Partitions, Kernels, and the Localization Method

Nicolas Allen Smoot

Specialty Seminar in Partition Theory, g-Series and Related Topics
Michigan Technological University

6 October, 2022

<uRISC  JXU LIF

RESEARCH INSTITUTE FOR JOHANNES KEPLER
10N

INSTITUTE :
SYMBOLIC COMPUTAT UNIVERSITY LINZ Der Wissenschaftsfonds.

Nicolas Allen Smoot Partitions, Kernels, and the Localization Method



Motivation

Partitions

Partitions

Definition

For any n € Z>g, a partition of n is a representation of n as a sum
of other positive intergers, called parts. The number of partitions
of a given n is denoted p(n).

For example, p(4) = 5:
e 4

3+1

242

2+1+41

1+1+1+41
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Motivation

Partitions

Partitions

o0 n [oe) 1
nz_%p(n)q =11 ppr

m=1
The sequence for p(n) begins

(p(n))ns0 = (1,1,2,3,5,7,11,15,22,30,42, 57,77, 101, 135,
176, 231, 297, 385, 490, 627, 792, 1002, 1255, 1575, 1958, ...)
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Ramanujan’s Congruences
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e p(5n+4) =0 (mod 5).
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Motivation

Partitions

Ramanujan’s Congruences

(p(n))ns0 = (1,1,2,3,5,7,11,15,22,30,42, 57,77, 101, 135,
176, 231, 297, 385, 490, 627, 792, 1002, 1255, 1575, 1958, ...)

e p(5n+4) =0 (mod 5).
e p(25n+24) =0 (mod 25).
e p(125n+99) =0 (mod 125).

Theorem (Ramanujan, 1918)

Let n,a € Z>q such that 24n =1 (mod 5). Then

p(n)=0 (mod 5%).

————=————=— =
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Motivation

Partitions

Ramanujan’s Congruences

Theorem (Ramanujan, Watson, Atkin)

Let ¢ € {5,7,11} and n,a € Z>q such that 24n =1 (mod ().
Then

p(n)=0 (mod %),
a, ¢ e {5,11},
la/2]+1, £=T.

-
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Motivation

Partitions

Similar Congruences

Suppose

> a(n)g" =[](a%a")2.

n=0 8|M
A congruence family for a(n) modulo powers of a prime ¢ is a set
of divisibilities
a(n)=0 (mod ) when An=1 (mod (%),
with A € Z fixed and

8 — 00 as a — oo.
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Background
k-Elongated Plane Partitions

di(n): k-Elongated Plane Partitions of n

Define Di(q) by

B 00 . 0 (1 _ q2m)k
Di(q) := ;)dk(n)q = ,,gl = gmyseiT

in which di(n) counts the number of k-elongated plane partitions
of n.
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Background
k-Elongated Plane Partitions

di(n): k-Elongated Plane Partitions of n

as as ar k-1 a2k+1
»- O I o W
> >
ai A2k+2
»- I o W
> >
a ay a6 ark—2 ak

Figure: A length 1 k-elongated partition diamond.

@ a; € ZZO
@ a, — ac indicates that ap > ac

@ a1+ a2 =n
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Background
k-Elongated Plane Partitions

di(n): k-Elongated Plane Partitions of n

Dk+1  A2k+4  F4k+2 aA(2k+1)m
< a2k+2 a4> --- < > A2k+1)m+1
A2k+3  dak+1 A(2k+1)m-1

Figure: A length m k-elongated partition diamond.

@ a; € ZZO
@ a, — ac indicates that ap > ac

@ a1 + a2 t ..+ ARkt1)mr1 = N
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Congruence Families for d(n)

Congruences on ds(n)

Theorem (da Silva, Hirschhorn, Sellers)
For all j,n > 0,

dsj+5(5n+4) =0 (mod 5).

Note that ds(5n +4) =0 (mod 5).

Nicolas Allen Smoot Partitions, Kernels, and the Localization Method



Congruence Families for d(n)

Congruences on ds(n)

This was conjectured by Koustav Banerjee:

Theorem (Banerjee, Me)

Let n,« € Z>1 such that 4n =1 (mod 5). Then

ds(n) =0 (mod 5%/2/+1),
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Setup
General Relation
Congruence Families 5-adic Irregularities

Theory of Partition Congruences

If An=1 (mod (%), then a(n) =0 (mod ¢°).

oo

Lo = b - Za(éan + Xa) @™ € M ([o(N)), for g := e*™'7 7 € H.
n=0

L is equivalently a meromorphic function on the classical modular
curve Xo(N).
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Theory of Partition Congruences

Xo(N) is a compact Riemann surface, diffeomorphic to a 2
dimensional C*° real manifold. The two key topological properties
important to us are:

@ The genus g;

@ The cusp count €.
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Setup
General Relation
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Because Xo(N) is compact, any holomorphic function
f : Xo(N) — C must be constant.

L., has to have a pole somewhere.
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The Genus

Let M? (Xo(N)) be the set of modular functions with a pole only
at the cusp [0]. If g(Xo(N)) =0, then

M® (Xo(N)) = Cx],

for a function x. This is a consequence of the Weierstrass gap
theorem.
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Setup
General Relation
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The Cusp Count

Let N = ¢ be a prime. Then e (Xo(¢)) = 2. Denote the cusps as
[0] and [o0].

o

Lo = o - Z a(l*n+ X)) g"te.
n=0

Notice: because ¢ > 0, L, has positive order at [oc], and is
holomorphic everywhere besides the cusps.

Lo € MO (To(€)) = C[x].
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The Cusp Count

Suppose N is not prime. Then ey, (Xo(N)) > 2.

i 0+ Aa)
n=0

Notice: L, has positive order at [co], but it may have poles at
cusps besides [0] and [o0].

Nicolas Allen Smoot Partitions, Kernels, and the Localization Method



Setup
General Relation
Congruence Families 5-adic Irregularities

The Cusp Count

Suppose N is not prime, and e (Xo(N)) >
There exists a function z € M? (Fo(N)) W|th p05|t|ve order at
every cusp except at [0].

2™ L, € MO ([(N)) = Clx],
La € C[X]Sa

with

S:={z":n>0}.
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Theory When g (Xo(N)) =0

o If exo (Xo(N)) = 2, then the classical techniques of
Ramanujan and Watson will apply.

o If € (Xo(N)) > 2, then we use localization.
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Theory When g (Xo(N)) >0

@ We're working on it.
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Let n,a € Z>1 such that 4n =1 (mod 5%). Then

ds(n) =0 (mod 5l/21+1),

@ Associated Riemann survace is the modular curve X((10)
e g(Xo(10)) = 0, indicating the existence of Hauptmoduln

® €5 (X0(10)) =4 > 2, indicating complex behavior at the
cusps for the function sequence associated with the
congruence family.

@ All of this necessitates the localization method.
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First Example

(qs'q5)16 - +2
=’7§ ds(5n +4)q""=.
10. 510)5
(a1 910 =5

Ly . (57o5x2 + 6840120x° + 2034152125x* + 280484938650x° + 22921365211325x° + 1260917405154520x"

(1+5x)°
+ 50400843190048480x® + 1539115922208139200x° + 37183654303328448000x° + 728924483359472640000x
+ 11816089262411136000000x*2 ++ 160681440628058880000000x 3 + 1853291134193264640000000x**

+ 18284160727362809856000000x*° + 155286793010086625280000000x° + 1140657222505472000000000000x 7
+ 7269894420215070720000000000x '8 4 40277647277404979200000000000x*°

+ 194099187864646451200000000000x%° + 813054581193729638400000000000x>*

+ 2954545150241538048000000000000x? + 9282005730758492160000000000000x>3

+ 25080951875200614400000000000000x2* 4 57872525958316032000000000000000x2

+ 112916020309524480000000000000000x° + 183812885074411520000000000000000x>7

-+ 245082228994867200000000000000000x + 260725452832768000000000000000000x2°

-+ 212837104353280000000000000000000x>° + 125198296678400000000000000000000x>!

+ 47244640256000000000000000000000x°2 + 8589934592000000000000000000000x33).
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Ly :=1,
(% 0°)% o
L2a—1(7)_w Zd 52 1n+/\2a 1) n+2
! n=0
L2o¢(7')—(gq Z)) Zd (5%n+ A2a)q" ",
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Main Theorem

Let

a-+1

B = {
8= B(a) = /2] + 1.

J + 1 — ged(ay, 2),

Then for all @ > 1, we have

(1+5x)¥
58

Lo € Z[x].
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1

Ly = ——
T (14 5x)0

-(5705x2 +6840120x3 + ...
+ 8589934592000000000000000000000x33> .

We will express

m

— Z 59 (my, __~*
—~ (14 5x)"’

with n € Z>1 fixed, s, 0; integer-valued functions, s discrete, and
i = 0,1 depending on the parity of a.
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U Operator

We study
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General Relation

There exist discrete arrays hy, hg : Z3 — Z and functions
mj : Z%, — Z>o such that

1
= hi(m,n r)'5’”(m’r) - x"
(L4580 Tors
©(_*x"
v <(1—|—5x)”>
_ 1 Z ho(m, n, r) - 570(mr) ",

(1 + 5x)>n+6

r=[(m+1)/5]
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General Relation

mo(m,r) :==max (0, | ——— | =5,

mi(m,r) = srom
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Proof Strategy

() ._ 1 gi(m)  um . o
n = s(m) - 57 . x™ : s is discrete » ,
(1+5X)"mz>:1
i€{0,1}
0 1<m<7
O1(m) =< . - ’
e {P"’;zj 5 m>s
0 1<m<4
Oo(m) =% . -
0( ) {LS@_IJ_27 m257
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Proof Strategy

1

(i) ._
Va© = (14 5x)"

Z s(m) - 5%(m . x™ - s is discrete

m>1

1
Show that ng eV,

Show that for any f € V,, éU(l)(f) € Vsp,
Show that for any f € V,, UO(f) € Vs, ys.
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Even-to-Odd Index

Let f € V,(,O). Then

1
U(O)(f) o[ —= Z s(m) - 50o(m) . ,m
(1+5x) =
_ oo(m) . ) (X"
=2 s(m)- 5% U ((1 n 5X)”)

m>1

T 5x)sn+6 ST S sm)ho(m,n,r) - SlMERlm)

m>1r>[(m+1)/5]

e 5 (1 + 5x)5n+6 Z Z ~ho(m, n, r) - 5f(m)Fmo(m.n) yr
X

r>1m>1

We want to show that

Oo(m) + mo(m, r) > 61(r) for all r > 1,
so that UO)(f) e Vé},)w
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Odd-to-Even Index

Let f € VY. Then

U (f) =uW ((1+15X) > s(m) - 50 -xm)

m>2

=3 ()5 00 ()

m>2

L2 Y sm) lmn ) im0

T L By)on
(1+5%) m>2r>[5/3]

e T s ) SO

r>1 m>2
We want to show that
01(m) 4+ m1(m, r) > 6o(r) +1 for all r > 1,

so that %U(l)(f) € Vé?,).
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5-adic Irregularity

We are going to prove that

Oo(m) + mo(m, r) > 61(r) for all r > 1,
O1(m) +mi(m,r) > 6p(r) + 1 for all r > 1.
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5-adic Irregularity

We are going to prove that
Oo(m) + mo(m, r) > 61(r) for all r > 1,
O1(m) +mi(m,r) > 6p(r) + 1 for all r > 1.

No we aren't.
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5-adic Irregularity

We are going to prove that

Oo(m) + mo(m, r) > 61(r) for all r > 1,
O1(m) +mi(m,r) > 6p(r) + 1 for all r > 1.

No we aren't.

Oo(m) + mo(m, r) > 61(r) for all r > 1 is true.
01(m) + m1(m, r) > 0o(r) + 1, on the other hand...
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5-adic Irregularity
Let f € V,. Then

1
OFy=u® [ —— E m) - 50(m) . ym
(= ((l +5x)" = s(m) -5 x )

_ ). 5%0m) . () < x™ )
mz>; (14 5x)"
Z Z s(m) - h(m, n, r) - 5O (mFmlmn)

m>2 r>[m/5]

(1+5 (1+5x)5" > D s(m)-hi(m,n,r) - 5Hmrmm). 0
X

r>1 m>2

(1+5X 5n

The coefficient of W is

5

Z s(m) - hi(m, n, 1) - 5(m+m(m1)

m=2
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5-adic Irregularity

The coefficient of : G has the form

P S
(145x

5
Zs - hi(m, n, 1) - 5O (m)Fm(m.1)

5(2) h1(2,n,1) +s(3) - h1(3,n,1) + s(4) - h1(4,n, 1)
+s(5) - h1(5,n,1).
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5-adic Irregularity

The coefficient of g has the form

(1+5

i s(m) - hi(m, n, 2) - 5o (m)+m(m.2)
m=2

=55(2) - h1(2, n,2) + 55(3) - h1(3,n,2) + s(4) - hi(4, n, 2)
+s(5) - h1(5,n,2) + s(6) - h1(6,n,2) + s(7) - h1(7, n,2)
+ 5(8) : h1(8, n, 2).
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5-adic Irregularity

For all m,n,r € Z>1, and i = 0,1, we have:

hi(m,n,r) = hi(m,n—>5,r) (mod 5).
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5-adic Irregularity

In particular, for m=2,3,5,

hi(m,n,1)=1 (mod 5).

In particular, for m=16,7,8,

hi(m,n,2) =1 (mod 5).
Finally,
hi(4,n,1) =2 (mod 5),

hi(4,n,2) =4 (mod 5),
h1(5,n,2) =0 (mod 5).
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5-adic Irregularity

Our coefficient of (e for UD(f) is

(1+5x

5
Z s(m) - hi(m, n, 1) - 50(m)+m(m1)

2
=s5(2) + s(3) +2s(4) + s(5) (mod 5).
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5-adic Irregularity

Our coefficient of for UD(f) is

(1+5x)5"

5
Z s(m) - hi(m, n, 1) - 50(m)+m(m1)

2
=s5(2) + s(3) +2s(4) + s(5) (mod 5).

Examine Lg:
Ly > 1141x° + 1368024x3 + 406830425x* + 56096987730x° -
(1+5x)°

Notice that 1141 4 1368024 + 2 - 406830425 + 56096987730 = 0
(mod 5).
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5-adic Irregularity

Our coefficient of (1+5 CEEn for U )(f)
8
Z S(m) : hl(m, n, 2) . 501(m)+ﬂ'1(m72)
m=2

=45(4) + s(6) +s(7) +s(8) (mod 5).
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5-adic Irregularity

1
"= (1+5x)" > s(m) - 5% X" (s(m))2<mss € ker (9) ¢,
m>2
(0 ._ 1 S s(m) - 5%(m) . xm
(1+5x)" —

Q: 77 — 7./522

O =
— N
o =
&~ O
» O

o

)
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Congruence Families 5-adic Irregularities

Resolving 5-adic Irregularity

Suppose f € V,(,l). Then

U () e VG,

U9 U (f) e Vg%-ﬁ-@

Ol = o1
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Let £ € VM. Then

1 1
2 (UO 6y N S 501 (w) w
5 (U olU (f)) (1+5x)5"+6Wz>:1t(W) AW,
5w—6 b5r
tw)=>_ > s(m)-hi(m,n,r)-ho(r,5n,w)
r=1 m=2

« 591(m)+7r1(m,r)+7r0(r,w)—91(w)—1 )

It can be shown that (t(w))2<w<g € ker (Q2).
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Proof of our Strong Result

1 1
g'L1€V£).

Suppose that for some o € Z>1, there exists some n € Z>1 such that

1
ma Laa1 € V. Then
L2a71 =5%. f2a717 for f2a71 € Vl(‘ll) Now,

Loo = Us (Loa—1) = Us (5% - foa—1) = 5% - UD(frq_1).

There exists some f, € Vég) such that U(l)(fga,l) =5 fry. Therefore,

1
L2a = 5a+1 . f2a, and w . LQa S é?.')

— = = =
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Proof of our Strong Result

Loat1 = Us (A Lag) = Us (5%T1 - A £o) =51 UO)(,).

There exists some fn 11 € Véﬂl such that U(O)(fza) = fatl.

Therefore,
1 1
Loa+1 =5 - foat1, and sat1 L2041 € V5(n)+1-
Therefore, etc. OJ
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Classification

If An=1 (mod £%), then a(n) =0 (mod ¢7).

Suppose we are working over Xo(2¢) with genus 0.

(e}

Lo=a-Y a(t®n+ ) q™e
n=0

1
= “ala) Z S(m)ﬁe(m)xm.
zn(a) e’
(s(m)) m>o € ker($2)

for some linear operator 2.
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