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Introduction

Gordon'’s identities

Given integers r > 2 and 1 <4 <7, let

m Ari(n) = #{(A1, -, As) 10| Ay # 0, i (mod.2r + 1)}
u BT,”:(n> = #{(Ala o 7Am) : 77/| )\k — )\kJrTfl = 2, AZ = 2}
Then A, ;(n) = B,;(n) for all integers n.

Pooneh Afsharijoo



Introduction

analytic form of Gordon's identities

For the integers 2 <7, 1 < i < r, we have

Z q

n1,n2,...np—1=0

N12+N22+"'+NT2_1+Ni+Ni+1+"'+Nr,1

(q>n1(q)n2'--(Q)nT,1

(1—q")
- I 1 n>1, n=0ti(mod.2r+1)
S i [1(1—q")
n#0,ti(mod.2r+1) n=1

Where ¢ is a variable and N; = n; +nj41 + -+ n,_1 for all
l<j<r—1land (@n=01-q)(1-¢*) - (1—q".
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Definition for the case i = r (P.A., H. Mourtada)

Let A = (A1 = --- = \,) be an integer partition and let » > 2 be
an integer. We say that \ is a (r,r)-Neighborly partition and we
write A € NV,.,. if each part \; of \ satisfies the following conditions:

ml< m)\()\j) <
3B = (A= 2 Myro1), A5 € Bj, Ap — Apgro1 < 1

(r-s)-times s-times
=~ A_\

m B = ((t+1),-,(+1),2,--- 1), where \; € {£, 0+ 1}
and s € [|1,7]].
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Hypergraphs

"dual" identiti
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Hypergraphs

Definition (Hypergraph)

A hypergraph H is a pair (V(H), E(H)) where V(H) is a set of
elements called the vertices of # and E(#) is a set of subsets of
V(H) called the edges of H.

m PAOH representation of a hypergraph

» The vertices of 7{: parallel horizontal rows,
» The edges of 7{: vertical lines in which a point represents a
vertex of the edge.
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m V(H) = {v,--- ,v6}.

m E(H) = {(vi,v2,v3), (v1,v3,04,05)}.
vy ®
Vg
v3 ®
vy ®
s ®
vg
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Hypergraphs

Definition for the case i = r (P.A., H. Mourtada)
Let A € NV, . We define its associated hypergraph Hy:
m V(H)) ={zjk| jisapartof Aand 1 <k <my(j)}.

m E(H)) = {(Te1, 5 o8 T(e41),15 " » T(e41),(r—s)) > for any

sub-partition B; = (({+1),---,({ +1),¢,--- ,¢) of \.

~ _/ ;_\/__/
(r-s)-times s-times
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Introduction

Hypergraphs

m A= (5,5054,4,211)€cNys.
m V(Hy) ={z11,212, 221,241, Ta2, T5.1, T5.2, T5.3}
1,1
T12
T2,1
T4,1
T42
Ts51
Ts52
53
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Hypergraphs

m L e Sub.(H):
. B(L) < E(H).
C V(L) = {ve V(H)| ve E(L)).

Definition (P.A., H. Mourtada)
Let A € NV, ;. We define the signature of A as follows:

W= Y (DAL

LeSube (M)
V(L)=V(Hx)
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m\=(555,4,4,2,1,1) e/\/'373,
1,1
1,2 I
2,1
T4,1
T4,2 E
Ts51
Ts52 E
5.3

B 5(N) =] resuboy) (—DIEEN = (=1)4+ (-1)* =0.
V(£)=V(HA)
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Gordon’s "dual" identities

Rri(n) :=={(A1, -, As) i n| Ag=Ags1 = 1, A\p =0, £i (mod.2r+1)}.

)

Theorem (P.A., H. Mourtada)
Let 1 < ¢ < r be the integers. Then:

D s = > Rei(n)g" = (1-¢),

AeN;; neN Jj=0,%j[2r+1]

where || is the sum of the parts of A.
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Gordon’s "dual" identities

Theorem (P.A., H. Mourtada)

Let 1 <7 < r and n be the positive integers. Then:

Y = Y ().

/\E./\/’T,Z'(n) )\ERT,»L'(’H,)
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m 0(A) = X reSub.(Hy) (—1)IEL)]

V(L)=V(Hx)
mN33(6)={2+2+2,2+2+1+1},
T ——
A] )\2
x1,1 Y
x2,1 T12
22 Ta1 ®
a1 T2 @
= YNy 6) 0N = (=D + (=1)2 =0
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Gordon's "d

u R373(6) == Z/\eRg,g(G)(il)Z(/\) =0.

m Thus:
DD = Y s =o.

/\672373 (6) )\EN3,3(6)
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In

Hy

Gordon’s "dual"
Ref

m Infinite hypergraph H".:
s V(HE) = {egal ke 1], j e N}
» E(HY) = {(e1, - Tos Torn), 1o 5 Tegn),(r—s) )| £ € N*}
mHP
r1,1
12
x1,3
T2,1
2,2
x23
x31 o o o
x32
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H

Gordon'’s "dual" identities

m Let K be a field of characteristic zero. The edge ideal of
HE

T(HE) =xe1 - TosTe41)1  Ts),(r—s)| £ € N)

In the ring S = K[z x|k € [|1,7]],j € N*].
mJ =z, j|1<s<randl>1)c R:=K[z;| j e N¥]

m Polarization:
r—S
TG ] = Te1T02 LT (41),18(041),2 7 L(41),(r—s)

The ideal Z(H,5,), is the polarization of the ideal J,. ;.
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Gordon's "d

m The algebra S/Z(H,5,) is graded by wt.z; = j.
m The algebra R/J,., is graded by wt.z; = j.

m The Hilbert-Poincaré series of a graded K-algebra
A = @®pen Ay, such that dimg (A,) < oo is by definition the
following g-series:

HPy(q) = Z dimg (4,,)q".

neN
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Gordon's "d

HPgy;, (q)
jeN* (1—gi)r1

HPs 7z, (q) = I

m C.Bruschek, H.Mourtada and J.Schepers In "Arc Spaces and
Rogers-Ramanujan Identities":

HPrj, (q) = Z By (n)g"

neN

D, Arr(n)g"
neN
I1 (1—¢)

j=0,ti(mod.2r+1)

[ (1—¢)

jeEN*
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Gordon’s "dual" identities
]

I1 )(1 —¢)
j=0,ti(mod.2r+1
HPS/Z('H,OST)(Q) = 1—[ (1 — qj)’"
JEN*

Proposition (P.A., H. Mourtada)

For the integer r > 2 we have:

Yen;, S(A)g
HP @ = =z =
S0 T (= a7
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m Thus:

D1 N = [] a-¢)

XeNG j=0,+r(mod.2r+1)

= Z Rrr(n)g".

neN
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Gordon's "dual" identiti
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Thank you for your attention!
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