tit1(zq) — Ti—1(zq) + (1 — zq) T; (2¢%) =
5ti+1 (Z) - 5ti+2(zq) - Stf(zq) + (1 B Zq)StiH (zq2) =

Note that Sy(zq) = S, 7(2) and Sy (zq%) = S,40i(2). This allows
us to rewrite these as

Sti+1 (Z) - Sf+ti+2(z) - Serti(Z) + (1 - Zq)52f+ti+1 (Z) =0



Atomic relations proof

For1 < j</-1,

2T—e1 —~--—e,-+tj+1

J . -1

1 1
E :relel+"'+ei—1+tj+1 o § :rel
i=1 i=1

= 5tj+1 - 561+---+ej+tj+1 - 52f7e17---7ej_1+tj+1 +(1- Zq)szﬁtj“

=54,.(2,9) — Sf+t;+2(z’ q) — 5i+t’_(z, q)+(1— Zq)52i+t;+1(z’ q)
=0.

Repeat this for the other functional equations.
Finally, checking the initial conditions (P;(0,q) = T;(0,q) = 1,
Pi(z,0) = T;(z,0) = 1) allows us to complete our proof.



Outline

Andrews-Gordon-Bressoud identities

CMPP admissible partitions

Functional equations for admissible partitions: 2¢ rows
Functional equations for admissible partitions: 2¢ — 1 rows
Completing the bivariate generating function proof

Bijection with two-rowed cylindric partitions



Cylindric partitions

Introduced in 1997 by Gessel and Krattenthaler.

Idea: Take a composition (ci, ..., ) of £, where ¢y, ..., ¢, are
non-negative integers and { = ¢ + -+ - + ¢;.

Consider a sequence A = (A, ... A(")) where each AU) is a
partition \U) = )\gj) + )\g) + .-+ arranged in a weakly descending
order.

Assume that each AU) continues indefinitely with only finitely
many non-zero entries and ends with an infinite sequence of zeros.
We say that A is a cylindric partition with profile ¢ if for all / and j,

() (i+1) (r) (1)
)\j 2)\]+C(i+1) and )\j 2)‘]+C1‘



Example

Profile (2,1):

A -
A2



Example

Profile (2,1):

A - 6
A2 — 5 4



Example

Profile (2,1):

PYCHRN
A -
A2 — 5

~ O
= W
N O



Generating functions for two-rowed cylindric partitions

For a profile ¢ = (b, ¢ — b), let

Fbe—b)(z:q) = Z Zmax(A) gvth)
/\EC(bJ,b)

(qb-l—l’ qK—b-l—l7 q€+2; qK+2)OO

F(b,@*b)(]'? q) = (q q)2

1 (qurl7 q€7b+1 2. €+2)oo

B . .4 q
~(q:9) (9: @)oo

Suggests a bijection between two-rowed cylindric partitions and
pairs of (ordinary partitions) and (Gordon-Andrews or
Andrews-Bressoud partitions).



Generating functions for two-rowed cylindric partitions

For a profile ¢ = (b, ¢ — b), let

Fbe—b)(z:q) = Z Zmax(A) gvth)
/\EC(bJ,b)

(qb-l—l’ qK—b-l—l7 q€+2; qK+2)OO

F(b,@*b)(]'? q) = (q q)2

1 (qurl7 q€7b+1 2. €+2)oo

B . .4 q
~(q:9) (9: @)oo

Suggests a bijection between two-rowed cylindric partitions and
pairs of (ordinary partitions) and (CMPP admissible partitions on
20 rows).



Bijection idea

Corteel: gave a bijective proof of

1 1 qn2+n

(4 @) (6, 0% 0°)oe (01 @)o0 25 (43 )n

using two-line cylindric partitions of profile (3,0). (Note RR2
partitions are the same as CMPP [1, 0]-admissible partitions.)
Modify to give:
cylindric partitions of profile (2¢ + 1,0) <
(ordinary partitions) x ([1,0,...,0]-admissible partitions on 2¢ rows)
(q1’ q2€+27 q25+3; q2€+3)oo B 1 (ql’ q2Z+2’ q2f+3; 2€+3)
(3:9)% (0:9) (0 9)os

q

>




Bijection

Consider a cylindric partition A = ()\(1), )\(2)) of profile (2¢ 4+ 1,0).
We construct from A a colored partition K where the allowable
colors are 0,1,--- ,£. We will use subscripts for colors: i is a part
of size i with color A.

@ a, b: number of nonzero parts of the partitions in each of the
two rows, respectively, at a given step of the algorithm.

@ Note that we must always have 0 < a— b <2/ + 1.

@ We delete 1 from each nonzero part, and insert into Aa part
with size (a + b) with color L%bj

@ This essentially is taking the “conjugate” of the cylindric
partition (but keeping track of colors in some way).



Bijection

The resulting colored partition A has the following properties:
@ Any two parts of size / that appear must have the same color.
@ Parts of size 1 can only occur with color 0.

@ For 1 <</, parts of size 2/ and 2/ + 1 can only occur with
colors 0,1,...,1.

@ Suppose i < j. ia and jg are forbidden from appearing
together in A if any of the following conditions are met.
Ci. iiseven, B> A, and j—i<2(B—-A).
Go. iisodd, B>A and j—i<2(B—A)-1.
Cs. iiseven, B< A andj—i<2(A-B)-1.
Gy iisodd, B< A andj—i<2(A—B).



Example

Suppose that ¢ = 3, and our original cylindric partition
A= (A, A2)) with profile (7,0) is

9 4 4 4 2
9885533333

A2 — 9 4 4 4 2

We will find A = 155 + 155 + 143 + 99 + 69 + 41 + 4 + 41 + 2.

Let's walk through this:



Example

9 8 85 5 33 333
9 4 4 4 2
a=10, b=5: a+ b =15, L102—75J = 2. Insert in 155.

8 77 4422222
83331

a=10,b=5: a+b=15 [195] =2 Insert in 15,.
7663311111
7222

a=10, b=4: a+ b= 14, {102—7“ = 3. Insert in 143.



Example

a=5b=4 a+b=09, L%J = 0. Insert in 9.

A0 5 4 411
22— 5

a=5b=1a+b=6, L%J = 2. Insert in 6,.

a=3,b=1 a+b=4 33| =1 Insert in 4;.



Example

a=3,b=1 a+b=4 33| =1. Insert in 4.

1
(2

=

1
1

Ll

>

a=1b=1: a+b=2, L%J:o. Insert in 2g.



Example

ThUSL\K =15, + 155 + 143+ 99 + 65 + 41 + 41 + 41 + 2. Observe
that A satisfies:

@ Any two parts of size / that appear must have the same color.

@ Parts of size 1 can only occur with color 0.

@ For 1 < i</, parts of size 2/ and 2/ + 1 can only occur with
colors 0,1,...,1/.

@ Suppose i < j. ia and jg are forbidden from appearing
together in A if any of the following conditions are met.

G
G.
Gs.
C4.

iiseven, B> A, and j—i < 2(B—A).
jisodd, B> A, and j—i<2(B—A) -1
jiseven, B< A andj—i<2(A-B)—-1
iisodd, B< A andj—i<2(A-B).

Check C3: i=14,j=15,A=3,B=2j—i=1=2(3-2)—1.



Continuing with the bijection

Use A to construct:
@ ordinary partition u

@ (-colored partition v

When we add parts to u, we “forget” their colors.

v will be a [1,0,...,0]-admissible partition of 2¢ rows.



Continuing with the bijection

Take each part of A that occurs t > 1 times, and add t — 1

occurrences of that part to . Add all parts colored 0 to . Then:

Ri. If iy and jg both appear as parts in A, where i <jandiis
even, B>A>0,and2(B-A)<j—i<2(B—-A)+1,
then insert i into p.

R>. If ip and jg both appear as parts in A, where i <Jjandiis
odd, B>A>0,and2(B-A)—-1<j—i<2(B—A), then
insert / into pu. R

R3. If iy and jg both appear as parts in A, where / < j and i is
even, 0 < B< A ,and2(A-B)-1<j—-i<2(A-B),
then insert j into .

Ry. If ip and jg both appear as parts in A, where i <jandiis
odd, 0 < B<A and2(A—B)<j—i<2(A—B)+1, then
insert j into .

At the end, we form v by taking all of the leftover parts from A

not inserted into u, keeping their colors intact.



Continuing with the bijection

w is clearly an (ordinary) partition. We claim that v is a
[1,0,...,0]-admissible partition on 2¢ rows, where the parts are
colored in the following manner (shown for ¢ = 3):

73 93 115
63 83 103 125
5, 7» 9% 11,
4, 65 8, 10, 12,
3 5 71 9 11;
2 44 61 81 10 124



Continuing with the bijection

An alternative way of expressing the necessary conditions on v for
it to be so is the following:

o All parts ia are distinct.

@ Parts is and ig (A # B) cannot both appear.

@ No parts have size 1.

@ For 1 < i </, parts of size 2/ and 2/ + 1 can only occur with
colors 1,...,1/.

@ Suppose i < j. ia and jg (A, B > 0) are forbidden from
appearing together if:
Dy. iiseven, B> A and j—i<2(B—A)+1.
D,. iisodd, B> A, and j—i<2(B—-A).
Ds. iiseven, B< A, and j—i<2(A-B).
Dy. iisodd, B< A andj—i<2(A-B)+1.



Continuing with the bijection

The first condition above is met by the fact that duplicated parts
were sent to i, while the second, third, and fourth are met through
the properties of A. Conditions D1, Dy, D3, and Dy are nearly the
same as those in Gy, Gy, C3, and (4 in the construction of ﬂ
except for the following cases:

@ jiseven, B> A and2(B—-A)<j—i<2(B—-A)+1.

@ jisodd, B> A and2(B-A)—-1<,—-i<2(B-A).

@ jiseven, B< A and2(A—-B)—-1<j—-i<2(A-B).

@ jisodd, B<A and2(A-B)<j—-i<2(A-B)+1
But, those four cases are exactly the ones that were dealt with in
the “rules” above, and so we conclude that v is, in fact, a

[1,0,...,0]-admissible partition on 2¢ rows (with bivariate
generating function Py(z, q)).



Continuing with the example

Recall A = 155 + 155 + 143 4 99 + 62 + 41 + 41 + 41 + 2.
There are two copies of 155 and three copies of 41, along with 9
and 2, so start off y as

p=154+9+4+4+2.

R3. If ip and jg both appear as parts in A, where i <jandiis
even, 0 < B< A and2(A-B)-1<j—-i<2(A-B),
then insert j into u.

This applies to 155 4 143, so insert the last copy of 15 into u.

Ri. If ip and jg both appear as parts in K where j < j and i is
even, B>A>0,and2(B-A)<j—i<2(B—-A)+1,
then insert i into p.

This applies to 65 + 41, so also insert the final copy of 4 into u.



Continuing with the example

None of the other rules apply, so the remaining parts (with their
colors intact) make up v:

u=15+154+9+4+44442
v =143 + 65

 is an ordinary partition and v is a [1,0, 0, 0]-admissible partition.



Reversing the map

Start with a partition p and a [1,0,...,0]-admissible colored
partition v with colors 1,... 7.
Construct A by performing the following operations:

o If iisin p, jBAis inv, i <j,iiseven, and j —i < 2B, then
insert ic into A, where C satisfies
2B-C)<j—i<2(B-C)+1.

o Ifiisinpu, jgisinv, i<j,iisodd, and j —i < 2B —1, then
insert ic into K where C satisfies
2B-C)—-1<j—-i<2(B-0C).

o If jisin u, ignisinv, i <j, iiseven, and j —i < 2A—1, then
insert jc into K where C satisfies
2A-C)—1<j—i<2(A-0C).

o If jisin pu, igisin v, i <j, iisodd, and j — i < 2A, then
insert jc into A, where C satisfies
2A-C)<j—i<2A-0C)+1.



Reversing the map

All parts of v are then inserted into A with their colors intact.

All remaining parts i of y are inserted into A.

If there already is a part ig in K then those parts i are also
given color A; otherwise, we insert in iy into A.

To complete the bijection, we need to turn A into a cylindric
partition of profile (2¢ + 1,0).

For each part jg of A, successively increment )\51) by 1 for
1<i<][j/2] + B, and increment )\’(2) by 1 for
1<i<|j/2|-B.



2¢ — 1 rows

Play the same game for the case of admissible partitions on 2¢ — 1
rows: can construct a bijection between cylindric partitions of
profile (2¢,0) and pairs of ordinary partitions and
[1,0,...,0]-admissible partitions on 2¢ — 1 rows.

The only change in the proof is that, in A, parts with color ¢ cannot
have odd size, which parallels exactly how parts with color £ in the
admissible partition must have even size (again shown for ¢ = 3):

63 83 103 125
52 g 9 11,
4, 62 82 10, 12,
31 51 71 9 114
21 44 61 81 104 124



