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Gordon’s identities
Given integers r ě 2 and 1 ď i ď r, let

Ar,ipnq “ #tpλ1, ¨ ¨ ¨ , λsq : n| λk ı 0,˘i pmod.2r ` 1qu.
Br,ipnq “ #tpλ1, ¨ ¨ ¨ , λmq : n| λk ´ λk`r´1 ě 2, λi ě 2u.

Then Ar,ipnq “ Br,ipnq for all integers n.
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analytic form of Gordon’s identities
For the integers 2 ď r, 1 ď i ď r, we have

ÿ

n1,n2,...nr´1ě0

qN
2
1`N

2
2`¨¨¨`N

2
r´1`Ni`Ni`1`¨¨¨`Nr´1

pqqn1pqqn2 . . . pqqnr´1

“
ź

ně1
nı0,˘ipmod.2r`1q

1
1´ qn “

ś

ně1, n”0,˘ipmod.2r`1q
p1´ qnq

ś

ně1
p1´ qnq .

Where q is a variable and Nj “ nj ` nj`1 ` ¨ ¨ ¨ ` nr´1 for all
1 ď j ď r ´ 1 and pqqn “ p1´ qqp1´ q2q ¨ ¨ ¨ p1´ qnq.
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Neighborly partitions

Definition for the case i “ r (P.A., H. Mourtada)
Let λ “ pλ1 ě ¨ ¨ ¨ ě λmq be an integer partition and let r ě 2 be
an integer. We say that λ is a pr, rq-Neighborly partition and we
write λ P Nr,r if each part λj of λ satisfies the following conditions:

1 ď mλpλjq ď r.

DBj “ pλk ě ¨ ¨ ¨ ě λk`r´1q, λj P Bj , λk ´ λk`r´1 ď 1.

Bj “ p

(r-s)-times
hkkkkkkkkkkkikkkkkkkkkkkj

p`` 1q, ¨ ¨ ¨ , p`` 1q,
s-times

hkkikkj

`, ¨ ¨ ¨ , `q, where λj P t`, `` 1u
and s P r|1, r|s.
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Definition (Hypergraph)
A hypergraph H is a pair pV pHq, EpHqq where V pHq is a set of
elements called the vertices of H and EpHq is a set of subsets of
V pHq called the edges of H.

PAOH representation of a hypergraph
§ The vertices of H: parallel horizontal rows,
§ The edges of H: vertical lines in which a point represents a
vertex of the edge.
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Example

V pHq “ tv1, ¨ ¨ ¨ , v6u.

EpHq “ tpv1, v2, v3q, pv1, v3, v4, v5qu.

v1

v2

v3

v4

v5

v6
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Hypergraph associated with a neighborly partition

Definition for the case i “ r (P.A., H. Mourtada)
Let λ P Nr,r. We define its associated hypergraph Hλ:

V pHλq “ txj,k| j is a part of λ and 1 ď k ď mλpjqu.

EpHλq “ tpx`,1, ¨ ¨ ¨ , x`,s, xp``1q,1, ¨ ¨ ¨ , xp``1q,pr´sqqu, for any

sub-partition Bj “ pp`` 1q, ¨ ¨ ¨ , p`` 1q
looooooooooomooooooooooon

(r-s)-times

, `, ¨ ¨ ¨ , `
loomoon

s-times

q of λ.
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Example

λ “ p5, 5, 5, 4, 4, 2, 1, 1q P N3,3.

V pHλq “ tx1,1, x1,2, x2,1, x4,1, x4,2, x5,1, x5,2, x5,3u.
x1,1
x1,2
x2,1
x4,1
x4,2
x5,1
x5,2
x5,3
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Signature of a Neighborly partition

L P SubepHq :
§ EpLq Ă EpHq.
§ V pLq “ tv P V pHq| v P EpLqu.

Definition (P.A., H. Mourtada)
Let λ P Nr,i. We define the signature of λ as follows:

δpλq “
ÿ

LPSubepHλq

V pLq“V pHλq

p´1q|EpLq|.
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Definition
Hypergraphs and neighborly partitions
Signature of a Neighborly partition

Example

λ “ p5, 5, 5, 4, 4, 2, 1, 1q P N3,3,

x1,1
x1,2
x2,1
x4,1
x4,2
x5,1
x5,2
x5,3

δpλq “
ř

LPSubepHλq

V pLq“V pHλq

p´1q|EpLq| “ p´1q4` p´1q3 “ 0.
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Rr,ipnq :“ tpλ1, ¨ ¨ ¨ , λsq : n| λk´λk`1 ě 1, λk ” 0,˘i pmod.2r`1qu.

Theorem (P.A., H. Mourtada)
Let 1 ď i ď r be the integers. Then:

ÿ

λPNr,i

δpλqq|λ| “
ÿ

nPN
Rr,ipnqq

n “
ź

j”0,˘jr2r`1s
p1´ qjq,

where |λ| is the sum of the parts of λ.
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Theorem (P.A., H. Mourtada)
Let 1 ď i ď r and n be the positive integers. Then:

ÿ

λPNr,ipnq

δpλq “
ÿ

λPRr,ipnq

p´1q`pλq.
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Example

δpλq “
ř

LPSubepHλq

V pLq“V pHλq

p´1q|EpLq|

N3,3p6q “ t2` 2` 2
loooomoooon

λ1

, 2` 2` 1` 1
loooooomoooooon

λ2

u,

x2,1

x2,2

x3,1

x1,1

x1,2

x2,1

x2,2

ñ
ř

λPN3,3p6q δpλq “ p´1q1 ` p´1q2 “ 0.
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Example

R3,3p6q “ H ùñ
ř

λPR3,3p6qp´1q`pλq “ 0.
Thus:

ÿ

λPR3,3p6q
p´1q`pλq “

ÿ

λPN3,3p6q
δpλq “ 0.
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Sketch of proof for the case i “ r

Infinite hypergraph H8
r,r:

§ V pH8
r,rq “ txj,k| k P r|1, r|s, j P N˚u.

§ EpH8
r,rq “ tpx`,1, ¨ ¨ ¨ , x`,s, xp``1q,1, ¨ ¨ ¨ , xp``1q,pr´sqq| ` P N˚u

H8
3,3 :

x1,1
x1,2
x1,3
x2,1
x2,2
x2,3
x3,1
x3,2 . . .

. . .

...
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Sketch of proof for the case i “ r

Let K be a field of characteristic zero. The edge ideal of
H8
r,r:

IpH8
r,rq “ xx`,1 ¨ ¨ ¨x`,sxp``1q,1 ¨ ¨ ¨xp``1q,pr´sq| ` P N˚y

In the ring S “ Krxj,k|k P r|1, r|s, j P N˚s.
Jr,r “ xx

s
`x
r´s
``1| 1 ď s ď r and ` ě 1y Ă R :“ Krxj | j P N˚s

Polarization:
xs`x

r´s
``1 ÝÑ x`,1x`,2 ¨ ¨ ¨x`,sxp``1q,1xp``1q,2 ¨ ¨ ¨xp``1q,pr´sq

The ideal IpH8
r,rq, is the polarization of the ideal Jr,r.
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Sketch of proof for the case i “ r

The algebra S{IpH8
r,rq is graded by wt.xj,k “ j.

The algebra R{Jr,r is graded by wt.xj “ j.
The Hilbert-Poincaré series of a graded K-algebra
A “ ‘nPNAn such that dimKpAnq ă 8 is by definition the
following q-series:

HPApqq “
ÿ

nPN
dimKpAnqq

n.
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Sketch of proof for the case i “ r

HPS{IpH8r,rqpqq “
HPR{Jr,rpqq

ś

jPN˚p1´ qjqr´1 .

C.Bruschek, H.Mourtada and J.Schepers In "Arc Spaces and
Rogers-Ramanujan Identities":

HPR{Jr,rpqq “
ÿ

nPN
Br,rpnqq

n

“
ÿ

nPN
Ar,rpnqq

n

“

ś

j”0,˘ipmod.2r`1q
p1´ qjq

ś

jPN˚
p1´ qjq .
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Sketch of proof for the case i “ r

HPS{IpH8r,rqpqq “

ś

j”0,˘ipmod.2r`1q
p1´ qjq

ś

jPN˚
p1´ qjqr .

Proposition (P.A., H. Mourtada)
For the integer r ě 2 we have:

HPS{IpH8r,rqpqq “

ř

λPNr,r
δpλqq|λ|

ś

jPN˚p1´ qjqr
.
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Sketch of proof for the case i “ r

Thus:
ÿ

λPNr,r

δpλqq|λ| “
ź

j”0,˘rpmod.2r`1q
p1´ qjq

“
ÿ

nPN
Rr,rpnqq

n.
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Thank you for your attention!
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