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© Ranks of partitions modulo 2 and 3
© Ranks of partitions modulo p > 5

@ Vanishing Kloosterman sums and Dyson’s conjectures
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Integer partitions

A partitionof i A={A1 2N >--- 2 A}, > Aj=n.
p(n): number of all partitions of n.  p(0) :=1

eg. p(4)=5 {4}, {31}, {22}, {2,1,1}, {1,1,1,1}.
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Integer partitions

A partitionof i A={A1 2N >--- 2 A}, > Aj=n.
p(n): number of all partitions of n.  p(0) :=1
eg. p(4)=5 {4}, {3,1},{2,2},{2,1,1}, {1,1,1,1}.

Generating function:

Growth rate by Hardy and Ramanujan (1919):

(n) 1 2n
pn~4nﬁexp T 3|
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Hardy, Ramanujan, and Rademacher

Kronecker symbol (3); e(z) := e®>™2; s(d, c): Dedekind sum.

1 /c 12 X
(M=3\12 (de) <x)e 12
X (mo Cc

x2=—24n+1 (mod 24c)

_ Z efnis(d,c)e Ld ]
C
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Hardy, Ramanujan, and Rademacher

Kronecker symbol (3); e(z) := e®>™2; s(d, c): Dedekind sum.

s 2 (5)@

x (mod 24c)
x2=—24n+1 (mod 24c)

_ Z efnis(d,c)e Ld ]
C

d (mod c)*

Hardy and Ramanujan (1919):

smh( \/7 n—— )
n) Al
8 \fcgf dn Vv 24

Rademacher (1938): p(n) = 1 summing ¢ to oo.
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Why Dedekind sum?

Dedekind eta function:

-:a"“

oo
H —e(z) =¥, z€H.

Transformation law:

az+b
cz+d

>=Vn(i’3)(62+d)é (z), (25)esL(z).

i a+d
va(28) = el-dle0cle (1)
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Dyson’s conjectures

p(5n+4) =0 (mod 5), p(7n+5) =0 (mod 7), p(11n+6) = 0 (mod 11).
A={A12A - A} rank(A) = A1 — k.

N(m, n) .= #{A of n: rank(A) = m}

N(a, b;n) := #{A of n: rank(A) = a (mod b)}
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Dyson’s conjectures

p(5n+4) =0 (mod 5), p(7n+5) =0 (mod 7), p(11n+6) = 0 (mod 11).
A={A1 > A <Ay}, rank(A) = A1 — k.

N(m, n) .= #{A of n: rank(A) = m}

N(a, b;n) := #{A of n: rank(A) = a (mod b)}

Dyson (1944) conjectured (proved by Atkin and Swinnerton-Dyer (1953)):

5N(a,5;5n+4) =p(bn+4), 7N(a, 7;7n+5) = p(7n+5), forall a.

Generating function: (, = e(1/u), g = e(z) = ™7,

o0 (e ¢] [o.¢]

R(Cyiq)=1+) Y  N(mn)g"q" ::1+ZA(8;"> q"

n=1m=—oc0 n=1
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Ranks of partitions modulo 1 and 2

u=1R(1;q)=1+3 p(n

27re ooSOncv mT24n —1
A(1:n) = p(n n/ .
(in) = pln) = 24n—1%Z 3( 6c >

c=1
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Ranks of partitions modulo 1 and 2

u=1R(1;q)=1+3 p(n

2me( % = 5(0,n, ¢, Vyy Tv24n —1
A(l;n) = p(n) = u 3( >
24n—1%Z 6¢c

c=1

2
u=2, R(—1;q) = f(q). Bringmann and Ono (2006):

1 B 27’[6(—%) S(0,n, ¢, ) (71 24n—1>
A(z'") =) = 1) 2 I% '

7 c b6c
2|c>0

@ Ramanujan’s last letter: 7 =n—1/24,

o yn—1xp(m\/7i/6) exp(5/7/6)
x(n) = (—1) N O( N )

o Leila Dragonette (1952): 3~ -+ Oc(n'/27€).

o George E. Andrews (1966): > . -+ Oc(n®).
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Ranks of partitions modulo 3

u=3, R(3;9) =v(q). Bringmann (2009):

A(%in)=A(3;n)

- L WL WU IR B
(20— 1), =, c 2 bc 8

Theorem 2.1 (Andrews & Lewis (2000) conjectured, Bringmann

(2009) proved)
If n € Z\{3,9, 21}, we have

N(0,3;n) < N(1,3;n), ifn=0,2 (mod 3);
N(0,3;n) > N(1,3;n), ifn=1 (mod 3).
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Bringmann & Ono (2006): harmonic Maass form

2 2 .
Ay = —y? (%—1—6672) + iky (%4—6%).

Definition 2.2

Smooth f : H — C is a weight k harmonic Maass form on Ty(N) with
character x if:

(1) f(vz) = x(d)vo(y)*(cz + d)*f(2), v € To(N);

(Q)ZSkf =0,

(3) There exists a polynomial P(z) = ano a'(n)q" with coefficients in C
such that

f(z) —P(z) = O(e™ )

for some C > 0. Analogous conditions are required for all cusps.

Hk(FO(N),xv%k), or Hi(To(N),v) for weight k € Z + % multiplier v.
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Examples of harmonic Maass forms

e.g. holomorphic theta functions 0y,:(z) :== ) 7 X(n)qt”2.

(Serre-Stark basis theorem: basis of weight 3 modular forms)

e.g. Maass-Poincaré series. Bringmann & Ono (2006) defined

1 — 1 -
PlomNiz) =z > Wllez+d)dogy(va)
v=(2 b)era\romv
e.g. This time we define
1 - P _ .
Pa(2) = i3 > ) twlod L vlilogty, 2) K es (o ty2)
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"Principal part” of harmonic Maass forms:

(Bruinier & Funke, 2004)

M(z)=) c"(ng"+ > c'(ng"+ > c (nT(1—k 4ninly)q".

n>0 no<n<0 n<0

Uniqueness: either holomorphic

or with principal part & non-holomorphic part
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"Principal part” of harmonic Maass forms:

(Bruinier & Funke, 2004)
M(z) :Zc+(n)q”+ Z c*(n)q"JrZc‘(n)r(l—k,47t|n|y)q”.
n>0 no<n<0 n<0

Uniqueness: either holomorphic

or with principal part & non-holomorphic part

P4 only has principal part at cusp a
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"Principal part” of harmonic Maass forms:

(Bruinier & Funke, 2004)

M(z)=) c"(ng"+ > c'(ng"+ > c (nT(1—k 4ninly)q".

n>0 no<n<0 n<0

Uniqueness: either holomorphic

or with principal part & non-holomorphic part

P4 only has principal part at cusp a

P, has Fourier coefficient of form )_ S('C Bessel(
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Proof idea

@ Find the correct group and multiplier system.
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@ Find the correct group and multiplier system.

@ Construct Maass-Poincaré series which match the principal parts.
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@ Find the correct group and multiplier system.
@ Construct Maass-Poincaré series which match the principal parts.

o Compute the Fourier expansion of these series.
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Find the correct group and multiplier system.

@ Construct Maass-Poincaré series which match the principal parts.

Compute the Fourier expansion of these series.

Convergence: estimating sums of KL sums.
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Find the correct group and multiplier system.

@ Construct Maass-Poincaré series which match the principal parts.
o Compute the Fourier expansion of these series.
@ Convergence: estimating sums of KL sums.

Let's go to the mod 3 case! It's on Ty(3).
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Find the correct group and multiplier system.

@ Construct Maass-Poincaré series which match the principal parts.
o Compute the Fourier expansion of these series.
@ Convergence: estimating sums of KL sums.
Let's go to the mod 3 case! It's on Ty(3).
° q_letR(Cg,; q): constant at cusp 0.
e Multiplier system: (3)vy,.
@ Fourier expansion: similar methods.

Same idea as in Bringmann and Ono (2006, 2012).
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Convergence matters

"Pattern” with Whittaker function to construct Maass-Poincaré series as
harmonic Maass forms:

_k
Qsl2) = lmy| EMy o (lamyl)e(x)

1
2
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Convergence matters

"Pattern” with Whittaker function to construct Maass-Poincaré series as
harmonic Maass forms:

_k
Qsl2) = lmy| EMy o (lamyl)e(x)

e Construct Pq(z;s, k) using @s«, k € Z + % Res > 1.
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Convergence matters

"Pattern” with Whittaker function to construct Maass-Poincaré series as
harmonic Maass forms:

_k
Qsl2) = lmy| EMy o (lamyl)e(x)

1
2
e Construct Pq(z;s, k) using @s«, k € Z + % Res > 1.

e "Harmonic point” at s =1 — % Rank generating functions: k =

, SO
_3
s—4<1.

N[=
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Convergence matters

"Pattern” with Whittaker function to construct Maass-Poincaré series as
harmonic Maass forms:

_k
@sk(2) = Ay "2 My o, 51 ([47tyl)e(x)
e Construct Pq(z;s, k) using @s«, k € Z + % Res > 1.

e "Harmonic point” at s =1 — % Rank generating functions: k =

s= % <1l
Bupeslz) = (s11-9) = 5 (1-5) ) 0asl2)

P4(z; s, k) needs to be convergent at s = %

, SO

N[=
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Bringmann's asymptotic formula

Bringmann (2009): not only for mod 3, but for modulus odd v > 3.

¢ 43 Biyc(—n,0) . [m/24n—1
Al=:n)=—— Z ———=—=sinh (| ———
V24n—1 Ve 6c
c:ule<v/n

8\/§sm ﬂe Z Z D¢ y,a(—n, mg,y ar) sinh (7'[\/26€,v,a,r(24n_1)>
Sl

) 04 (nF)

Nz Va av3

r>0 a<\f
v=uta,
5l.v,a,r>0

By Do,y a: Kloosterman-type exponential sums.

We consider u = v = p > 5. Why?
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Bringmann's asymptotic formula

Bringmann (2009): not only for mod 3, but for modulus odd v > 3.

¢ 43 Biyc(—n,0) . [m/24n—1
Al=:n)=—— Z ———=—=sinh (| ———
V24n—1 Ve 6c
c:ule<v/n

8\/§sm ﬂe Z Z D¢ y,a(—n, mg,y ar) sinh (7'[\/26€,v,a,r(24n_1)>
Sl

) 04 (nF)

Nz Va av3

r>0 a<f
v=uta,
5l.v,a,r>0

By Do,y a: Kloosterman-type exponential sums.
We consider u = v = p > 5. Why?
@ To(p) only has two cusps, oo and 0;
® Bouci Deva Mo yar Oovar are a little bit simpler;

@ We have transformation laws by Garvan (2019).
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|dea: transformation law — multiplier system

Believe: Bringmann's formula is exact.
Try: Garvan's transformation law i, to build Maass-Poincaré series.

i i ¢
p p p

o (L)) e (52) ().

gl(a,b,p;Z)::“', 92(a,b,p;2)::---
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|dea: transformation law — multiplier system

Believe: Bringmann's formula is exact.
Try: Garvan's transformation law i, to build Maass-Poincaré series.

S, (e;z> ::N<€;2> + ... =csc (M) q 2493(5 q) + non-holo,
p p p

92 <6;2> 3—M<€;Z>+€2 <€; >—T2 <€;Z>.
P P P P

1 , D, p; = ... , P =

Theorem 3.1 (Theorem 3.4 in Bringmann and Ono (2010))

{91 <£;z> , 92 (%;z) :1<€<p}U{91 (a,b,p;z),52(a, b,p;z):0< a

is a vector valued Maass form of We/ght for SLy(7Z).

— = = — oyt
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|dea: transformation law — multiplier system

vy=(25) eTo(p). 0<I[Al<p: A=[A] (mod p).
Garvan (2017):

91(“ ) (cdep)vnw)(cz+d)%91([",f;z>

o 1= ()5 i (22). o (252))

We do: M, : To(p) = Mp—1(C) by

Mp(y) = u(c,d,?«.p)Ee,[dz] and  pp(v) = Vn(v)Mp(y).

o~
I
—
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|dea: transformation law — multiplier system

vy=(25) eTo(p). 0<I[Al<p: A=[A] (mod p).
Garvan (2017):

91(“ ) (cdep)vnw)(cz+d)%91([",f;z>

o 1= ()5 i (22). o (252))

We do: M, : To(p) = Mp—1(C) by

Mp(y) = u(c,d,?«.p)Ee,[dz] and  pp(v) = Vn(v)Mp(y).
=1

Recall weight k multiplier system:
V=1 v(=N)=eT"*  v(yrya) = wkly1, v2)v(y1)v(v2).
wic(v1,v2) = j(v2, 2)"i(v1, v22) i (v1v2, 2)
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Vector-valued " multiplier system”

Definition 3.2

Congruence subgroup T of SLp(Z), (31) €T. Wesay & is a
D-dimensional multiplier system if it satisfies:

o & is unitary: &(y)~! = &(v)H;

o §(—1) =e ™kiIp;

o &(v1yv2) = wklva, ’Yz)cihfl)rih’z)

@ For every cusp a of I', we have cxa . €10,1) such that

£ (0alb1)07") = ding {e(—og). - el—eg) |

We want vector-valued (harmonic) (Maass) forms on (T, &) have good
Fourier expansions on cusp a like

Vlkcra Z Z aV (y,ne((n— (X,g'a)X) er.

{=1n€eZ
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iy :To(p) = GL,—1(C) is a p — 1 dimensional multiplier system.

1

Koo = 24
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iy :To(p) = GL,—1(C) is a p — 1 dimensional multiplier system.
oo = 24, o)) €10,1) is decided by
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iy :To(p) = GL,—1(C) is a p — 1 dimensional multiplier system.

Koo = i, océe) € [0,1) is decided by

2p 24
In Bringmann (2009): let t = ae%}ae] €Z, for 0 < % < %,
2
¢ ¢
Spar =3 (%) G+ 4 E —mepa =3+ (G40t

Qihang Sun (IHES) Rademacher-type exact formula 03 March 2026

21/38



iy :To(p) = GL,—1(C) is a p — 1 dimensional multiplier system.
oo = 24, o)) €10,1) is decided by

In Bringmann (2009): let t = ae%}ae] €Z, for0< % <z

2
¢ ¢
Separ=3 (%) =G+ S+ f —mepar =32+ (G0t

Magic equation: gx — ( +r)x+ 24 =0.

x, € (0, 5) the only solution in this range.
> r<1::{1<(’,<p—1:§€ (0, x,)U(1—x,,1)}
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Behavior of G; at cusps oo and 0

Recall: Sl(ﬁ;z) = csc(”—"')q_ﬁfR(Cf,; g)+non-holo.

¢ 2
% <;z>:2q‘3(5) Yo E (14qr g5 4o
p

Order for Sg(g;pz): er <0

{ 324;+(%+r)e_§], when0<£<x,,
() ._
Xr = {—3{(1—%)2+(%+r)p(1—£)—§w . when 1—x,<%<1,
0, otherwise.
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= L8 2 KL
‘/‘ ’ I 1

U 37(*53& +§ *ﬂ)
D 32, 3 1

U 37(*5\ +§X*ﬂ)
N 59 5 1

U 3((*53&‘ +§\*ﬂ)
?V 1

U )cfﬁ

= 0.027027027027

N2

= . 37
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Maass-Poincaré series at oo and 0

— Ps, k(moo'YZ)
Pw(z;p, s, k,m up) == p(y) 1
fZlyeQ%ﬁ,( ) (cz+d)z sm(ff)

p—1
1
() g
Principal part of P, at co: chc ?)q 2 ¢,
t=1
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Maass-Poincaré series at oo and 0

1 Osk(meyz)
Pool2ipr s,k pp) = Z Y pply) ek el
= 1yeno\lo(p) (cz+ d)2 sin(Z¢ )
p—1
1
Principal part of Py, at oo: chc %)q_ﬂ eq.
=1

Po(z; p, s, k, X, tp)

(0 _—1
—3) % 7‘Psk<xro% YZ)
MRy Yy - (V)" wy (05T y)——— :
P = 0o 1 ¢y
\F Lerdyelp\To(p ’ (—ay/pz — b\/p)>
b
= (?d)
()
Principal part of Pg at 0: e(— 8)p% Z g% ¢
Le>rg
Qihang Sun (IHES)
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Final proof of the exact formula

For X, defined above, the function

G(Z) ::Gl(z;p)_POO(z;pv%lérorup)_z Z PO(Z;Pr%v%erva)
r=0
x1<p

has constant principal parts at both oo and 0, i.e. G(z) € M1 (To(p), wp).

1
2

v

G(z)=0.

Reason: Serre-Stark basis theorem and .
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Two ingredients needed: 1. Convergence

"Naturally” convergence at Res > 1, but we need expansion at s = %.
Estimate sums of vector-valued Kloosterman sums?

Thanks Goldfeld and Sarnak (1983) — generalize

(e) -~
5 Sose (M) n 2 up) A0 () X
a\/p J0.(L) 1251
a<x:pfa, lesi<3
[al]=L

+ Ope (ImEFLO) n|3x%+£>

The following is then absolutely convergent:

Y XX

Ni>0|a>0:pta,
lep>ardg

([

[aL 1
5000( aE]),n' a, Pvp)l 47T|m - ])n+oo|2 Moo
a\/p > c 9
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Two ingredients needed: 2. KL sums match

The Fourier expansion of Py, at co gives So(fgo(m, n,c, up).

([at])

The Fourier expansion of Py at oo gives S(EQ(X, N, a, Hp).

, we have

FNTR)

By the convergence of the expansions at s =

Theorem 3.5 (S. (2026))

y ((’, _ n) 3 2ne(—%)sin(%€) Z S0, n, c, up)ll <47'c\/24n— 1)
(24n — 1)% € b 2 ¢

c>0:p|c

47'csm( P5€ . r] n, a, P-p) 47'[\/ 6(%,/::,a,r(” =
1 % Z Z Iy

_ —2 2 a
r>0 ae>0 pfa, a- 6(1';’3’,
<P Blciox)
or 24 €(1—x,,1)

P

v
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Two ingredients needed: 2. KL sums match

Bringmann (2009):
A (e; n> 43 Z Bt u.c(—n,0) sinh <m/24n— 1> L0, ()

Va1 e e 6c
8\/§Sln 7:2 Z Z Dy P, al—n, myg .P,a, r) . (7(\/26g,p,a,,(24n — 1))
Fam-1 & Va Ve
pfa,
5€,P,3,f>0
We prove:

e(—5)Bupc(—n,0) =sin(Z) S (0, n, ¢, 1p),

—| ‘G‘i

Df,p,a,r(_n: mB,p,a,r) = S(e) ( p6€ a,p, r—| n, a, Up)-

Theorem 3.6 (For prime p > 5)

Bringmann's asymptotic formula converges to be the exact formula.

™7 i - = = et
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Qihang Sun (IHES) Rademacher-type exact formula 03 March 2026 29/38



Dyson’s rank conjectures

5N({,5;5n+4) = p(bn+4), TN, 7,7n+5) = p(7Tn+5).

Relation:

u-N(& un)= +ZC eJA( n>

—4 9]
&Y+ o)
( P ligecrst, 1<t

is an invertible matrix.
JS Y

5N(£,5;5n+4) =p(5n+4), VI < A <§;5n+4> =0, VL.

Can we show A( :5n+4) =0 and A(%;?n—l—S) =0forall £ and n > 07?
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SL0.(0, n, ¢, us)

)

A (e; n) _ 27te(—§)sm(l%“) L <4n\/m> |
5 (24” — 1) c>0:5|c ¢ ’ 24c
A (@ n) 2me(—3) sin(ZE) S0, n, ¢, ur) B (zm\/m
A (24n — 1)% c>0:7|c ¢ : 24c
Arusin(ZL) 5 5o (0,1, a, 17; 0) . <47c\/m>
(24n—1)% 250 pta V7a 2 24 x 7a '
[al]=1o0r6

Qihang Sun (IHES)

Rademacher-type exact formula

03 March 2026

31/38
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3 2\ 27'ce(—%) sin(%e) séfgo(o, n,c, u5)l 471v/24n—1
5°) (24n—1)i c 2 24c¢
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,4(€_n>::2ﬂeﬂ—é)ﬂnU§) Skedol0,1, ¢ ps) | <4nvﬁ4n__>

l\)h—t

! 1
> (24” o 1)1 c>0:5|c ¢ 24c
e<_yﬂﬁﬁ> (5n+4)d
10 . n
Séfgo(o, 5n+ 4, c, p,5) = Z We ms(d,c)e <C>
d (mod c)* sIn{~5

5|c. What happens if n — n+ 17
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24c

A (e_n> _ 2me(—3) sin( %) S0, n, c, u5 <4m/24n— >

—
N
~
>

|
—
—
N
(o)
l\)h—t

e <_M> (5n 4 4)d
10 .
Séfgo(o, 5n+4,c, us) = E Wefms(d,c)e <n>
sin(Z%2) c
d (mod c)* 5

5|c. What happens if n — n+ 17
(r,g§)=1 V(r,c)={d(c)*:d=r (mod g)} |[V(r,c)|=4or5.
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Vanishing KL sums: p =5

/=1, points for V(2,55)

dy=

Qihang Sun (IHES) Rademacher-type exact formula 03 March 2026 33/38




Vanishing KL sums: p =7, case 1

/=2, points for V(4,35)
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Vanishing KL sums: p =7, case al = 41 (mod 7)

/=3, V(1,14), B=1. (Arg/277)

1
B=1, Arg:—
%7
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Properties of KL sums

Theorem 4.1 (S. (2025))
Foralln>0and1l <{<

vanishing conditions for the Kloosterman sums appearing at my exact
formula:

@ If5|c, we have 5£§30(0,5n+4 C,Us) = 0

Q If7lc and S - € # 1 (mod 7), thenS (0 7n+5,¢c,u7) =0.
@ If7lc, 71a, al = +1 (mod 7), and ¢ = 7a,

p—1 when p=05,7, we have the following

e(—1)SLL(0,7n +5, ¢, u7) + 27552 (0,70 + 5, a, 117) = 0.

u-N& un)= +ZC ZJA( >

Proves N({,5;5n+4) = gp(5n+4) & N, 7, 7n+5) = 7p(7n+5).
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Dyson’s conjectures: other rank equalities

N(1,5:5n+1) =

N(0,5;5n+2) =

N(2,7;7n) =

N(1,7:7n4+1) = N(2,7:7Tn+1) =

N(0,7;7n+2) =

N(0,7;7n+3)=N(2,7;7n+ 3),
N(,7;7n+4)=N(1,7;7n+4) =

N(,7;7n+6)+ N(1,7;7n+6) =

e Setting n as pn+ k in our KL sums

e checking A(

Qihang Sun (IHES)

Rademacher-type exact formula

N(2,5;5n+1);
N(2,5;5n+2);
N(3,7;7n);
N(3,7;7n+1);
N(3,7;7n+ 2);
N(1,7,7n+3) =
N(3,7,7n+ 4);

( )

N(2,7,7n+6)+ N(3,7,7n+6).

; pn+ k) for all the cases..

03 March 2026

N(3,7;7n+ 3);
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Thank you!
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