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g-series (Eulerian series, basic hypergeometric series, g-hypergeometric series) are ko
constructed from the g-rising factorials (g-Pochhammer symbols).

The usual notation for the conventional g-Pochammer symbols are

n—1

(a)n=(a:q)n = H(l - aqk)’ (3)oo = (31 9)oc == lim (a;q)n,

n—o00
k=0

(at,a2,-.-,35:9)n = (a1; 9)n(a2; q)n - - - (3j; q)n,
(31, az,...,dj, q)oo = (31; Q)oo(az; q)oo cee (aj; Q)oo-

Generically, g-series take the form (|q| < 1)

n

(a1;9)n(a2:q)n- - (ar q)nz
2 (a:9)n(b1;q)n- -~ (bs;q)n

n>0



The fact that g-series are everywhere is well exemplified by the
Rogers-Ramanujan identities :
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How does one prove g-series identities?
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The fact that g-series are everywhere is well exemplified by the
Rogers-Ramanujan identities : BACKGROUND

2

q" 1
2 (@)n  (3:9°) (0% a°)

n>0

n’+n 1

q
Z ) (6% 0%) 5 (6% 0%)

n>0

How does one prove g-series identities?
In fact, there is a great deal of structure behind many g-series identities!

Perhaps one of the most important structural elements in g-series are Bailey pairs.
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DEFINITION OF A BAILEY PAIR
BAILEY PAIR

A Bailey pair relative to (a, q) is a pair of sequences (a,, 3,) satisfying the MACHINERY
relation

n

Bn:Z Ck

2 (@)n-r(a@)nrk ‘
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DEFINITION OF A BAILEY PAIR
BAILEY PAIR

A Bailey pair relative to (a, q) is a pair of sequences (a,, 3,) satisfying the MACHINERY
relation

n

ﬁnzz( Ck

=0 q),,,k(aq),,Jrk'

Building on the work of L.J. Rogers, W.N. Bailey (1949) showed that the identity

n _ (aq/b aq/C oo QQ/bC) a,
é(b)n(c)"(aq/bc) Pn = (ag)ne(20/b) o Z:O aq/b) (aq/c)a

holds for a Bailey Pair (a, 85).
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It can be shown that the Bailey pair relation is satisfied for a = 1 by

BAILEY PAIR

1) If n = O MACHINERY

Op = (71)nqn(3n71)/2 (14+4g"), fn>0

and
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It can be shown that the Bailey pair relation is satisfied for a = 1 by
BAILEY PAIR
1) If n = O MACHINERY
op =
n (71)nqn(3n71)/2 (1 + qn)7 ifn>0

and

Inserting this into Bailey's general identity, taking b, c — oo, and using the fact
that

lim (x)a(1/x)" = (_1)nq(§)

X—00

we have the following identity



FIRST ROGERS-RAMANUJAN IDENTITY

q
;(q)

(@)oo

n>1
Z( 1 n(5n—1)/
neZ
(6%4°) (6% 6°)

1+ (-1

n n(5n—1)/2 (1+qn)

(a%a°)

(9)oo
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FIRST ROGERS-RAMANUJAN IDENTITY

2
qn 1 n n(5n—1)/2 n
= oo 1+ 1+gq
; (@n () Z ( )

_Z( 1 n(5n—1)/
nezZ
_(0%6°) o (6%6°) o (65 9°)
(@)oo

which is the first Rogers-Ramanujan identity!
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¢ _ 1 rgplon /2 (1 4 g Doy
nzo(q)n:ﬁ 1+; (51-1)/2 (1 4 ")
— Z( 1) n(5n—1)/
nezZ o
(@%e) (a4 d®)  (a%d°) AU
N (9)oo

which is the first Rogers-Ramanujan identity!

We can similarly obtain the second Rogers-Ramanujan identity as well.
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¢ _ 1 rgplon /2 (1 4 g Doy
nzo(q)n:ﬁ 1+; (51-1)/2 (1 4 ")
— Z( 1) n(5n—1)/
nezZ o
(@%e) (a4 d®)  (a%d°) AU
N (9)oo

which is the first Rogers-Ramanujan identity!
We can similarly obtain the second Rogers-Ramanujan identity as well.

There's more!



BAILEY’S LEMMA

If (aen, By) is a Bailey pair relative to (a, q) then so is (o, 85,), where

and

/

Bl =

n

/ (b)n(€)n

o, =

(ag/bc)n

(ag/b)n(aq/c)n

>

(ag/bc)"ay

(b)(c)k(g™")kq"

(9)n(aq/b)n(aq/c)n

k=0

(bcg="/a)k

B

BAILEY PAIRS AND
RADIAL LIMITS OF
Q-HYPERGEOMETRIC
FALSE THETA
FUNCTIONS

RISHABH SARMA

BAILEY PAIR
MACHINERY



BAILEY PAIRS AND

BAILEY’S LEMMA RADIAL LIMITS OF

Q-HYPERGEOMETRIC

If (avn, Bp) is a Bailey pair relative to (a, g) then so is (o, 3}), where e
RISHABH SARMA
b)n(c)
o = _ (B)n(c)n aq/bc) o
" (aq/b)n(aq/c)" ( / ) " BAILEY ft\x’n
and .
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"= (@n(aa/b)n(aa/ ) 2= (beg "/a)

» This may be iterated, giving rise to what is called the Bailey chain.
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» This may be iterated, giving rise to what is called the Bailey chain.

» One Bailey pair gives infinitely many.
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b)n(¢)n
o = (— aq/bc)"a
" (aq/b)n(aq/c)"( / ) " B.\lf‘li\' f’.\l'l{
and . }
aq/bc), b)(c -n
g = (ag/bc) Z( Jk(€)k(a™")kq Br.

"= (@n(aa/b)n(aa/ ) 2= (beg "/a)

» This may be iterated, giving rise to what is called the Bailey chain.
» One Bailey pair gives infinitely many.

» So one identity gives infinitely many.
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b)n(c)
o = _ (B)n(c)n aq/bc) o
" (aq/b)"(aq/c)"( / ) " BAILEY !'.\{11
and .
aq/bc b)k(c)k(q")kq"
PN 712 I S C M C

= (@n(aa/B)al(aa/c)n 2= (beq "/a)s

» This may be iterated, giving rise to what is called the Bailey chain.

» One Bailey pair gives infinitely many.

» So one identity gives infinitely many.

» A simple yet powerful illustration of this technique is to start with the unit
Bailey pair and iterating k times along the Bailey chain and inserting this

Bailey pair into the original definition and letting n — oo to obtain
subfamilies of Andrews-Gordon identities.



UNIT BAILEY PAIR

1, if n=20
ap =
(-1)"q"*" V2 (1+q"), fn>0

and

SUBFAMILY OF ANDREWS-GORDON IDENTITIES

2 2
nyteetn g

q
Z (D= (D= (@)

ng—1>-+>n1 >0

1 Z n_n((2k+1)n—1)/2
= LS
(9)e £

(qk; q2k+1)

k+1. 2k+l)

. (q el 2k+1. 2k+1)

(¢ q

o0

(9)oo
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Lovejoy (2022) introduced some new Bailey pairs to find and prove many

families of new multisum strange identities.
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THE KONTSEVICH-ZAGIER “STRANGE” FUNCTION
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n>0

This series does not converge on any open subset of C, but it is well-defined both
at roots of unity and as a power series when g is replaced by 1 — g.
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THE KONTSEVICH-ZAGIER “STRANGE” FUNCTION

F(q) = Z(q; q)n- BAILEY PAIRS OF

Lovesoy
n>0

This series does not converge on any open subset of C, but it is well-defined both
at roots of unity and as a power series when g is replaced by 1 — g.

The Kontsevich-Zagier function satisfies the “strange identity” as recorded by
Zagier (2001)

1 12 P
Flg) =" - 12 -1/
(a) 5 n<n>q
n>1
Here the symbol “ =" means that the two sides agree to all orders at every root

of unity.
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k—1
Z (q)nkqn§+~--+ni,l+na+1+---+nk_1 H ["i+1 + 5:‘@]

nj
ni,...,nk=>0 i=1
BAILEY PAIRS OF
" " 1 (3) ( ) % Loveioy
= == nx n)q
2 z : 8k+4
n>0

where ngi)+4(”) is the even periodic function defined by
1 ifn=2k—2a—1orbk+2a+5 (mod8k+4),
Xy ={ -1 ifn=2k+2a+30r6k—2a+1 (mod 8k+4),
0, otherwise.
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where ngi)+4(”) is the even periodic function defined by
1 ifn=2k—2a—1orbk+2a+5 (mod8k+4),
Xy ={ -1 ifn=2k+2a+30r6k—2a+1 (mod 8k+4),
0, otherwise.

» Hikami's proof of the strange identities involves long and impressive
computations using g-difference equations.
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k—1
Z ()n, g+t Ra s e H ["iﬂ + 5:',2]

nj
ni,...,nk=>0 i=1
BAILEY PAIRS OF
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= 5 E :”X8k+4(”)q (=3
n>0

where ngi)+4(”) is the even periodic function defined by
1 ifn=2k—2a—1orbk+2a+5 (mod8k+4),
Xy ={ -1 ifn=2k+2a+30r6k—2a+1 (mod 8k+4),
0, otherwise.

» Hikami's proof of the strange identities involves long and impressive
computations using g-difference equations.

» Lovejoy considers the problem in the context of Bailey pairs.



LOVEJOY’S PROOF OF HIKAMI’S STRANGE IDENTITY

LOVEJOY’S BAILEY PAIR RELATIVE TO (g, q)

(1 o q(3+1)(2”+1))(,1)nq(";1)+(3+1)n2+(m*2*1)(n2+")

o =
n 1 _ q
and
2 2 1
AFoooaF A 4 dnp_y M—
ﬁ B IB B qm Ny, 1T Nat1 Nm_1 |:n,+1 +6a::|
n— FMn, — § .
130 (q)"m i—1

Niyees

Obtained by repetitive iterations of the Bailey pair

(X2)n(1 _X2q2n)( l)nXann(?m 1)/2
(q)n(l - X2)

using Bailey’'s Lemma and appropriate substitutions.

and 3, =

Qp =

1
(q)n
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LOVEJOY’S BAILEY PAIR RELATIVE TO (g, q)
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(1 o q(a+1)(2n+1))(71),,q(n;1)+(a+1)n2+(m7371)(n2+n)

Oy = 1
- q BAILEY PAIRS OF
LovEjoy
and
2 2 1
niteetnn g +napteetam_y Mo
ﬂ _,8 _ qr e nl+1+6al
T (a) '
ny,...,nm—1>0 Mm i=1

Obtained by repetitive iterations of the Bailey pair

(X2)n(1 _X2q2n)( l)nXann(?m 1)/2 - i
(@)1~ 2) 5= ),

using Bailey’'s Lemma and appropriate substitutions. The proof then involves
inserting the Bailey pair into a variation of Bailey's Lemma, subtracting (x)o
multiplied by the multisum obtained in the previous step and then differentiating
with respect to x and lastly setting x = 1.

Qp =
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(Mock) Modular forms.and uantum ivar'ants i Kazuhiro Hikami

\.\(

—

WORK OF HIKAMI

» K. Hikami, Quantum invariant for torus link and modular forms, Comm.
Math. Phys. 246 (2004), no. 2, 403-426.
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» Computes the Kashaev's invariant or the colored Jones function for the torus
link T(2,2m).

» Considers g-series identities related to these invariants.
WORK OF HIKAMI
» Gives an asymptotic expansion of the invariant and shows that the invariant
for T(2,2m) has a nearly modular property.



KNOT THEORY LINK

» Computes the Kashaev's invariant or the colored Jones function for the torus
link T(2,2m).

» Considers g-series identities related to these invariants.

» Gives an asymptotic expansion of the invariant and shows that the invariant
for T(2,2m) has a nearly modular property.

» Kashaev's invariant kpy for the torus link kK = T(2,2m) is explicitly given by

m—2
T(2,2m)N - N Z (71)cm,1w%cm,1(cm,1+1) H Wc,-(c,-Jrl) |:Ci+1:|
N=-1>cpn_12:->0>c>0 i=1 “

where w = exp(25!).
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» For n > 0, define the g-binomial coefficient (or Gaussian polynomial)
(9:9)n :
{”] — {”] — ) @@ w(@a)’ ifO<k<n,
k k q 0, otherwise.

WORK OF HIKAMI



A Q-SERIES CLOSELY RELATED TO T(2,2m)y

» For n > 0, define the g-binomial coefficient (or Gaussian polynomial)
(9:9)n :
{”] — {”] — ) @@ w(@a)’ ifO<k<n,
k k q 0, otherwise.

» Hikami (2004) considers the g-hypergeometric series aVDS,f)(q) where m > 2
and 0 < a < m — 2, defined as

a)(a)(q) — mq(M741Ja)2 Z (_1)”m71q("m’21+1)+nf+~->+nf,,,2+na+1+-~+nm,2
n,...,nm—1>0
m—2
X
i=1

|:n1+1 + 6/ a:|
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» Hikami shows that the series <T>§,‘;’)(q) is the false theta function

~ 2
(@) =m Y xsm(n)g,
n>0
WORK OF HIKAMI

(a)

2m

where x5 (n) is the odd periodic function defined by

1 ifn=m—-—a—1 (mod2m),
Xom(m) =3 —1 ifn=m+a+1 (mod2m),
0, otherwise.
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» Hikami shows that the series &f,",’)(q) is the false theta function

— Y () -y
n>0

WORK OF HIKAMI

where X( )( ) is the odd periodic function defined by

1 ifn=m—-—a—1 (mod2m),
Xom(m) =3 —1 ifn=m+a+1 (mod2m),
0, otherwise.

» Such false theta functions have well-defined limiting values as g approaches
a root of unity radially from inside the unit disk and that the resulting
function is a quantum modular form (Goswami-Osburn, 2021).
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WORK OF HIKAMI

THEOREM 1 o)

Consider the partial theta series

0r(z) = F(n) a¥,  ©¢(z) =3 nf(n) g%

n>0 n>0

where g = €*™2, z ¢ H, f is a function with period M > 2 and certain support.
Let « € Q. If f is even, then ©¢(«) is a quantum modular form of weight 3/2
with respect to I'y. If f is odd, then 0¢(«) is a “strong” quantum modular form
of weight 1/2 on Q with respect to 'y, and is a quantum modular form of weight
1/2 with certain support conditions and with respect to I .
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» Hikami further conjectures that in the case of &fﬁ)(q) these radial limits are Risiiapn Saraia

given by evaluating a truncated version of the g-series.
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» Hikami further conjectures that in the case of <T>§,",’)(q) these radial limits are
given by evaluating a truncated version of the g-series.

RISHABH SARMA

» Define the polynomial Y,Sf)v(q) by

N—-1 - m—2 5
Y(aav(q) = (_1)n"7—1 q(nm? )+”%+'"+”a7—2+na+1+"'+nm72 H |:ni+1 + ivajL'onk OF HIKAMI
m, :

p nj
niy...,nm—1=0 i=1
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» Hikami further conjectures that in the case of &f,‘;’)(q) these radial limits are
given by evaluating a truncated version of the g-series.

RISHABH SARMA

» Define the polynomial Y; v(q) by

n;

m—2
n 1 . .
Y(aav(q) — E (_1)nm—1q( m721+ )+”%+"'+”i7—2+na+1+"'+nm—2 | I |:n’+1 + 5’73}'(2[“( OF HIKAMI
m,

n,..., I‘Im_1:0 i=1

CONJECTURE 2 (HikaMmi, 2004)

Let g =e*™"/N. Foranym>2 and 0 < a < m— 2 we have

3(9) = ¢ VM@
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» Hikami further conjectures that in the case of &f,",’)(q) these radial limits are
given by evaluating a truncated version of the g-series.

RISHABH SARMA

» Define the polynomial Yrs, v(q) by

n;

m—2
np,_1+1 . .
Y(aav(q) = E (_1)nm_1q( " 21+ )+n%+”'+ni7—2+n3+1+"'+nm*2 | I |:n’+1 + 5’73}'mm OF HIKAMI
m, .

n,..., I‘Im_1:0 i=1

CONJECTURE 2 (HikaMmi, 2004)

Let g =e*™"/N. Foranym>2 and 0 < a < m— 2 we have

3(9) = ¢ VM@

» Hikami proves the case a = 0 with an appeal to knot theory by showing that
both sides are essentially the Kashaev invariant of the torus link T(2,2m).
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BAILEY PAIRS AND

PROOF OF HIKAMI’S CONJECTURE USING BAILEY PAIR  mom s or

FALSE THETA
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RISHABH SARMA

» Using Bailey pairs due to Lovejoy, we prove Hikami's conjecture and
construct other families of g-hypergeometric false theta functions whose
radial limits at roots of unity are obtained by evaluating the truncated series.

> The following constitutes a Bailey pair relative to (q, q)

«* ’(q)

(1— q(a+1)(2n+1))(_1)nq("“)+(a+1)n +(m—a—1)(n*+n) e )

N

o, = -

and

2 2 -1
ny+-+n;, _+n, +etnp_1 M
q™ 1T Nat1 1 [ i1 53 l:|

(9)n,, piey



HIKAMI’S CONJECTURE IS TRUE QRH&EE{;%EL%E

General idea : Setting up the Bailey pair framework by using the previous Bailey
pair and inserting in the definition of a Bailey pair, we prove Hikami's conjecture.

RISHABH SARMA

o(a) =
YO ()
i
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General idea : Setting up the Bailey pair framework by using the previous Bailey
pair and inserting in the definition of a Bailey pair, we prove Hikami's conjecture.

RISHABH SARMA

THEOREM 3 (LOVEJOY-S, KYUSHU J. MATH, 2024)

Let g = e*™™M/N pe a primitive Nth root of unity with N > 0. Then for any
m>2and0<a<m-—2 we have

w‘ ’(q)

q’ Y“N()

where
= m E sz q4m
n>0
and
N—-1 +1 m—2 +5
(a) _ N "m—1Y L2 n? naate N ni41 ia
Yihu(a) = O R A e | P
niy...yNm—1=0 i=1 !
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For coprime integers M and N with N > 0 we have
mN . e
= a n“/4m
SN =m Y xbn(m) (1- — ) GV /™.
n=0

7 (q) =
-

Remark : Used to manipulate the false theta function side of Hikami's conjecture. I @




TWO KEY LEMMAS

LEMMA 4 (Hikami, 2004)

For coprime integers M and N with N > 0 we have

mN
= a n Mn? /4m
SR(N) = m Y xba(m) (1= ) GV
n=0

Remark : Used to manipulate the false theta function side of Hikami's conjecture.

LEMMA 5
If (e, Bn) is a Bailey pair relative to (q, q), then

(q2)n En:(q*")k(_l)kq(k§1)+(n+1)k6k _ zn: (qf’”')k (—1)kq(k;1)+("+l)kak.

2+
k=0 k=0 (q n)k

Remark : Starting point for obtaining the identity in Hikami’s conjecture.
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7 (q) =
o

=2 V@)
q Yo (@)




We obtain this identity by inserting the pair from Bailey Lemma into the
definition of a Bailey pair with b, c — oo and use

THE BAILEY LEMMA
If (e, Bn) is a Bailey pair relative to (a, g) then so is (o, 3),), where
’ (b)n(€)n

% = (ag/B)alaq /), 2 P e

and

) (aq/bc)n ~ (D)k(S)(g~"kg*
%= (9)n(aq/b)n(ag/c)n ; (beg="/a)« g
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o(a) =
ke

=L @)
q Yo (@)




SUMMARY OF PROOF OF HIKAMI’S CONJECTURE

STEP 1

Make appropriate substitutions in Bailey’s Lemma and insert in the definition of Bailey

pair to obtain the identity stated in Lemma 5

(@) Z(q Ne(~1) g%

+(n+1)k 5 72

n

(q2+n

k_(“31)+(n+1)k

Q.
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7 (q) =

4m:=)1 (a)
q v " ()




SUMMARY OF PROOF OF HIKAMI’S CONJECTURE

STEP 1

Make appropriate substitutions in Bailey’s Lemma and insert in the definition of Bailey
pair to obtain the identity stated in Lemma 5

(q2),, Z(qfn)k(fl ( +(nt+1)k ﬂ _ Z (q2+n kq(k;1)+(n+1)kak.
k=0

STEP II

Recall the Bailey pair of Lovejoy that he used in the proof of Hikami's generalization of
Zagier's strange identity

(1 _ q(a+1)(2n+1))(_1)nq(";l)+(a+1)n2+(mfaf1)(n2+n)

ap =
n 1-g
and
22 =il
B = B = Z q”lJr +nf,_yHnagpiteAn, oy T Mgt + 0ai
n = Pn, = .
(@)nn, ni

nyeym—120 i=1
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7 (q) =
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q v " ()




STEP II1

Insert the Bailey pair of Step Il into the identity found in Step | with m=m —1

and n = N — 1 to obtain

+Nm—2

() N1 (), (1) (e b st
q)n
ny,...,nm—1=0 (q)”m—l
"2Tn + 0
% i+1 a,i
"]
N—1, q_
_ Eqi z;k(l _ q(a+1)(2k+1))qu2+(mfafl)k+Nk.
gtk
k=0

BAILEY PAIRS AND
RADIAL LIMITS OF
Q-HYPERGEOMETRIC
FALSE THETA
FUNCTIONS

RISHABH SARMA

7 (q) =

LR
q v " ()




STEP II1

BAILEY PAIRS AND

o
Insert the Bailey pair of Step Il into the identity found in Step | with m=m —1 N nomons
and n= N — 1 to obtain

RISHABH SARMA

P i PO o VG G s uassadins
ni,...,Nm—1=0 (q)”m—l
m—2
2 H [”i+1+5a,i]
i=1 fi :lmj(‘qlz:
N-1,1_nN q v ()
_ (@M« 1 _ g+ D)(@k1)) gmkc+(m—a—L)k+Nk
- (q1+N)k( q )q 5
k=0

Remark : Note that the LHS closely resembles the multisum g-series side of
Hikami's conjecture
N—-1 ) m—2
v (q) = (_:[)erlC](”"’—z1+ VHnd 2 a1t H {niﬂ + 5i,a:| .
m,

p nj
n,...,nm—1=0 i=1



STEP IV

Dividing both sides of the equation in Step Ill by (g)n and taking limg_,cm we
then have

H a m 2 m—a—
YEMCN) = lim (1 — g+t gk H{m—a—1)k Nk

2mN

1 1 —wayp 2 fam
== lim ——gq™ ™ ngfg(k)qk /4
k=0

= MK? /4
_WCN ! Zk2><§2(k)€/v /.
k=0
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7 (q) =
o

=L )
q Y@




STEP IV

Dividing both sides of the equation in Step Ill by (g)n and taking limg_,cm we
then have

y(a) (CM) — lim 1 (ql_N)k (1— q(a+1)(2k+1))qu2+(m—a—1)k+Nk
mNENTT S (@) = (gH)
2mN
1 1 —(m—a—1)? (a) K2 /4
=— lim ——=q~ o (k)gk /4m
N QHCR,A 1— qN prt Zm( )
1 7M(m7371)2 2mN MK2 /4
= —gEn T KRG
k=0

Note | : The second equality follows from a short computation involving
completing the square.

N-1 . N
Note Il : T (1 — g'x) = =% which gives (q; q)n—1 = N.

; —Xx
i=1
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STEP \/ BAILEY PAIRS AND
RADIAL LIMITS OF
Q-HYPERGEOMETRIC

Simplify the RHS to obtain the desired false theta function at a root of unity using PALSE THETA
Lemma 4 of Hikami. e

RISHABH SARMA

2mN

M(m—a—l)2 1
—am () (M _ } : 2 ( MkK? /4m
CN ! Ym,N(CN) - _4mN2 k (k)(

k=0

2mN
1 m a m
- (Zkz k)CMk /4 Z k2x§n), Mk /4 )

k=mN
_ 1
T 4mN?

+Z(2mN KX 2mN — k)¢pemN=H “’”)

0

k=l
mN N
N _4n:7LN2 (Z 2RI =S @mN — KPS RN /4m>
k=0

k=0
mN K )
a Mk m
=X (m— ) G
k=0

D).

N
Z k2 (a (k)CMk /4m ®‘m’(q)

q Y“ (q)
0

m,
k=
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We have found further examples of families of g-hypergeometric false theta
functions whose radial limits are given by evaluating a truncated version of the
g-series.
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BAILEY PAIRS AND

SETUP FOR FURTHER EXAMPLES FADIAL LINITS OF

Q-HYPERGEOMETRIC
FALSE THETA
FUNCTIONS

RISHABH SARMA

We have found further examples of families of g-hypergeometric false theta
functions whose radial limits are given by evaluating a truncated version of the
g-series. We consider a specialization of the Bailey lemma different from the
lemma previously used. Setting a= b= g and ¢ — oo in

THE BAILEY LEMMA

If (aen, By) is a Bailey pair relative to (a, q) then so is (o, 85,), where

S C
= Gaa/B)a(ag/c), )

FURTHER RESULTS

and
, (ag/bc)n " (b)k(e)k(g~")kq"
B = @haa/Baal e 2 (beg " PF

and then using the definition of a Bailey pair with n — oo we have the following,
which is well-known.



TWO KEY LEMMAS FOR THE NEW IDENTITIES

LEMMA 6
If (an, Bn) is a Bailey pair relative to (q, q), then

S @a(1a( D, = 1= @) 3 (-1)¢(

n>0 n>0

Remark : Starting point for obtaining the new identities.
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BAILEY PAIRS AND

TWO KEY LEMMAS FOR THE NEW IDENTITIES RaDL oS or
BRI W

RISHABH SARMA

If (an, Bn) is a Bailey pair relative to (q, q), then

S (@a(-1)q"3)8, = (1 - 9) S (-1)q(a

n>0 n>0

Remark : Starting point for obtaining the new identities.

LEMMA 7

Let C¢(n) be a periodic function with mean value 0 and modulus f. Then as t \, 0 we
have the asymptotic expansion

Z Cr(n)e "' ~ Z —2k, Cf )k, where

FURTHER RESULTS

n>1 k>0
- d n
L(—k, Cf) = —m Z Cf(n)Bk+1 (?) )

n=1

with Bk(x) being the kth Bernouilli polynomial.

Remark : Used to manipulate the false theta function side of our new identities.
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> We first use a Bailey pair of Lovejoy together with Lemma 6 above to
produce a family of g-hypergeometric false theta functions.
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> We first use a Bailey pair of Lovejoy together with Lemma 6 above to
produce a family of g-hypergeometric false theta functions.

» Next we use Lemma 7 above to compute the radial limits of the false theta
functions.
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BAILEY PAIRS AND

SKETCH OF PROOFS OF THE NEW IDENTITIES FADIAL LINITS OF

Q-HYPERGEOMETRIC
FALSE THETA
FUNCTIONS

RISHABH SARMA

> We first use a Bailey pair of Lovejoy together with Lemma 6 above to
produce a family of g-hypergeometric false theta functions.

» Next we use Lemma 7 above to compute the radial limits of the false theta
functions.
FURTHER RESULTS
» Finally, we use the same Bailey pair in Lemma 5 to produce a truncated
version of the g-series and whose values at roots of unity coincide with the
radial limits of the infinite series.



BAILEY PAIRS AND
STEP I RADIAL LIMITS OF
Q-HYPERGEOMETRIC
Start with the Bailey pair relative to (g, g) due to Lovejoy, FALSE THETA
RISHABH SARMA
1 _ q2n+1 o
+(m—1)n
ap = ————(=1)"g" "V
1-gqg
and

._.

n2tbn?, b,y M

— _ q Njy1
Bo = Bom = Z (@) nm (=q)m H "

n1,n,.. s Nm_1>0 i=1

FURTHER RESULTS



STEP 1|
Start with the Bailey pair relative to (g, g) due to Lovejoy,

1-— q2n+1 n_mn?+(m—1)n
ap = —"—(-1)"q
()
and
e i = Z qn§+<~+n kg, ML {nlﬂ}
n = Pnn, = o
ny,n,...,Nnm—1->0 (q)nm( nl i=1

STEP 11

Insert this pair into the Lemma 6 to obtain the “multisum g-series = false theta
function” identity,

(2m—3)2

BAILEY PAIRS AND

THETA
FUNCTIONS

RISHABH SARMA

FURTHER RESULTS

(_1)nm,1q(”’" ) k22 e —o

2m —1 = K2 2m —1
P 8(2m—1) — = ~8(2m—1)
> > " xam—2(K)q 54 > o

k=0 n,n2,...,nm—1>0

where xam—2(k) is an odd periodic function.



BAILEY PAIRS AND
RADIAL LIMITS OF

Q-HYPERGEOMETRIC
STEP III FALSE THETA
FUNCTIONS
Employ Hikami's lemma to calculate the radial limits of P

2

~ S5) k
Vin(q) = 252 3" Xam—2(k) q5@"=D as q approaches a root of unity.
k=0

For coprime integers M and N with N odd and positive we have

(4m—2)N

- 1 _K oy
Wm M — 2 : k2 m k 8(2m—1) )
(CN ) 8(2m _ 1)N2 s X4 2( )CN

FURTHER RESULTS



BAILEY PAIRS AND

STEP 111
FUNCTIONS
Employ Hikami’s lemma to calculate the radial limits of e S
k2
m(CI) = 2'" 1 Z Xam—2( 82m—1) as g approaches a root of unity.

For coprime integers M and N with N odd and positive we have

(4m—2)N

Wn(CH) = Z Rotam (KD

8(2m

FURTHER RESULTS

STEP IV

Finally we determine the value of the truncated version of our g-series

Zni@)= D —an

N—1 m—1+1 m—2
(=1)"m— I |:I'Ii+1:|
ny,...,Nm—1=0 i=1

at primitive odd Nth roots of unity and find that it coincides with the radial limits of
the infinite series.



THEOREM (LOVEJOY-S, 2024)

> Let g = e>™M/N be a primitive odd Nth root of unity. Then

~ (2m 3)2

V,(q) = q%em=0 Z,, n(q),

(_1)nm_1q("’” 1+1)+n1—¢— P P S

and its truncated version

N—-1

ny,ng,...,Am—1>0 (_q)m

(_1)nm,1q( M) e, bt g M2

Zmn(q) = Z

n,...,Nm—1=0 (_q)”l
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RELATED AND FUTURE WORK
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Hikami’s observations on unified WRT invariants
and false theta functions

Toshiki Matsusaka

Dedicated to the memory of Toshie Takata

AsTRACT. The object of this article is a family of g-series orizinating fr
e Witn Restakin Tusev ivarants. Tho ¢ sl
root of unity, but for some instances, it

Hikomi's observations by using Bailey's lemma and the theory of false theta functions
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84, Hikami's question, revisited
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multiple zeta valies

1. Introduction

e WRT invar

rigorous mathematical definition was
quantum group U, (sly) at xoots of un

sequently given by Reshetikl
¢ and Tias been extensively i

wugml,

Habiro's work on
ko senso only when ¢ 1 &

also o boleworphic fuaction on the <pen
it i Such o cxample ' Habio's unfid W H(g) for the Poincaré homology
phes I 2007 ko ohserved i dicontinuity st octe of ey, More precidy, the vale
of H(C) at a root of unity is 1/2 times the limit value of H(g) as ¢ tends towards C radially
withitthe unit disc. In this articla, we explain the appeatance of the 1/2-factor and generalize

taors derived from the work of Witten [36] and Reshtikhin- Turacy (30].
dimensional definition of the Jones polynomials of
knot theory and mtmrlmarl certain invariants of 3-manifolds using qmmum field theory.

I uraev using the
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RELATED

AND FUTURE WORK

Here s on

umple, The WRT-invariant 7y(S(2, 3,5)) associated to the Poincaré homology
sphere M = X(2,3,5) is computed as

S P Y IL
P =
2V60N 0<n<60N -1 €
Nin

(2,3.5) (sce Lawrence Roz

for N € Zs1, where (p1, pa.ps) =
of the topics of rch on the
the values for all N. More preq
roots of unity Z such that the val
A number-the or analytic) approad] l| was given by Law
functions. They considered the g-series defined by

with the WRT invariant (M)
Zagier [26] using false theta

L1 1),y 2t
=5 15 sl g

neL

where ¢ = @™ for r € Q and 7 € H = {r € C| Im(r) > 0}, and

1 ifn=31,41,49.50 (mod 60),
S ifn=1,11,19,20  (mod 60),
0 if otherwise,

HON

7+Lt) ﬁﬂNZm

n=1

E

and

sz (1
; 11.,3@52_“; (ﬁ dit) = 14 eF(1-eF)ry(8(2,3,5)).

In this sense, the g-series iag

)(7) wnifies the WRT-nvariants via the limits to the roots of
iy,
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q v (q)
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RELATED AND FUTURE WORK

BAILEY PAIRS AND
RADIAL LIMITS OF
Q-HYPERGEOMETRIC
FALSE THETA
FUNCTIONS

Definition 1.2. For any positive integer p > 1, we define five Habiro-type series by

Y@=

P
Fallaanmey | |
=

et 1) [Sm]
sy

RISHABH SARMA

2 Fnz0
b1 :
P ) = e 1]
Oy I, BACKGROUNI
= :
@)= 3 a"r(q”’").,Hﬂ“'[“’”[ ‘;‘] BAILEY PAIR
2 Eaz0 i \ \TR
1 IACHINERY
= 5 e, Tl [
523e120 silq
BAILEY PAIRS O
H®) (q) = Z ‘vta‘v*‘y.,]‘[a"["*‘] = LOVEJOY
If the notations are to match those adapted by the spirit of Hikami [23], then the above eI I TEiT
series should be named " (g) = M (a), HP(a) = MP @), H (@) = M Via), 1V(a) = DRK K
M (g), and HF (q) = M{F(q). However, since the superscripts overlap when - 1, the
notations here are purposely changed. These five series are infinite families that extend each PRrROOF OF HIKAMI'S
R A TRt 1 & M B M SO0 AP R
M} (g) hold in Hikami’s notations. :
Our main theorems stated in Theorem 3.15 and Theotem 3.21 give similar expressions in
terms of false theta functions and limit formulas of these five families as in Theorem 1.1. For OIWE(q) o
.
q = Y (a)

instance, we have

lim, convergent part of H5 (g) =

EZh

where
1ot
12
xEEm =41 ifn
0 if otherwise

tim g

67,80,100,131
1,23,42,65
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Fai2)
Bz (7)

Z (g (e T

(mod 132),
(mod 132),

eover, mumerical caleulations sugzest that the above limit value eoincides with the value

Hm(e”"”) that is,

Pl
g @y —

(1.5)

-
Z 3 emirEn

holds. The similarity with 'Them'em 1.1 leads us to expect the coincidence to hold, but it is

a conjesture. For other cases,

Hikami [28, Conjectures 1-3] conjectured the coincidence

A
between the limits of B{E2 _”m and the values of Habiro-type series through numerical

calculations, but they are still open problems.

[m] = = =



RELATED AND FUTURE WORK

BAILEY PATRS AND AN IDENTITY OF CHERN-LI-STANTON-XUE-YEE

SHASHANK KANADE AND JEREMY LOVEIOY

Dedicated to James Lepousky on the occasion of his 80th birthday and Stephen Milne on the occasion of his
Tth bisthday

AnsTrAcT. We show how Bailey pairs can be used to give a simple proof of an identity of
Chern. Li, Stanton, Xue, and Yee. The smme method yields o number of relater identities
as well as false theta companions.

1. INTRODUCTION

the usual g-series notation
(araz. . ax)o = (1,02, . 4kt Q) H(l —ag)(1 - arg) - (L - aee)
and

e
(avazc.vap)n = (anazcvasghe = [J(1 - a1 )1 - asg’) - (1 - arg’)

valid for 1 > 0, along with the g-binomial coefficient

(alw
m _ m = e H0fk<n, (11)
k K, o, otherwise.

Ina recent study of g-series and partitions related to Ariki-Koike algebras, Chern, Li, Stanton,
Xue, and Yee [9] established the following family of g-multisum identitios:

Theorem 1.1 Leim = 1 and 0 <a < m — 1. Then we have

nen ) L (i) met atl gmtl-a gnt2, gm
P l_[[,,l1,+,5m]7(qf:7ﬂ ) s
o0 (@hrm o ™ ()oc( g7 9%
This generalizes a classical identity in the theory of partitions [5, Eq. (2.26), t =],
(Y] 1
g
= = (e
S0 @ (e
“The proofof (1.1) in 9] is lengthy and impressive. involving a symmetry poperty, a g-binowial
nultisum transformation formula, and two identities of Andrews [6] and Kim-Ye

[14]
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