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Introduction  Background on t-core partitions and partition pairs

A partition of a given n € N is a nonincreasing sequence (A1, ..., Ax) of positive integers
whose sum is n. The numbers A\, are referred to as the parts of n.

For example, there are five partitions of 4, namely

4,

341,

242,
24+1+1,
1+1+141.
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Introduction  Background on t-core partitions and partition pairs

Let p(n) count the number of partitions of n.
o Euler (1748): We have that

00 ., 1
n;op(n)q - ?17

where i == [122,(1 — g*") for g € C with |q| < 1.
e Ramanujan (1919), Watson (1938), Atkin (1967): For ¢ € {5,7,11}, we have

p(n) =0 (mod (%)

for all @ > 1 and n > 1 such that 24n =1 (mod ¢7), where 8 = « if £ € {5,11}
and B :=|a/2|+1ifL=T7.
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Introduction  Background on t-core partitions and partition pairs

We can visualize a given partition (A1, ..., Ax) of n via its Ferris—Young diagram, which
is described as follows: We arrange the nodes in k left-aligned rows so that the jth row
has Aj nodes. We then assign to a node at a point (i, ) its hook number, which is the

total number of dots directly below and to the right of that node, including the node
itself.

For example, for the partition (5,3,1,1) of 10, we find its Ferris—Young diagram and
the corresponding hook numbers (indicated by superscripts) as shown:

—

o ot o2 ol

e o o o
= N O
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Introduction  Background on t-core partitions and partition pairs

We say that a partition of n is t-core for some t € N if none of its hook numbers is
divisible by t. Thus, the partition (5,3,1,1) of 10 is t-core for t € {3,6,7} and t > 9.

Let c¢(n) be the number of partitions of n that are t-cores. Garvan, Kim, and Stanton (1990)
found via combinatorial arguments that

oo ft
c(n)g" = L.
s t(n)q f
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Introduction  Background on t-core partitions and partition pairs

Various authors have studied arithmetic properties for c;(n):
@ Garvan (1990): congruences for c,(n) for certain primes p via modular forms
@ Hirschhorn and Sellers (1996): infinite families of linear identities for ca(n) given

by
.32k _
(32”1 + 535) = 3%¢4(3n),

1 2k
(32“1 133775 3 —o (2-3K —1)c(3n +1),

7- 2k+1 k+1 _
s (32”2 3 5) > ca(9n +2),

k k
“ <32k+2 N 23. 32 +1_ g 3 +1

ca(9n + 8)

foralln>0and k>1
@ Ono and Sze (1997): a formula for c4(n) in terms of a certain class number
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https://doi.org/10.1112/plms/s3-66.3.449
https://doi.org/10.1006/jnth.1996.0112
https://doi.org/10.4064/aa-80-3-249-272

Introduction  Background on t-core partitions and partition pairs

e Baruah and Berndt (2007): linear identities for c3(n) and cs(n) via Ramanujan’s
modular equations, namely

C3(4-n + l) = Cg;(n)7
cs(4n+3) = cs5(2n+ 1) + 2¢5(n)

foralln >0
e Kim (2010): linear identities for c,(n) for primes p > 5 via Hecke operators

e Baruah and Nath (2013): new infinite families of linear identities for c4(n)

e Park (2014): proofs of linear identities for c3(n) and cs(n) via modular function
theory

@ G (2026+): proof of a linear identity for c5(n) via Ramanujan's function k(q)
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https://doi.org/10.1016/j.jcta.2006.11.002
https://doi.org/10.1016/j.disc.2009.09.024
https://doi.org/10.1017/S0004972712000378
https://doi.org/10.4134/JKMS.2014.51.2.225

Introduction  Background on t-core partitions and partition pairs

We define a partition pair of n with t-cores by a pair of partitions (A, 1) such that the
sum of all parts of A and p is n and both A and p are t-cores. Then the generating
function for the number A;(n) of partition pairs of n with t-cores is given by

f2t

ZAt : f2 .
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Introduction  Background on t-core partitions and partition pairs

Several authors have explored arithmetic properties for A¢(n):
e Lin (2014),Xia (2015),Yao (2015): congruences for Az(n)
e Baruah and Nath (2015): infinite families of linear identities for Az(n) such as

5.22k _ 2

) = (2%+1 _1)A3(2n +1)
for k>0and n>0

e Dasappa (2016): congruences modulo powers of 5 for As(n)

e Saikia and Boruah (2017): parity results for As(n)

The goal of this work is to describe analogous properties for As(n) and As(n). In
particular, we present infinite families of linear identities for A4(n) and As(n).
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Introduction | Statement of main results

Theorem 1 (G (2026))

For integers k > 1, we have
(e.e]

> As(2Kn 42K — 2)qg”

n=-—1
f4f4 8k+1 -1 flO 8k+1 —8 q2f10
= B 15 — 8B 1+ ———— 2 — .1 10 1
. 8Bk—1fr o + 7 fz 7 2 (1)
where the sequence {By}«>o is defined by By = 0,B; =1, and
w—l
By = —4Byx_1 — 8Bk_> +
for k > 2.
W
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Introduction | Statement of main results

Theorem 2 (G (2026))

For all integers n > 0 and k > 1, we have

k+1 _ 1
As(2Kn 3.2k —2) = B As(4n + 4) + (87 - 9Bk> As(2n+1), (2

where { By} k>0 is the sequence defined in Theorem 1. Consequently, for all m > 0 and

n >0, we have
84m+4 -1
As(24m4n 43.24"3 _2) =0 (mod T). (3)

v
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Introduction | Statement of main results

Theorem 3 (G (2026))
For integers k > 0, we have
ZA“ <32k+1n L2 72 32k
n=0
27(321( 32k+2
320

=5 = g2 1 2
4 fP

T 7

a ¢ re
( f4f2 + 4 6 ) + 32k+2 12' (4)
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Introduction | Statement of main results

Theorem 4 (G (2026))

For all integers n > 0 with 31 n and k > 0, we have
32k+2 —5 34k+4 -1
A, (32’<+1n + ) =

. = S A(3n + 1), (5)

Consequently, for all integers n > 0 with 3+ n and k > 0, we have

2k+2 _ 4k+4 _ 14
Ag (32k+1n + 345> =0 (mod 3(340)). (6)
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Introduction | Statement of main results

To prove our main results, we rely on rigorous elementary g-series techniques; more
precisely, we employ certain 2- and 3-dissection formulas and some identities involving
the Ramanujan’s cubic continued fraction

1 hfe
Cla) = 2 :ff63’
q+q 213
1+ 2 4
q°+q
1+ 3+ 6
14979
1+

the Ramanujan’s function

qﬁ q10n 9)(1 10n78)(1 qlon 2)( 10n 1)
n=1 (1 — q0n—T)(1 — glon—6)(1 — g10n—4)(1 — q10n 3)
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Introduction | Statement of main results

and its level 12 analogue (aka the continued fraction of order 12)

_ q(1—q)
h(q) == R 71— qz)gl _ q423 _
(1-4¢°)(1-q7)
(1-a*)(1+4q°)+ (1—q3)(1+q2) + -
0 12n 1)(1 _ q12n711)

H 12n 5)(]_ _ q12n—7)

due to Mahadeva Naika, B. N. Dharmendra, and Shivashankara (2008).
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Proofs of Theorems 1 and 2 | Auxiliary identities

We first require the following 2-dissections

flO f2f‘4
4 4 2/
i = @ - q?, (7)
f_ hfh ,  ffiofi -
fi o ffafao

Identity (7) follows from replacing g with —g in Lemma 2.3 of Hirschhorn and Roselin (2010).
Identity (8) is Theorem 2.1 of Hirschhorn and Sellers (2010).
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https://doi.org/10.1017/S0004972709000525

Proofs of Theorems 1 and 2 | Auxiliary identities

We next require the following identities for k(q), which can be found in Theorem 10.4
of Cooper’s book (2017):

of _

1
— k() 9
oty k) ©)
f24f52 1
— 41— Kk(q), 10
qf2 iy k(q) (@) (10)
3
h _ 1 4 ko). (11)

ahfiy  k(q)

We also need the following identity, which is Theorem 3.3 of Chern and Tang (2022):

k(q)  k(¢®) _ AR
k(g®)  k(q)  qffy’

(12)
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Proofs of Theorems 1 and 2 | Auxiliary identities

We have the identity

X2 —Y +2XY + XY +Y? =0,

where X := k(q) and Y := k(q?).

Proof outline: Square (12) and use (9) and (11) to find that

(X2 +Y —2XY — X2Y + Y2)(X%2 = Y +2XY + X?Y + Y?)

v —0.  (13)

Using the g-expansion of k(q), we see that the second factor of the numerator of (13)
vanishes while the first factor does not, arriving at the desired identity. g
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Proofs of Theorems 1 and 2 | Auxiliary identities

Lemma 6 (G)

We have the identity
Bl 2B B,

Rk, W R Ak

.

G (2026+) used the above result to give another elementary proof of the linear identity
for cs(n).

v
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Proofs of Theorems 1 and 2 | Auxiliary identities

Proof. We recast the given identity as
f3' fio bty _ B

_ = 2. 14
T S ST 1

Let X := k(q) and Y := k(g?). Replacing g with g° in (11) yields

! _ ffio (15)

We know from Lemma 5 and (15) that

X2
1—2x—x2:7+yzx2(z+4+ YY)+ Y =X3(Z+4)+ Y(X?+1),
so that
1-2X—X%2—-X%(Z+4)
Y = : 1
X2+1 (16)
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Proofs of Theorems 1 and 2 | Auxiliary identities

Proof (continued). Plugging in (16) into Lemma 5 and clearing denominators, we find
that

X?Z2 4 (-1 -2X + XH)(1 —4X = X?)Z —4(1 + X — X?)(1 — 4X — X?) = 0. (17)

Hence, by (9), (11), (15), and (17), we deduce that

f5' fio B qu%zfz%: 3 fio _quffo_ _qzﬁxfz%, f 1y
afthty, iy Phfy Bk Bhe afffh
_ X A 14+ X — X2
T 1-4X - X2 X

L Z2X?—4(1+ X — X?)(1 - 4X — X?)
B ZX(1 - 4X — X?)
(1+2X - X?)(1-4X-X2)Z 1 _ hfy

ZX(1 — 4X — X2) X Tt e

+2,

which is exactly (14). O
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Proofs of Theorems 1 and 2 | Auxiliary identities

We have the identity

WEE |, sBRR _ BE

i
Ref | fak R |

—2
I
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Proofs of Theorems 1 and 2 | Auxiliary identities

Proof. Dividing both sides of the given identity by qf? £33 /f3, it suffices to prove that

RGRS |, o6l _ Hf
y55 T4 5 — 5 — 2 (18)
qf; 13 5 fafip  qhifi

Let X := k(q) and Y := k(g?). We replace g with g2 in (9) so that

Wi==_-Y= . 19
Y a*hfy 19)

By Lemma 5 and (19), we have

X2
1—2X—X2:7+Y:X2(W+Y)—|—Y,

so that
1-2X — X2 - X2W
= . (20)

Y
X241
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Proofs of Theorems 1 and 2 | Auxiliary identities

Proof (continued). Combining Lemma 5 and (20) and clearing denominators, we see
that

X2W? — (1 -2X — X?)(1 — X)W +4X(1 — X?) =0. (21)
We infer from (9), (19), and (21) that

Affl0 |, , 2P _ WX 4  XW2+4(1-X?)

B AR 1-X2 W (- X)W
_A-2X=-xHa-xHw 1 X — HfP )
X(1- X)W X Cghfy
which is exactly (18). O
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Proofs of Theorems 1 and 2 | Auxiliary identities

Lemma 8

We have the identity
REMG B _ £
aFRG Py ahhy
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Proofs of Theorems 1 and 2 | Auxiliary identities

Proof. Let X := k(q) and Y := k(g?). By (9) and (11), we have
14X - X2 R

A= =
1— X2 f22f54’
o l-4y—Y? i
TvE e
Then from (19) we have
4 1
- — _ X 22
A= x % (22)
4 1
W=_—"_—=> _vy, 23
1-B Y (23)
Dividing both sides of (21) by X2 and applying (22), we get
4 4W 16
w2 — -2 =0. 24
(1—A )1—A+1—A 0 (24)
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Proofs of Theorems 1 and 2 | Auxiliary identities

Proof (continued). We now substitute (23) into (24) and clear denominators, yielding
A2+ 4AB+ B2 —5A— AB? = 0. (25)

Applying (11), (22), (25), and the definitions of A and B, we arrive at

AR 1‘241‘220_A< 4 +1> B_5A+A2B—A2—B2
afffifn  fifly BA\1-A B(1-A)
4A :1—X2.1—4X—X271_4_X f3fs

1-A X 1-X2 X T ghf

as desired. O
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Proofs of Theorems 1 and 2 | Auxiliary identities

We have the identity
2

1S 150 FPhfh) A f

Proof. We know from Lemma 7 that

2 2
( Afis 363%36%> :< Afis ., 36%%%) _16q3637%ﬂ%

R Rk PR Rhf f
2
_ <f23f58 ) f22f53f;l20> _16q3f23f5f;l% (26)
RRy f? £
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Proofs of Theorems 1 and 2 | Auxiliary identities

Proof (continued). By expanding and applying (9) and (11), we find that

5 (631‘58_2q62f53ﬂ%>2_16
PRE \ £

3 2 2
ff hfS ff HfS ffS
qfifp qfifi qfifyp qhfp qfify
_ f24f510 f13ﬂ‘, _ fifoi—)ll f13f5
Pffy ) abfy  P*fy  abfiy

(27)

Multiplying both sides of (27) by q*£fsfy/f> and comparing with (26), we obtain the
desired identity. O
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Proofs of Theorems 1 and 2 | Auxiliary identities

We have the identity

2
f5 f flO flO f4f12 f2f2f6
_ 2 10 f f _ 3710 __ 275 22 "5 10
q<f_ + 29— f ) + 115 +9q—f2 8 f2 fffi% q f12

Proof. Expanding the left-hand side of the given identity and then dividing both sides
by q3f3fsf/f>, it remains to prove that

o3 3£2 fAr3 2f N 3£
1359+8 1359 —4 1454_121510: 12?3 153‘ (28)
q3f; fo q°f; fo qfy to fy fs q3f10 qfatrg
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Proofs of Theorems 1 and 2 | Auxiliary identities

Proof (continued). We simplify the left-hand side of (28) as follows. Letting X := k(q),
we infer from (9)—(11) that

3
- (B8) -G *
q fz flO qf2f10 X
2

R _ R afffiy (AR _ (1 , o X L %) 30
23,9 T Gff3. fAf2 f o —\x 1+ X-—X2\X - 30)
G-l qR2llp Ir'fs qiilto +

fitfy _ o aftfiy B _(1—4—X)X<1—X) (31)
afffh  ahfy B ahfi  \X L+ X=X2AX )

fOfio  ffs  qf2f 1 X

iflo _ 153.qi§o:(_4_x)2. (32)
f2fs  ahfip L'f X 1+X-X
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Proofs of Theorems 1 and 2 | Auxiliary identities

Applying (29)—(32) and (9)—(11), we find that

23 3£ fArh 21
31359 +38 21359 —4 1454 —12 1510
>t q° 3t qfy fio fyfs

e G e P )
o) (et o) (9
)[()1(_44) +)8<_12_sx]

) [(1_X>2+4 _ fl3f5 ( f24f510 >: flf2f511 7613)%
X

af2fiy \ P FEfY Phy affiy’
which is exactly the right-hand side of (28). O
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Proofs of Theorems 1 and 2 | Proof of Theorem 1

As an application of Lemmas 6-10, we provide two generating function formulas needed
to prove Theorems 1 and 2.

We have that

10 f

S f;
ZA5(2n)q —f1f5 + 9q ﬁ—S 3f2
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Using (7) and (8), we expand

o £0 g2 2 fifiofio )’ [ £ 2,8
Ac(m)g" = 5 T8 g8 _ 20 | 20 45h0%0) (33
Smine == G- (G2 -ale) (dh %) o

We consider the terms in the expansion of (31) containing g>". Applying Lemmas 6, 9,
and 10, we find that

Z A5 2[7 f2f q f26fi108 o 16q3 f23f5f;|_90 + 16q5m + 16q6 f26f;‘,6f2100
R AR R A reS
2 2
_ (ggm5_4q3@3@5350> +q< B _4q2w522@%>
s P14t P fats fy fi
2

£ 2R <f5 3
= +4q +q| 2> +2¢2

fitfi 2 f f

fo© 3hg

= A4+ 9q 9 ~ 84 s
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Proofs of Theorems 1 and 2 | Proof of Theorem 1

Let g 3f 4 =3 4 c(n +3)q". Then

f“f
S c(2n+3)q" = - 4= > —8fi i,

n=-1
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Proofs of Theorems 1 and 2 | Proof of Theorem 1

Proof. Using (7), we write

0 f4 f4 1 flO f2 f4 flO f2 f4
C(n+3)qn: 15 :< 4 _4q2 8) < 20 _4q5 10 40>‘ (34)
=, ¢ - P\RE TR )\ &

We extract the terms in the expansion of (34) involving g°”, so that

S ons g TH 1R
9t 5 F 6

n=-—1
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Proofs of Theorems 1 and 2 | Proof of Theorem 1

Proof (continued). We now multiply both sides of Lemma 8 by ffsf/fi and then
square both sides of the resulting expression. We obtain

ghfsfh  ffffio

2
R (AR RRG\T L RERS RR BoRd o
% PRRM T a | R

We infer from (35) and (36) that

o0 f2f4f10 f10f2f4
ZC(2H+3)q”=—4q< 14 '10 +2 520)

q f22 f52 fz% f12 ’T f 120

a1 1215)
q q

n=-1

f4f4
—413 _gRHE.
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Proofs of Theorems 1 and 2 | Proof of Theorem 1

Proof of Theorem 1. We proceed by induction on k. From Theorem 11, we have that

f4f4 flO flO
§ ' As(2n+2 15 210
5 n+ ) q + 9 f2 8 f2 )

n=-—1

(37)

o (1) holds for k = 1. Suppose now that (1) holds for some k > 1. We divide both
sides of (1) by g? so that

oo
Z A5(2kn + 2k+2 _ 2)qn

n=-3

4r4 k+1 _ 10 k+1 _ 10
g, A, B0 0 gos g
93 q 7 g2t 7 3

00 FAFA gktl _ 1 X gk+tl _g £10

=B 3)q" — 8By _1 220 A n__ .20

kﬂ;3 c(n+3)q k—1 g2 7¢2 < 5(n)q 7 £2

(38)
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Proofs of Theorems 1 and 2 | Proof of Theorem 1

Proof (continued). We extract the terms in the expansion of (38) involving g%". We
deduce from Theorems 11 and 12 that

n=-—1
00 . f14f4 8k+1 8k+1 _8 f510
= By nz_l c(2n+3)q —8Bk_1 q ZA5 2n 7 . ?
f4f4 f4f4 8k+1 -1 flO f10
=B | 41> —8f'fh ) — 8B 1> fHd + 992 — 8¢ 12
k( 7 210) qu+ 7q 175 + flz qf22
8m+1 -8 f;_)lO
TR’
f4f4 8k+2 -1 flO 8k+2 -8 q2 flO
= Bip1 2> —8Bify fip + ———— 25 — R
k1 ki2ho T —— 2 7 £2
Thus, (1) holds for k 4 1, so it holds for all kK > 1 by induction. O
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Proofs of Theorems 1 and 2 | Proof of Theorem 2

To prove Theorem 2, we need to show the following result on certain values of By.

84m—|—4 -1

For all m > 0, we have Bypmi3 = o1
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Proofs of Theorems 1 and 2 | Proof of Theorem 2

Proof. Observe that for m > 0,

Bam+7 + 64Bam+3 = Bam+7 + 4Bam+6 + 8Bam+s5 — 4(Bam+6 + 4Bam+s5 + 8Bam+4)

+ 8(Bam+s + 4Bamia + 8Bam3)
84m+7 -1 84m+6 -1

— .y 8 —
7 7 + 7 7

. gém+s _ 1 g(gémt6 _ 1)
(39)
By the theory of linear recurrences, we obtain
Bamiz = A-8*" + B(—64)" + C

for all m > 0 and some constants A, B, and C. Using the recurrence relation for By, we
have B3 = 45, and employing (39), we compute B; = 184365 and B;; = 755159085.
Thus, we find that (A, B, C) = (4096/91,0, —1/91), leading us to the desired value of
Bam43. O
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Proofs of Theorems 1 and 2 | Proof of Theorem 2

Proof of Theorem 2. We divide both sides of (1) by g so that
00 f4f4 f4f4 8k+1 -1 flO 8k+1 8 qflo
As(2n+3-25 —2)¢" = B,-L2 — 8By 210 e
n;2 5( n-+ )q k q q + 7 qf12 7 f2
(40)

Define g 2f*f := 3°5° , c(n+2)q". Observe that the g-expansions of g~ 1£}f} and
qf/f? contain only terms W|th odd exponents. Thus, by looking at the terms in the

expansion of (40) involving ¢?", we see that
o0
-1

> gkt
> As(2Tn+3-2-2)q" =B > c(2n+2)q" + f ZA5 (2n+1)q"
n=-1 n=0

" (41)

We next divide both sides of (37) by g and consider terms in the resulting expansion

involving ¢2". We get

oo

> As(4n+4)q"= > c(2n+2)q"+9)_ As(2n+1)q". (42)
n=-1 n=-1 n=0
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Proof (continued). Multiplying both sides of (42) by By and subtracting from (41), we
obtain

[e%] 8k+1 -1 [e’e]
> (As(2Kn+ 32K —2) — ByAs(4n+4))q" = (7 — 98k> > As(2n+1)q".
n=0

n=—1

Comparing the coefficients of g” for n > 0 on both sides of the above expression yields

(2)-

We now set k =4m+ 3 in (2) and use Lemma 13. Since

84m+4 -1 9B _ 84m+4 -1 B 9(84m+4 _ 1) _ 4(84m+4 _ 1)
7 m+3 7 91 or
we finally arrive at
84m+4 -1
As(24m T4 3. 24mF3 _2) = oy (As(4n+4) +4A5(2n + 1))
for all m > 0 and n > 0, which immediately proves (3). O
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Proofs of Theorems 3 and 4 | Auxiliary identities

We now require the following 3-dissections

i  fRfig fo’

h fofy 2 e Fy

= = +2q9—=- +4q . (44)
- 7

Identity (43) is labeled as (22.6.13) on page 195 of Hirschhorn's book (2017). The proof
of (44) can be found on page 68 of Hirschhorn and Sellers (2005).
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Proofs of Theorems 3 and 4 | Auxiliary identities

We next provide the following identities involving C(q):

R r 1
= +1, 45
a2 qC3(q) (45)
Ak 1
12 _ —7— 8qC3(q), (46)

qffs qC3(q)
fifr = fotig (C(q3) —q-— 2q2C(q3)> ) (47)

L f iy ( 1 + q
if G \C(e?) ~ C(a)
Identities (45) and (46) can be found in Theorems 6.9 and 6.11 of Cooper's book (2017),

respectively. Identity (47) follows from replacing g with g3 in Theorem 2 of Chan (2010).
For the proof of (48), see the proof of Theorem 1 of Chan (2010).

+3¢> - 2¢°C(q°) + 4q2C2(q3)> . (48)
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Proofs of Theorems 3 and 4 | Auxiliary identities

We also need the following identities involving h(q), which can be found in Theorem
12.2 of Cooper's book (2017):

6 _ 1
= ——+ h(q), 49
ahf ~ ha) 9 (49)
g1
46— 14 h(q), 50
a2e5 w9 )
A2 1
= — 2+ h(q), 51
5 g 9 51
) f: 1
22 =+ 2+ h(q). (52)

qf13f421%f122 - h(q)
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Proofs of Theorems 3 and 4 | Auxiliary identities

We have the identities
67%5 _ f22f310 f3f67 (53)
o R Ak
f13 f23 f63 f212 <f22 f310 f3f67>
52 =-8-+9 +q9——- . (54)
f33 f16 f14/:62 f1f2 )
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Proof. Multiplying both sides of (45) by qf3f{ /(fif2) yields (53). On the other hand,
dividing both sides of (54) by qfsfy /(fif2), it suffices to show that

f4f4 f13 f3f9
1424 +8 52 7 =9 2339
afs'ts  qf i qfi fs

Observe that from (45), we have

+9. (55)

2
B2 _(BR ) R _ ( LS 1)2 -qC(q)- (56)
g \aig) 55~ \ao@
Combining (46) and (56) leads us to
A 1 ; 1 :
+ = —7—-8qC q—|—8<+2—|—qC q)
affy  afPhfy  qC3(q) (@) qC3(q) (@
9 f'23f5),9
= 4+9=923_49
qC3(q) qff”%g
which is precisely (55). O
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Proofs of Theorems 3 and 4 | Auxiliary identities

We have the identity

f° 5 fio : By +2+363f36ﬂ32 +4q63’%3ﬂ62

qafPfifs fifs  ahfd fEfafy ARl
Proof. We rewrite the given identity as

Bhe GO, BEG 60 _ 6h

3

— 2. 57
AT . 0

—4 =
Thigl T RR T ahf
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Proofs of Theorems 3 and 4 | Auxiliary identities

Proof (continued). Letting h := h(q), we write each summand on the left-hand side of
(57) using (49)—(52). We find that

2
Boffe _ AT anfy (06 ) aBBm
A T Ty

1 1 -1/1 2 /1 -1
(h_1+h)(h+h) (h+2+h) <h—2+h>

(1+ h)*(1— h+ h?) (58)
h(1—h2(1+h2)

B _ Bh afBrS <1+,,> (1_2+h>1

AR~ ahfy AR \h h

14+ h?

A Y
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Proofs of Theorems 3 and 4 | Auxiliary identities

Proof (continued).
B <1 )1 h
(2 —24h) = 00
Teree ~\n o7 (1—h)?’ 0
ffy _ ghfh afRRS <1 + h>1 <1 -2+ h>1
B BAARE T \h "

h2
IO o
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Proof (continued). We infer from (49) and (58)—(61) that

f15 f2 f f3 f6 f3 f3 f3 f6 f3 f9
263315_3 223 192_4q2 32 192+4q2 23192
qfy 7 fs fi fafg higfs it
_ (1+n) (1+ h)* 3(1+ h?) 4h 4h?

ThI—h? A—h2A+ R (1=h? (=R T R21+ M)
(14 h)* 3K +4h+3  (2h+ (14 h)?)(2h — (1 + h)?)

T h(1—h2  (1—h)? (1— h)2(1 + h?)
_ (1+h* 3h+4h+3 K 4+4h+1
T h(1—h2  (1—h2  (1—h)?

+h+2=

i

(14 h)* 41+ h)? 1+h (1+ h)?

T h(1—h)2  (1—h)? <1—h>( h _4)
1
B

(2 (5) v

ahf
which is the right-hand side of (57). O
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Proofs of Theorems 3 and 4 | Auxiliary identities

We now use the previous identities and Lemmas 14 and 15 to deduce the generating

functions for A4(3n+ 1) and A4(27n+ 19), which will be instrumental to the proofs of
Theorem 3 and 4.

Theorem 16

We have that

= B2 4,300
As(3n+1)q" =22 + 9312,
,;)4(n+)q FE
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Proofs of Theorems 3 and 4 | Auxiliary identities

Proof. Using (43) and (44), we write

< AN AN AV AN
Ma(man =& — () () _ [(fefis ofe) (RR | fis) (6
,,; (na" =5 (fz) (fl fifis | fis) \Bhs @ ° (62)

fo
We consider the terms involving g3™*! in the expansion of (62). In view of Lemma 15
we arrive at
S fafyfy ity Rifs o 2B 3f)
As(3n+1)g" =2 +4 +6 +38 +q =
2N =2 e, T YO e
R (B, 388  , PEG) | o
B iy AR e ) TR
R (ffhe |, 288 | sfh
f3 f2 fi f6 f43 f69 f3 f9 f2
f 2 2 f2 2
;6 +8g 3f2+q312 22 ha

g3

Russelle Guadalupe
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Proofs of Theorems 3 and 4 | Auxiliary identities

For all integers n > 0 with 31 n, we have A4(3n+ 1) =0 (mod 6).

Proof. Using (43), we express Theorem 16 as

6 6
o f2 f8 f6f2 f2 f8
ABn+1)g" =22 | +9¢° 2 =2 22 +q922 | +9¢° 3. 63
;04("+ )q <ﬂ>+qf32 e 9% ) TR (63)
We extract the terms involving g3"*! and ¢3"*2 in the expansion of (63). We deduce
that
0 , f5f9 f2f‘6
> Ai9n+4)q" =6 (2;5;‘3 + 5q2f,j> :
n=0 176 1
o9 f4f6 f2f9
Ay(9n+T7)q" =6 522 + 2925
nEZ:O 4( n+ )q ( f14 + qf1f533 )
which immediately yield the desired congruence. O
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Proofs of Theorems 3 and 4 | Auxiliary identities

Given a g-series f(q) := >_72, a(n)q" € Z[[q]], we define the linear maps in Z[[q]] by
U(f(q) == >, a(Bn)q",
n=[ng/3]

o0

V(f(q)) = > a(Bn+1)q"
n=[(no—1)/3]

The next two lemmas provide the closed-form formulas for the images of certain g-series
under U and V. This will play a key role in determining the generating function for
A4(27n + 19).
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Proofs of Theorems 3 and 4 | Auxiliary identities

We have the identities " 6.£12 3,33 12
£ £Of. s B f,
U 5 _ ff3 20236 6 64
3f16> ot R T o
£2£10 £6£12 f3f3f3
( 3f4f2> G )
HET f3f3f
PhR) g
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Proof. We use (43) and (44) to write

6 6
B2 L (BY LG (67)
¢ @\ h q* \ fafis fo |
Examining the terms involving g>" in the expansion of (67), we get (64). We next write
2 2
62@10 _ f310 é _ %10 f64f96 N 2qf63fé3 N 4q2 f62f138 ' (68)
q3 f14 f62 q3 f62 f12 q3 ,«.'62 f38 fl_’é ,«.'37 f36

Getting the terms involving 3" in the expansion of (68), we obtain (65). We finally use
(48) so that

fify fify f3f ( 1 q 2 3¢( 43 202043 )
= . 3g° —2q°C 4q°C . 69
PhE - @ e \ g T el T3 (¢°) +49°C(a”) ). (69)
Examining the terms involving g3 in the expansion of (69), we arrive at (66). g
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Proofs of Theorems 3 and 4 | Auxiliary identities

We have the identities 6 o1 )10 .,
2 f- f5f. 3t
V(220 =2123 14820 70
<qf16f66> f14f62 + qf1f27 ( )
f3 f‘3 f3 f‘2 flO f. f?
v[235 ) =323 +3¢2¢5. 71
4

Russelle Guadalupe Linear identities for partition pairs with 4-cores and 5-cores



Proofs of Theorems 3 and 4 | Auxiliary identities

Proof. We know from (43) and (44) that

P2 62 (BN (e _ 62 (68 &\ (BE B8 8%
ot el \h) \) " \Bhe Th) \BR T TR

(72)
Considering the terms involving ¢3! in the expansion of (72) yields (70). We also
know that
BER _ aa (B (B _pa(f8 R\ (RE B8R R
=B 2)=] =A% = 2 4 .
G3 376 fl f12 36 f3f]_8 +q f—g f38f1% + q9—F f7 =+ q f-36

(73)

Considering the terms involving g>"*1 in the expansion of (73), we see that

v @@@ :3%?'
f ' fs

Thus, (71) follows from the above expression and (53).
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Proofs of Theorems 3 and 4 | Auxiliary identities

Theorem 20

We have tiégt

732 f2F, Rl &
As(27n+19)g" =202 +54 (323 4495 1322,
n; (210 +19)q" = 2055 +5 <3f4f2 +aap | +8
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Proofs of Theorems 3 and 4 | Auxiliary identities

Proof. Dividing both sides of Theorem 16 by g° yields

f32 )
ZA43n+10)q =2 3f6+9f2. (74)
n=-3
Applying U on both sides of (74) and employing Lemma 18, we find that
f12 f8
ZIA4 9n + 10)q" —2U< 3f6> +9f2
—
£or12 S for? 2
=223 _14023°% 1 2q 92 75
qf16f66 + fl + f6 + f2 ( )
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Proofs of Theorems 3 and 4 | Auxiliary identities

Proof (continued). We now apply V on both sides of (75). In view of Theorem 16 and
Lemma 19, we deduce that

> £ £2 P £r2
ZA4(27n+19)q":2V< 23 >+4ov<2 3 6)+2 2 +9ZA4 (3n+1)q"

~ qf16,%6 £3 f r
+2ff6 +9< ':36 +9 3;%)
=20 ';2;62 + 162 224’;120 + 2164 f;’;‘? +81 3';%22,
which vyields the desired identity. U
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Proofs of Theorems 3 and 4 | Auxiliary identities

For all integers n > 0 with 3 1 n, we have A4(27n+ 19) = 82A4(3n+ 1). Consequently,
for all integers n > 0 with 31 n, we have A4(27n+ 19) = 0 (mod 492).

Proof. In view of (54) and Theorems 16 and 20, we consider the expansion of

oo

> (As(27n+19) — 82A4(3n + 1))q"

n=0
f12 f2f10 f3f7 f8
=18 —82- +923_ +129g=% | —657¢%12
< f16 f14f62 f1f2 f32
R A7 £
=18 125 43¢>C | _657¢312. 76
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Proofs of Theorems 3 and 4 | Auxiliary identities

Proof (continued). Utilizing (47) and (48), we see that

f3f3 3 7

1 2’% _|_3qf3f6
£ A
f63

3 3,3
= 5 f5fy (1 —q- 2q2C(q3)) +3qn - B ( SRR
£ C(q®) e \C2(g%) " C(e?)

+3¢* — 24°C(q°) + 442 C*(q?))
7%363f1?é 1 3 6 3(,43
= 20¢° — 8q°C . 77
f (C3(q3) 209 8a )> 7

Observe that the right-hand side of (77) is a g-series whose terms are of the form ¢3”
only. Thus, the coefficients of the terms involving ¢3"*! and ¢3"*2 in (76) are all zero,
arriving at the desired identity. The second statement now follows from this identity and
Theorem 17. U
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Proofs of Theorems 3 and 4 | Proof of Theorem 3

Proof of Theorem 3. We proceed by induction on k. Appealing to Theorems 16 and
20, we see that (4) holds for k € {0,1}. Suppose now that (4) holds for some k > 2.
Dividing both sides of (4) by g° yields

32k+2 -1
Z A <32k+1 ( J )> qn

n=-3
B 32k+2 -1 f212 27(32k o 1)(32k+2 _ 1) 3 i:22f310 f:°>f67
- 4 q3 f16 320 q3 f14 f62 q2 fifs
+ 32k+2. 2 (78)
-
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Proofs of Theorems 3 and 4 | Proof of Theorem 3

Proof (continued). We apply U on both sides of (78) and use Lemma 18, obtaining

Z A 32k+2 5(32k+2 _ 1) qn _ 32k+2 -1 U /.’212
4 4 q3fl6

n=-—1
27(321( . 1)(32k+2 _ 1) 3U f22fé10 L ay f3f67
320 QP2 q?fif

+ 32k+2 . fi8
_ (32k+2 _ 1)(32k+4 _ 1) f26f312 20 f3f3f3 N 32k+2 -1 . qf612
320 fors T 4 £
f8
4 32kF2. fiz (79)
1
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Proofs of Theorems 3 and 4 | Proof of Theorem 3

Proof (continued). We now apply V on both sides of (79). In view of Theorem 16 and
Lemma 19, we find that

32k+4 -5
ZA (32k+3 > qn

4

(32k+2 o )(32k+4 _ 1) f26 f312 f23f33 f63
= 74 20V
320 afofs ) " 0 3

32k+2 -1 f21

2k+2
+=— i +3 ;JA4 (3n+1)q"
32k+4 -1 f12 27 32k+2 o 32k+4 _ f2 flO f. f?
_ X 276 + ( )( ) 3 2432 4 4q 3’6
4 f 320 fi'fe hfa

f8
+ 32k+4 . q3fL22 (80)
3

We infer from (43) that (4) also holds for k + 1, so it holds for all k > 0. O
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Proofs of Theorems 3 and 4 | Proof of Theorem 4

Proof of Theorem 4. For constants R, and S, with kK > 0, we examine the expansion of

00 32k+2 -5
S=Y lA4 <32k+1n + 4> — R A4(27n + 19) — S A4(3n + 1)] q".
n=0

Invoking Theorems 3, 16, and 20, we know that the above expression equals

2k+2 _q £12
S = (3 — 20Ry — 25k> 2

; "
27(32k o 1)(32k+2 _ 1) f22f'310 féf67
—54Ry | (3 4g2
* ( 320 AN
f8
+ (3242 — B1R, - 95y ) - q3é22. (81)
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Proofs of Theorems 3 and 4 | Proof of Theorem 4

Proof (continued). We now choose Ry and Sy so that the coefficients of

f212 f22 f310 f3f67
= and 3 +4q—
fl6 f14%2 f1f2
are both zero for each k > 0. Thus, setting
2k+2 _q
3 2 — 20R, — 25, =0,
27(3%F — 1)(3%+2 - 1)
—54R, =0
320 k=
and solving this system of linear equations, we get
32k -1 32k+2 -1 32k —9 32k+2 -1
(Ru. 50— [E=1) ) @ -9E-)
640 64
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Proofs of Theorems 3 and 4 | Proof of Theorem 4

Proof (continued). Thus, we deduce from (81) that

00 32k+2 -5 32k -1 32k+2 -1 00
ZA4 32k+1n L= = qn — ( )( ) Z A4(27n 4 lg)qn
n=0 640 n=0
(3 — 932 — 1) & BT 1) ~0) f}
— A 1)q" - g0 =5 2

3n+1 3n+2

Looking at the terms involving g and g in the expansion of (82), we find that

= A4(27n + 19)

A <32k+1n N 32k+2 _ 5) (32/( - 1)(32k+2 o 1)

4 640
32k -9 32k+2 -1
_ I )A4(3n +1) (83)
64
for all integers n > 0 with 31 n and k > 0. Combining (83) and Theorem 21 yields (5).
Hence, (6) now follows from (5) and Theorem 17. O
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Proofs of Theorems 3 and 4 | Proof of Theorem 4

Thank you very much for your attention!!

(For references, please see arXiv:2601.04743 and arXiv:2601.10438.)
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