Parity Results for the Coefficients of the Reciprocals of False Theta Functions

Parity Results for the Coefficients of the

Reciprocals of False Theta Functions

Nayandeep Deka Baruah
Department of Mathematical Sciences
Tezpur University

Joint with Rituparna Nath

11/20/2025

1/57



Parity Results for the Coefficients of the Reciprocals of False Theta Functions

Contents

Introduction

Main Results

Sketch of proofs

A Concluding Remarks

H References

2/57



Parity Results for the Coefficients of the Reciprocals of False Theta Functions

L Introduction

Introduction

3/57



Parity Results for the Coefficients of the Reciprocals of False Theta Functions

L Introduction

Theta Functions

Ramanujan’s general theta function f(a, b) is defined by
f(a,b) := Z a(nzl)b(g), lab| < 1,
n=—oo
whereas the false theta function W(a, b) is defined by

W(art) = S B0 - 3 L0,

n=0 n=—00
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L Introduction

In a recent paper, Keith! investigated the coefficients of the
reciprocals of false theta functions and proved several arithmetic
identities.

Let ct(n) be defined by

1

Keith, W.J.: Reciprocals of false theta functions. Ramanujan J. 68, 27 (2025)
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L Introduction

Keith found several congruences, an exponential asymptotic, and
some side results, including an interesting connection to the
truncated pentagonal number theorem studied by Andrews and

Merca?.

2
Andrews, G.E., Merca, M.: The truncated pentagonal number theorem.
Theory Ser. A 119, 1639-1643 (2012)

J. Comb.
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L Introduction

Theorem 1.1

For n >0,

cs(8n+5)=0 (mod 2),
s(2(pn+j)+1)=0 (mod 2),
for a prime p > 3 such that 371(j +371) is not a quadratic
residue mod p,
c5(32n+31) =0 (mod 4),
c(8n+4)=0 (mod 2), if n cannot be

represented in the form n = 10k — 4k for integer k.
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L Introduction

Keith further posed two conjectures on congruences modulo 2, 4,
and 8 for some coefficients.
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L Introduction

Conjecture 1.2

For n> 0,

cs5(32n+31) =0 (mod 8),
c5(128n+123) =0 (mod 8),
c5(512n+491) =0 (mod 8),

c5(64n+19) =0 (mod 4)

c5(256n +75) =0 (mod 4),
c5(196n+7j+5) =0 (mod 4),

where j € {2,6,10,14,15,19,22, 26,27}

This conjecture was proved by Jin, Wang, and Yao®
3

Jin, J., Wang, S., Yao, O.X.M.: Proof of a conjecture of Keith on congruences of the

reciprocal of a false theta function. https://arxiv.org/abs/2508.01532.
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L Introduction

Conjecture 1.3

For n> 0,
c(36n+14) =0 (mod 2),
c(196n+j) =0 (mod 2), where j € {54,166,194}, (2)
c13(32n+23) =0 (mod 2),
c13(64n+63) =0 (mod 2),
as3(72n+j)=0 (mod 2), where j € {15,21, 39,69},
7(128n+80) =0 (mod 2).

Congruence (17) is equivalent to

©(392n+j) =0 (mod 2), where j € {54,166, 194,250,362,390}.
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LMain Results

Theorem 2.1

For n > 0, we have
(36n+14) =0 (mod 2),

)

©(392n+j) =0 (mod 2), where j € {54,166, 390},
c13(32n+23) =0 (mod 2),
)
)
)

w

c13(64n+63) =0 (mod 2),
cas3(72n+4) =0 (mod 2), where j € {15,21,39,69},
c17(128n+80) =0 (mod 2).

(o)}

A~ /N /N /S /S A/
o (6]
~— N N N ' —
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LMain Results

Theorem 2.2

For n > 0, we have

©(392n+j) =0 (mod 2), where j € {110,222,278},
c13(128n+15) =0 (mod 2),
c13(256n 4+ 175) =0 (mod 2).
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LMain Results

Theorem 2.3

For n > 0, k > 1 the following holds:

.93k
27 . 23k+1 49
7

) = c13(8n+7) (mod 2),

13 (9 2%k 4 ) = c13(16n +15) (mod 2).
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LMain Results

From Theorems 2.1-2.3, we deduce the following infinite families
of congruences.
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L Main Results

Corollary 2.4

For n > 0 and k > 1, the following holds:

19- 23k 9
s (2342 + i (mod2),  (9)

27 - 23k+1 +9

c13<23k+3 n (mod 2),  (10)

23k+2 49

cis (23k+4 (mod 2),  (11)

13 (9 L 23k43 (mod 2),  (12)

C13 (9 .3kt + 171 23k+2 ik

(mod 2), (13)
243 . 23k +9

——) =0
)=
)=
LA 23k+1 + 9)
T )=
)=

c13 <9 c3k+2p o

(mod 2).  (14)
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LSketch of proofs

Proof of
co(36n+ 14) =0 (mod 2)
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LSketch of proofs

Note that
fab)= 3 )50
and _
OO SR GO WO SN NE)
We have - o
nicg(”)q" N W(—ilqu) - f(—;g,q)
= (4. i(c;)q:;:—gzq, g (med2 (1)
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LSketch of proofs

Recall from Berndt! that

f(a, b) = f(ab*,a®b) + af (b/a, a°b3),
f(a, b)f(—a, —b) = f(—a%, —b?)p(—ab),

where

f5
e(q):=f(9,9) = (—-4:9*)2%(¢% ¢ oo = ﬁ
174

1

Berndt, B.C.: Ramanujan’s Notebooks Part Ill. Springer (1991), [p. 46, Entry 30]
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LSketch of proofs

Therefore,

- n_  f(=q.4%
2 a(nd’ = f(a,-4°)f(—q.9°)

n=0

_ (=9, -9*®) — af(-¢°*, —¢*)
B f(—q%, —q'®)p(q'°)
f‘_12_28 _ f_8_32
_ (=67, =¢%) —af(—¢°, —¢™) (mod 2).
f(—q?, —q18)

We have used the fact that

f5
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LSketch of proofs

Extracting the even terms in

o0

f(=9'% —¢*) — af(=¢°, —¢**)
"= d?2
;)Cg(n)q f(—q% —q'®) (mod 2),
we find that

9(2n)q"
n=0
_ f(=¢% —q")
B f(_qa _qg)
_ f(=¢° —¢")f(q,9°)

f(—a,—4°)f(q,9°)

f(—q° —q*) <f(q12, *°) + af (¢°, q32))
= (mod 2).

f(—q% —q'®)p(—q'?)
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LSketch of proofs

Extracting the odd terms in

i (20 f(=a° ) (f(a'2, %) + af(¢*, 4*2)) (mod 2)
c(2n)q" = mo ,
il I (=% —q'®)p(—q'?)
we have
> f(_q3,_q7)f(_ 47_q16)
co(4n+2)q" =
par ol )a f(—q,-a°)
2(_ 42 _ 8 _ 3 _A7
Ef(q,CI)f((%q) (mod 2).
f(—a,—q°)

We need to find a 3-dissection of the right side.
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LSketch of proofs

We have
- 2(—q, —q®)f(—q% —q")
co(4n+2)q" = ’ ’
n;, ol ) f(—q,—¢°
20— —a®\F2(—a3 —d”
_ (=4, qg) ( T 7q) (mod 2).
f(—q9,—q°)f(—q% —q")
From
f(a, ab®)f(b, a’b) = f(a, b)y(ab),
we have

f(_q27 _qs)f(_q37 _q7) = f(_q27 —q3)¢(q5)7
where

2. 42 2
¥(q) = (g,¢%) = m@ _ ’;21
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LSketch of proofs

Jacobi's triple product identity is given by
f(a,b) = (—a; ab)oo(—b; ab)o(ab; ab) .
Therefore,
f(=q,—¢°)(F(=¢*,—4") = (a.4°. 9", ¢": ¢"°) g
_ (4:6%)ofiy

(0% 99
Thus,
N FA(-¢*,—4*)*(=¢>, —q")
co(4n+2)q" = ’ ’
,,;) o ) f(=q,—a°)f(—¢* —q’)

_ (6% 9" (—9% —*)¥*(q°)
(4 4?)oo 1l
= f(—q4, —q6)f1f5 (mod 2).
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LSketch of proofs

We seek a 3-dissection of f(—q*, —q°®)fifs.
To that end, first we have

fifs = £ + qfyy  (mod 2).

This easily follows from Ramanujan’s identity From [1, p. 262,
Entry 10(v)], we have

V() — qv*(a°) = f(a.9*)f (4% ¢°).
Next, from Berndt!, we have
fP = fa(q®) — 3aqfs,
which implies that
fP = fa(q®) + gy (mod 2).
Thus,
ffs = (fia(q®) + ¢°f3) (FHoa(q®®) + ¢'°%)  (mod 2).

1

Berndt, B.C.: Ramanujan’s Notebooks Part Ill. Springer (1991), [p. 346, Entry 1(v)] 25 /57
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LSketch of proofs

We were seeking a 3-dissection in

co(4n+2)q" = f(—q*,—¢°)Aafs  (mod 2).
n=0
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LSketch of proofs

We recall another result from Berndt!.

Lemma 3.1

n(n+1)  n(n—1) n(n—1) n(n+1)

let U,=a 2 b2 andV,=a 2 b
Then

for each integer n.

f(Uy, V1) ZUf( dats VU‘)

Setting n =3, a= —q*, and b = —q°, we find that
f(—q*, —q%) = f(—q**,—q"°) — ¢*F(—¢'%, —¢"*) — ¢°F(—q"%, —q"®),

which is a 3-dissection of f(—g*, —q°).

1

Berndt, B.C.: Ramanujan’s Notebooks Part Ill. Springer (1991), p. 48, Entry 31]
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LSketch of proofs

Employing the 3 dissections of ff5 and f(—q*, —q°) in
Z co(4n+2)q" = f(—q*, —¢®)Afs  (mod 2),
n=0

and then extracting the terms involving 3", we obtain

c(12n+2)q"

1)

a(q6)(f(—q84, %) — ®f(—q*°, —q"**) — ¢"2F(—q*, —q156))
(=% —*)(§ + ¢*fh)  (mod 2).

Extracting the terms involving 3", we deduce that

(36n+14) =0 (mod 2).

28/57



Parity Results for the Coefficients of the Reciprocals of False Theta Functions
LSketch of proofs

Proof of
c17(128n + 80) = 0 (mod 2)
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LSketch of proofs

We have

.1 1
ch(n)q - V(=q'.q) ~ f(-q".q)

f(—q,q"")
f(q,—q'")f(—q,q")
f(—q2° —q°?) — af (=4'°, —¢*°)
f(—q2, — %) p(q'®)

(mod 2).
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LSketch of proofs

Then

N n_ f(=4"° —¢*)

nz_(:)c17(2”)q = F(—q, —q17)

fF(=q"°, —4*)f(q.4")

f(=q,—q'")f(q.q"")

f(—qlo,—q%)(f(q 1%2) + af(a%°, %))
7**)p

= F(=9%,—a*) (™) e
o) f—57_ 13f 10’ *
> anfanqr = (00, V0
= £(q', ¢25)F(—q®, —q2)f(q, g'7) (mod 2),

f(_qv _q17)f(q7 q17)
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LSketch of proofs

Zc17(8n)q”
n=0
_ (%, 9)f (4% —¢"°)f(=q", —q")
a f(—q,—q"")
_ f(a® ¢®)f (=% —¢")f(=q", —¢"")f (=g, —¢"")
B f(q,q')f(=q,—q"")
1 3 13 11
_ f(=9,—q 7)f(—q,f( l( 5;—q (=4 =4 (104 2)

32/57
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LSketch of proofs

By Jacobi Triple Product Identity, we have
f(—q, -4 (4>, —a*)f(—=q°, —q")f(=q", —q'")
=(9:4%9%4",4",4%,6"%, 4" 4"®) i}

_ (@0%)ofy

(% q18)
_ hfi
fafo
= @ (mod 2).
1
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LSketch of proofs

We have a 2-dissection of fy/f; given by Xia and Yao?, namely,

h_ £ ffis
= = ——  (mod 2).
A= e ThHE (M9
Therefore,
f(—a.—a")f(-a*. —a*)f(=a°. —¢"*)f(—q", —q"")
_ fnfy
- f
3 fatz6f72
= + mod 2).
TR T

2

Xia, EXX.W., Yao, O.X.M.: Parity results for 9-regular partitions. Ramanujan J. 34,

109-117 (2014)
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LSketch of proofs

Thus,

Z c17(8n)q"
n=0

f(-9.—a')f(=¢° —4"°)f(=¢°, ) f(=q", —q™)
f(—q* —q**)

__ . f
- f(—q%,—¢%) £
72 <f132f72 f4f36f72>
+ mod 2).
=~ \Bhis o ) ("7
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LSketch of proofs

Extracting the even terms, we have
> iof3 £33
D ar(6md" = e Ty = BB (. a1
__f(qe.d") 1
- hf(—¢% —¢*) f3
B8 (F(a®,6) + af(@°,6%°)) 3
] EpR——" ' (mod 2).

We seek a 2-dissection of f3/f5.
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LSketch of proofs

From Xia and Yao3, we have

5
2 =fg+qg3= (mod 2).
f fa

Therefore,
Z c17(16n)q"
n=0
B(Fa%,a) + af(a%,¢*) 2
B hf(—q2, —q%*) 3

 RB(f(a®.0%) + af (4%, ¢™))
- hf (-2, —q**)

3 fi
(1‘24 +4q %) (mod 2).
12

3

Xia, E.X.\W., Yao, O.X.M.: New Ramanujan-like congruences modulo powers of 2 and

3 for overpartitions. J. Number Theory 133, 1932-1949 (2013)
37/57
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LSketch of proofs

Extracting the odd terms, we find that

Z C17(32n + 16)qn

n=0
£ £2
finf 8 28 18f 26
f]_f( q17)(12 (q aq )+qf ( ))
Fof(®. %) + 4B (g%, ¢%) £

= B F
T ——y 3 (g,97")

3

faf(a®, 4) + 4B (', ¢*°) (5+ f132>
f(—a? —q*) T,

X (f(qzo,q52) + qf(qlﬁ,q%)) (mod 2).

38/57
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LSketch of proofs

Extracting the even terms, we deduce that

> ar(64n+16)q"

n=0
;<f4f6f(q4 PO )+ 0 F(g' (o)
f(—=a,—q"") ’ ’ RN ’

f;}f f 8 .28 %363f 5 13f 10 26
+q (0°,92)f(¢% ¢*®) + a-22f(a°, 4)f(¢"%, ¢*°)
f3 hi3

_ f(¢*°,9%) + af ("%, *°) 4 la\; 8 28
S (I CRT AU Ry

f
+ q%f(q“, q"*)f(q®, q28))
2

fo £( 410 26
afaf(a®, 4%) + ¢'£ (', ¢*°) £3
£ 1TV F (o5 g13)79 d2).
f(_q27_q34) (q’q ) (q ’q )f}, (mo )

39/57
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LSketch of proofs

Therefore,

> ar(64n+16)q"
n=0

B f(q20,q52)+qf(q16,q56) 4 1 s
e e (GRS
]
+ q%:f(q“, 7 )f(d, q28)>
N S 8 28 & 10 313
e ) g ) (- )

fi2
< (F(a®. a*)f(a"*, 4) + o (a4} (" 4™))

(mod 2).

40/ 57



Parity Results for the Coefficients of the Reciprocals of False Theta Functions
LSketch of proofs

Extracting the odd terms, we find that

Z c17(128n + 80)q”

n=0

= 2r (et (0, )
- f(-q.—q'")\ A ’ ’

3

f.
+ 6616, a) (0", a) (e, a) + (f(a" a) + 2f(a".a"))

14
£3
X (flzf(q3,q15)f(q7,q1 )+ q° }8 f(q°, a")f(q*, q™°)

= W(A + B) (mod 2),

41/57
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LSketch of proofs

where
A—Q 7f f 10 26
=+ f(a.a")f(d" d')F(a", 4°)
fi?,f( )(f f 3 15 f 7 11
7 fla ) (f2f(q® ¢")f(q", q™)
+q2%f(q6,q12)f(q27q16))
6
and

B = f2fz’:f(q2a q7)f(q57 q13)f(q83 q28)
+6f(q*.q") (faf (4. 4" (a7 a")

f'
A RICATE 2)f(¢% 4')).

42/57
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LSketch of proofs

To arrive at
17(128n+80) =0 (mod 2)
from
i a7(128n + 80)q" = ;N(A + B),
= f(—q,—q"")

it suffices to show that A+ B =0 (mod 2).

43 /57
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LSketch of proofs

After some simplifications, we find that

f2f (q°, g*3)

A+Bz( :

+hAf(g",¢"))C (mod2),  (16)
where

f3
C=F(q"a")f(q°.q") + £(a°,a)f(a",a") + L F(% 4"°).

44 /57
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LSketch of proofs

By Jacobi triple product identity

(0% q") = (4>, 4" 4"°)oofis
( )oof18
(—a% qlg)oo
_ (4% 9%)ofis
" (6% 9%
Ef"f’;lg (mod 2).

45/57
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LSketch of proofs

Therefore,

f
C = F(q% aN(e* a") + £1(a°, a")F(a",a) + 4" £ F(a%, ")
= 1(q%,q")f(q*, a"*)f(a°, ¢"°) + fofofisf(q”, ™)

f3
- qz%ff(qz,qm) (mod 2).

However, from f(a, ab?)f(b, a’b) = f(a, b)y(ab), we have
f(a*,a")f(a° a**) = f(q*, a°)¥(a°) = f(a*, ¢°)ofis  (mod 2).
Thus,

C = ffis (F(a% 0')f(a,4°) + ff(q", ™)

5> fofy
+ L (qq)  (mod 2).

46 /57
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LSketch of proofs

Now,
f(a®,q")f(q* ¢°) = f(a° ¢")f (", ¢'") + ¢°F(a°, 4™°)F(a*, 4™°)

Therefore,

fof
C= f9f18<f(q2,q7)f(q4, a°) + fsf(q". q") + q29T318 (q2,q16))

= fofis(1(a° ) (a7 ) + G*F(a%, ") (6%, *°) + foF (q", g™)

fof,
219718 2 16
+qT3 (¢°.q ))

fof
= fofis(ff(q", ™) + q279f318 (4% 4'°) +fsf(q", g™)
fofig > 16
+ PR (2,
e faq ))
0 (mod 2).

47 /57
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LSketch of proofs

We proved

- 1

128n+80)g"= ————<(A+B)=0 d?2

nz::OCﬂ( n+ 80)q f(—q, —q17)( + B) (mod 2),

where
fisf 5 .13
A+B= (m(cjc’q) + hff(q", q”)) C (mod 2)
1
with
f3

C =)@ a%) + Bf(a°, ™) (q". ) + ¢ F (e %)

=0 (mod 2).
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LConcluding Remarks

Concluding Remark
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LConcluding Remarks

Keith’s conjecture:
For n > 0,

o(36n+14) =0 (mod 2)
c9(196n+j) =0 (mod 2), where j € {54,166,194}, (17)
a3(32n+23) =0 (mod 2)
c13(64n+63) =0 (mod 2),
c13(72n+j) =0 (mod 2), where j € {15,21,39,69},
( )

c17(128n + 80) =0
Congruence (17) is equivalent to

©(392n+,) =0 (mod 2), where j € {54,166,194,250,362,390}.
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LConcluding Remarks

We proved:

For n > 0, we have
c(36n+14)=0 (mod 2), (18)
9(392n+j) =0 (mod 2), where j € {54,166,390}, (19)
c13(32n+23) =0 (mod 2), (20)
c13(64n+63) =0 (mod 2), (21)
c13(72n+4) =0 (mod 2), where j € {15,21,39,69}, (22)
c17(128n+80) =0 (mod 2). (23)
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LConcluding Remarks

To complete the proof of Keith's conjecture, one has to show that

©(392n+j) =0 (mod 2), where j € {194,250,362}.

We find that

Y cw(8n+2)q" = f(—a°,—¢*)F’ = f(—q°,—a*)¢(q) (mod 2).
n=0

52/57
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LConcluding Remarks

Employing the 7-dissections of 1)(q) and (g2, g%) in

o0

> co(8n+2)q" = f(—q°,—¢*)¥(q) (mod 2)

n=0
and then extracting the terms involving g’"*3 from the resulting
identity, we obtain

>~ co(56n+26)q" = £(a, a*) (F(a'2, ¢ + ¢*F(a%, 0%
n=0
+ (% ) (F(a™, a2) + af (6", ¢*7))
+ (0,6 (e, %) + ¢*F(a*, 4

+*f(q",¢*®)(q") (mod 2).

Therefore, to prove the conjecture it suffices to show that there is
no term involving g"™*", where r € {3,4,6}, on the right side of

the above.
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LConcluding Remarks

However, we could not find an effective 7-dissection to that end.
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Thank You so much!
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