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Bonus: Schmidt-type Identities

Theorem (Andrews—Paule [2022, JNT])

Let g(n) denote the number of partitions p into parts p13 > pp > uz > -+ such

that py + pusz + ps + - - = n. Then g(n) = pa(n), the number of partitions of n
into two colors.

o Let I';()\) be the hook length of the i-th diagonal entry of the Durfee square
of A, ordering from top-left to bottom-right.

Theorem (C.—Yee [2021, submitted])

Let ve(n) (resp. vo(n)) be the number of partitions A such that its length £(\)
and the length D(\) of its Durfee square has the same parity (resp. different
parities) and such that the diagonal hook lengths satisfy

(Fi(A)+ 1)+ (T3(A\)+ 1)+ (Fs(A) +1)+--- = n. Then, ve(n) —vo(n) equals the
number of partitions of n into even parts. In particular, ve(2n + 1) = v,(2n + 1).

@ Analytic Proof: MacMahon's Partition Analysis
@ Combinatorial Proof: A new involution on the set of partitions
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Introduction

The theory of partitions was given to birth in a letter from Leibniz to Bernoulli in
September 1674, in which Leibniz asked for the number of representations of a
positive integer n as a sum of positive integers, which is now called the number of
integer partitions of n, usually denoted by p(n), if the order of the summands is
not taken into account.

Definition. An integer partition of a positive integer n is a non-increasing
sequence of positive integers whose sum equals n. These summands are called
parts of this partition. We usually use p(n) to denote the number of partitions of
n. Conventionally, we also put p(0) = 1, which means that 0 has an empty
partition () containing no parts.
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Introduction

Generating function of p(n).

Zp(n)qn:(1+q1-1_~_q2-1+q341+_._)
n>0

X (1+q2+ 2+ g2
(1+qt3 ¢+ g®31..0)

:H(1+qk+q2k+q3k+___)

k>1

“11 !

k>11—q " (@ Do

Definition. (g-Pochhammer symbols). Let g € C be such that |q| < 1. For
n € NU{oo},
n—1
(A q)n =[] (1 — AdH).

k=0
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Introduction

Congruence conditions on the parts.

o Let RRc(n) denote the number of partitions of n such that all parts are
congruent to £1 modulo 5.

> RRc(n)q"=(1+¢" + ¢+ > +--)
n>0

><(1+ql-4+q2~4+q3-4+“.)
><(]__i_ql‘(i_i_qZ~6_’_q3~6_’_.“)
><(l_i_ql-g_'_q2~9_|_q3'9_i_._.)

1 1
- H gok+1 — gpkta T (45 4. 5\ -
iso ! iso ! (4:9°)o0 (0% 0°) oo
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Introduction

Difference conditions on the parts.

o Let RRp(n) denote the number of partitions of n such that each two
consecutive parts have difference at least 2.

@ Notice that xj11 —xi > 2 = Xj41 — (2[ + 1) > X — (2[ - 1)

1 < x1 < x < - < Xk
|
1 3 2k —1
0 < x < x5 < -+ < X},
k2
ZRRD(”)QH = ( q '
n>0 oo \ 9k

Mar 10, 2022 6 /44
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Introduction

Theorem (First Rogers—Ramanujan identity)

The number of partitions of a non-negative integer n into parts congruent to +1
modulo 5 is the same as the number of partitions of n such that each two
consecutive parts have difference at least 2.

In other words, for n > 0,
RRc(n) = RRD(n).

Theorem (First Rogers—Ramanujan identity (analytic form))
We have
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Introduction

Identities of Rogers—Ramanujan type (Partition-theoretic):
e Congruence conditions < Difference conditions
@ Schur (1926)
GleiBberg (1928): Extension of Schur
Andrews—Gordon (1961, 1969): n-folder generalization of Rogers—Ramanujan
GolInitz—Gordon (1961, 1965)

Recent conjectures of Kanade and Russell (2015)

Identities of Rogers—Ramanujan type (g-theoretic):

@ g-Product & g-Sum

@ Rogers Mod 14 (1894, 1917)
o Bailey Mod 9 (1947)

o Slater's list (1952)
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Schur

Theorem (Schur [1926])

Let A(n) denote the number of partitions of n into parts congruent to +1 modulo
6. Let B(n) denote the number of partitions of n into distinct nonmultiples of 3.
Let D(n) denote the number of partitions of n of the form py + pp + - - - + s
where p; — piv1 > 3 with strict inequality if 3 | u;. Then

A(n) = B(n):
o . 1
;A(n)q (49%)00 (9% %)

> B =(1+q)(1+a)1+q) (143

= (—9:9%)(—0% ¢*) o
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A(n) = B(n):

(=4:6%)oc(—0% 0o = 1+ @)1+ ) (1 + g*)(1 + %) --

_(1-¢)1-¢"(1-4°)( ql") -
(1—q)(1—q )1 —a*)(1—-q°)

_ (6%6°)=(9% %)
(a: )0 (% q3)oo

_ (0% 6°)oo (9% %)
(4 9°)oc (42 6°) 0 (9% 4°)o0(G°: 4°) o

1

" (409 (@% )




D(n): pn + poa + - + pus
© pj— piv1 = 3;
@ i — piv1 > 3if 3| i

Example. We decompose each partition in & into blocks By, By, ... such that all
parts between 3/ 4+ 1 and 3/ + 3 fall into block B;.

44+74+12+17+20+ 24
il
O+ @)+ (M) +(12)+ () + (17) + (20) + (24)
il
°(0) + ¢*(1) + ¢°(1) + 6°(3) + 0™ (0) + ¢™°(2) + ¢"3(2) + ¢°*(3)
il

l>1-1-3—-0—=2—-22->73

We define operators ¢ with £ > 0 for partitions by adding ¢ to each part of the
partition. In particular, ¢*(#) = () for all £ > 0.
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D(n): pa+po+ -+ ps
® pi— pit1 >3
® i — piv1 > 3if 3| .
From the decomposition:
o Finite set of partitions M = {m = 0, m = (1), 73 = (2),m = (3)}.
@ Further requirements:
o m — {m,m, w3, T4} If¢_3i(B;) ism =0, then ¢_3(i+1)(Bi+1) can be any

among {m1, T2, T3, Ta}.
o m — {m1, w2, M3, T4}

o w3 — {m1, s, ms}. \(3i+2) %(3(i+1)+1)x\
o m — {m}. [(31+3) > (3(i+1)+1) or (3( +1) +2) or (3(i +1) +3) X|
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Span one linked partition ideals

Assume that we are given
o a finite set M = {my,ma, ..., Tk} of integer partitions with m; = (), the empty
partition,
@ a map of linking sets, £ : Tl — P(I), the power set of I, with especially,
L(m) = L(0) =N and 71 =0 € L(7x) for any 1 < k < K,
@ and a positive integer T, called the modulus, which is greater than or equal
to the largest part among all partitions in T1.
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Span one linked partition ideals

Consider
@ an infinite chain of partitions in [1:

M=M= = Ay =M ==

ending with a series of empty partitions, such that \; € £(\;_1) for each i;
@ an integer partition A by

A=¢"(No) @ o’ (A1) @ *T (M) @ @ " (M),

where p @ v is the partition constructed by collecting all parts in partitions p
and v, and ¢™(u) is the partition obtained by adding m to each part of p.

We collect all such partitions A\ constructed as above and call this partition set a
span one linked partition ideal, denoted by .# = Z((N, L), T).
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Span one linked partition ideals

Define for any partition A,
@ |\ its size (aka. sum of all parts);
o #(\): its length (aka. the number of parts);
@ s(\): a statistic of A € .# such that

s(A) = (67 (V)

and
s(A) =s(Xo) +s(A1) + -+ s(An).

For each 1 < k < K, we write

G(x) := Z xEA) s gIAL
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Span one linked partition ideals

Then
gl (x) Gy (Xq:)
2:(X) — W (x).o. GZ():(q )
Gi(x) Gi(xaT)

where the diagonal matrix #/(x) is given by
diag(xﬂ(ﬂl)ys(ﬂl)q\‘ffll, o ’Xﬁ(WK)yS(ﬂ'K)qlﬂ'Kl)

and the zero-one matrix 7 is given by

A = 1 !f mj € L(mi),
’ 0 if mj & L(m;).
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Span one linked partition ideals

Let us write

Iil(x) gl(x)
00 2.(X)

Fi() Gr(x)

Then
Fi(x) Fi(xqT)
PN . Falxa”)
F(x) Fr(xq™)

Notice that we have G,(0) = 1 if k =1, and 0 otherwise. This is because the only
non-vanishing term in G,(0) comes from the empty partition, which is exclusively
counted by G;(x). Also, all entries in the first column of o are 1 since

m € L(mi) for all k. Hence, F1(0) =--- = Fx(0) = 1.
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Alladi—Gordon

Theorem (GleiBberg [1928])

Let B(m, n) denote the number of partitions of n into m distinct nonmultiples of
3. Let D(m, n) denote the number of partitions of n enumerated by D(n) such
that the total number of parts plus the number of multiples of 3 among the parts
equals m. Then

B(m, n) = D(m, n).

@ i, m(A\): the number of parts in A that are congruent to a modulo M.

Theorem (Alladi-Gordon [1995]; C. [2022, Rocky Mountain J.])

Xn1+n2+n3yﬂ3

B fo3(X) lAl —
D Kyeoghl =%

= 0 (0% 8)m (6% %) (0% 4%)ns

> q3("21)+3("22)+6("23)+3"1 ma+3npn3+3n3ny+n;+2n3+3n3 )

Remark. The proof of Alladi and Gordon relies on the technique of weighted
words.
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Alladi—Gordon

@ 2 is a span one linked partition ideal .# ({1, £), 3) with
M= {7‘(’1 = @,71'2 = (1),7T'3 = (2),7T'4 = (3)} and

L(m) = {m1, 72, 73,74},

L(mp) = {m1, 72, 73,74},

L(m3) = {m1, 73, T4},
L(ms) = {m}.

@ Define for 1 < k < 4,

Gk(X) = Z Xﬁ()‘)yﬁo,3(>\)q|)\|.

AED
Ao="7rk
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Alladi—Gordon

°
Gi(x) 1 1111 Gi(xq%)
G(x) | xq 1111 Gy (xq®)
Gs(x) | xq? 1011 G3(xq®)
Ga(x) xyq> 1 000 Gy(xq®)
°
F1(X) 1 1 11 Gl(X)
F2(X) . 1 1 11 G2(X)
F3(X) - 1 011 G3(X)
Fa(x) 100 0/ \G(x)
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Alladi—Gordon

°
Fl(X) 1 111 1 Fl(Xq3)
FBx)y] |11 11 xq Fo(xq®)
F(x)] |1 0 1 1 xq? F3(xq?)
Fa(x) 1000 xyq®)  \Fa(xq*)
°
37 xRN g = Gy (x) + Ga(x) + Ga(x) + Galx) = Fi(x).
A€D
°
. Xn1+n2+n3yn3
Fi(x) =
0= 2 (6% @*)m (4% 6*)n.(a% @%)ns

ny,n2,n3>0

% q3("21 )+3(”22)+5("23)+3n1 n2+3n2n3+3n3n1+n1+2n2+3n3 )
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Alladi—Gordon

@ Let R be a fixed positive integer. We fix a symmetric matrix
a = (a;j) € Matgxr(N) and a vector A = (A,) € NB,. We also fix J
vectors vj = (v;,,) € NB, for j=1,2,...,J. Let x1,%,...,x; and q be
indeterminates such that the following g-multi-summation
H(B) = H(B4, - .., Br) converges.

Zf’:l Tl Zf:l YJ,r0r

H(é) = Z X1 Xy

St C ) PR C AP

R n, R
SR (B)+ S cicjer @i+ 8, Bene

X q
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Alladi—Gordon

Lemma (C. [2022])

For1l <r <R, we have

H(/817"'7/87""316R) = H(/Blv"wﬁr_}'Ah"'aﬁR)
+X;1’r "'X]JyrqﬁrH(Bl +Oér,1»~"aﬂf""ar,r)"'vﬂR"i-ar,R)-

H(B1,---,Brs---,Br)

Y1i,r Yi.r B
/]/ X)) q°

H(Blw"aﬁr"i_Ar?"'aBR) H(Bl+ar,17"-75r+ar,ra~~-7ﬁR+ar,R)
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Alladi—Gordon

333
@ Choosea= (3 3 3|, m=(1,1,1), %2 =(0,0,1) and A = (3,3,3) and
336
X2

write x; = x and x;

xq?

<
e e e
O O ==
O R B~
[ I

H(

xq H(
| 1

xyq H(

H(1,2,3)

/o

H(4,2,3) H(4,5,6)

/

H(4,5,3) H(7,5,6)

/ N

H(4,5,6) H(7,8,9)
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Alladi—Andrews

Theorem (Alladi [unpublished])

If we define C(n) to be the number of partitions of n into odd parts with none
appearing more than twice, then

C(n) = D(n).

Theorem (Andrews [2017])

Let C(m, n) denote the number of partitions of n into m odd parts with none
appearing more than twice. Let D'(m, n) denote the number of partitions of n
enumerated by D(n) such that the total number of parts plus the number of even
parts equals m. Then

C(m,n) = D'(m,n).
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Alladi—Andrews

2 Proof of Theorem 5.2

We define dy (x, g) = dy(x) to be the generating function for partitions of the type
enumerated by D(m, n) with the added condition that all parts be < N.

We also define
- 1, ifnisodd,
en) =
2, ifniseven.
Then forn > 0
day () = day—1 (x) + X d3 4 (x), (.1)
dans1(x) = dzn(x) + x°C Vg3 Hgy, (), (5.2)
d3ni2(x) = dap1 (%) + x5Oy, (x), (5.3)

with the initial condition d_;(x) = d_>(x) = 1,d_4(x) = 0.

“From TOP to BOTTOM” vs “From BOTTOM to TOP"?
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Alladi—Andrews

Theorem (Andrews—C.—-Li [2022, JCTA])

(_ 1)n3Xn1+nz+2n3yn2+ns

#(A) ) o,2(A) 5IAI —
X ylo2 Mgl =
AGZ@ nh,;nazo (0% *)n (0% G°)na (4% 4% s

X q4(n21)+4(n22)+18(n23)+2n1 ny+6n,n3+6n3n1+n;+2n,+9n3 .

Remark. An Andrews—Gordon type series is of the form

>

ny,...,n; >0

(_1)L1(”17-~7”r)qQ("l7~--»’7r)+l—2(’717~--7"r)
(@™ g% ) - (a*:a%)n,

in which Ly and L, are linear forms and @ is a quadratic form in ny, ..., n,.
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Alladi—Andrews

@ 2 is also the span one linked partition ideal .# ({1, L),6), where
n= {7'['1 = 0771-2 = (1),7'['3 = (2),7'['4 = (3),7'['5 = (4)77r6 = (1 + 4)77T7 =
(5),mg = (1 +5),m9 = (24 5),m10 = (6), 711 = (1 + 6), m12 = (2+ 6)} and

( ) ( ) E(ﬂ-ﬁ) = {7T177T27 ey 7T12}a
( ) ( ) 5(7T9) = {77177T377T4,7T577T7,779,7T10,7T12},
£(7T10) = E(ﬂ'll) E(ng) = {71'1,7'('5,71’7,71’10}.

@ Define for 1 < k <12,

Gi(x) := Z xF )y o2(A) gIAT.

AED
Ao="k
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gl(x) Gl(XQZ)
2_(X) » Gz(>_<q)

G12(X) G12(Xq6)
where
W (x) = diag(1,xq,xvq", xq°, xvq", x’ya°, xq°, x*q°, X’ yq" , xya®, X’ yq" , x*y*q°)
and

el e e e e e e
[eNeNeNeNeNeN oW Sl
OCOORKRRERRKHEHRERRKR
OCOORKHRERRKHRERRHR
HERRRRRRRRRRR
OCO0OO0OO0O0ORRRRKR
e e e e e i
CO0OO0OO0O0OORRRKRKR
COORKHKERKHERFRERERKR
HRRRRRPRPRRRRRR
OCO0OO0O0O0ORRRRKFR
OOORKHKERKHRKERRKR
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Alladi—Andrews

F1(x) Gi(x)

Fa(x) _ Ga(x)

F12I(X ) Gi2(x)
F1(x) Fi(xq®)
ZFX) — AW (x). Fz(:xqs)
F12I(X ) F12(.Xq6)

D xRy i gl = Gy (x) + Ga(x) + -+ + Gra(x) = Fi(x).
AED
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Alladi—Andrews

Fi(x) = Fy(x) = - - = Fg(x) =: A1(x),
Fz(x) = Fg(x) = Fo(x) =: Az(x),
Fio(x) = F11(x) = F2(x) =: As(x).
Ai1(x) A1(xq°)
A2(X) =4. A2(Xq6)
As(x) As(xq®)
where

M= 1+ xyq* + x¢* + xyq* xq° + x%yq xyq® + x*y?q

14 xq + xyq? + xq° + xyq* + x°yq®  xq° + x*q® + x?yq"  xyq® + x’yq” + x?y?q®
1+ xyq* xq
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Alladi—Andrews

@ Using an algorithm of C. and Li,
0= [1+x(q" + yg*)] Ai(x)

~1+x(g+ @+ +q +ya* +yq" +ya® + yg®)
+x%(0° + 6"+ 40+ ya® + 2vq" + 20" + 200" + ya® + y24° + y2q10 + y2q"?)
+x°(vq" + ya™ + 2" + y°4")] Au(xq®)

+ [XquIS + X3(_q21 + yq16 4 y2q17 _ y3q24)
Fx(a2 — v 4+ 20 — B — )
+x°(2¢% + 2] Au(xg™).

o Let Ai(x) = >0 a(M)xM. For any M >0,

0=qM(y*q” +y*¢*)a(M)
§qRMI (g2 23 42030 3025 4026 30 4 1)
+ [7q6(M+2)(yq12 Fyg™ + y2qB 4 y2g)
§ R (g2l 16 20T V3] a(M +2)
+ [_qﬁ(M+3)(q6 + q3 + qlo +yq5 + 2yq7 + 2yq9 + 2yq11 +yql3 +y2q8 +y2q10 +y2q12)
4 q12(M+3)yq15} a(M +3)
+ (" +ya®) — Mg+ ¢* + ¢° + ¢" + ya* + ya* + ya© + yg©)] a(M + 4)

+ [1— ¢ M+ a(M + 5).
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22) = ®°(g—q" +y+yq®* — yq* — ya'* + y’¢* — y?q°)

(1-q2)(1—g*)(1—qb) ;
a(3) = 9?(1+ya)(e® + v +ya* — ya* + ya® + yq°)
(1—-¢?)(1—q*)(1 - q°) :

@ Assume the ansatz that A;(x) can be represented as an Andrews—Gordon
series.

e From a(1), it is natural to expect summations of the form:
q?an d q?anyng
> (2 ) an ) (P
>0 ’ n >0 ’ ny
@ From a(2), it is also highly possible that an extra summation is needed:

Z (_1)?q?X2n3yn3

6. A6
=y (%)

S. Chern (Dalhousie) Schur’s 1926 partition theorem Mar 10, 2022
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Alladi—Andrews

°
A ( ) - (*1)"3X"1+"2+2”3y"2+”3
RS
ni,n2,n3>0 (qZ; q2)n1(q2; q2)”2(q6; qG)ns
% q4(”21)+4("22)+18("23)+2n1n2+6n2n3+6n3n1+n1+2n2+9n3'
°

(_ 1)'73 X"1+n2+2n3ynz+n3

Zé(M)X - Z (9% 9%)m (9%; %), (0% G%)ns

M=>0 ny,nz2,n3>0
> q4("21)+4("22)+18("23)+2n1 noy+6nyn3+6n3n1+n1+2n2+9n3 ]

o Mathematica packages of the Research Institute for Symbolic Computation
(RISC) at Johannes Kepler University in Linz, Austria.
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Alladi—Andrews

@ gMultiSum implemented by Riese.

Computing the recurrence for (M) using the gMultiSum package.

ClearAll[M, n1, n2, n3, U1, U2, U3, y];

uL=1;
U2 = 2;
Us = 95

nl=M-n2-2n3;
ommand s ((-1)"3 q*Bloonisl(n1,2]+4 Binonial (n2,2]+18 Binontal (13,242 1 1246 121346 13 nLAULALU2 02003 03 nzml) /
(qPochhammer [q”, q*, n1] qPochhammer[q”, g*, n2] qPochhammer[q°, q°, n3]};
stru = gFindStructureSet [summand, {M}, {n2, n3}, {2}, {2, 2}, {2, 2}, gProtocol - True]
rec = gFindRecurrence [ summand, {M}, {n2, n3}, {2}, {2, 2}, {2, 2}, gProtocol - True,
StructSet - stru[[1]]]
sumrec = qSumRecurrence[rec]

24,120

(IR (1L GO, gy gy L gyt GRS Sy
I (1 qy) (10 g e qy s alyt gyt gy gdy? s gy e g y*) smi1 e m
(e s I 2 R e s Gz s R
zqyl 2q3 yl i 3q17 GMyl qul &M yZ qls GMyl ) q)9 12M yl qu) qﬂy] o
2SN yA g MG A 6N 3 | jioam 3 | 1G4 25068 S L
g7 (1-q+q’) (1eq+q’) (Leay) (140 sqyq’y s a™ My g’y gy
SUMI3 o M) - (~10q™) (Lo (1-G®" o ¥ (10 g™ s q2")
(14455 s 2qy + g7y s g2y + qSM y2) sUM(4 M) = 0]

ie) Schur’s 1926 partition theorem



Alladi—Andrews

o Let d(M) := a(M) — 5(M).

@ gGeneratingFunctions implemented by Koutschan.

Computing the recurrence for a(M) - a(M) using the qGeneratingFunctions package.
sumrecl = {Rec = 0} ;
sumrec2 = sumrec;
ClearAll[M, y];
QREP1us [sumrecl, sumrec2, SUM[M] ]
- {~q® (-14q") (1+4") (2-q"+a?™) (1+q"+ o) sM[M) =
q'™My* (1eqy)suMi-54m) g [L1oqy gyt gy - gyt sam-4em

5.6M 6160

Q" (1eqy) (@7 qtycqy gy gy g7yt sum 3w
a¥" (' q’+q sa'y 2q'y 2q’y s 2a°y gy -y a’yP e gy e g yF) sUm 2
o™ (g2 - g™ - " _ gtoM _ g8SM) (1 4 qy) SUM[-1+ M) }

o Verify a(M) = 4(M) for 0 < M < 4.
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Andrews

Theorem (Andrews [2000])

We consider partitions in which odd parts appear at most once, even parts appear
at most twice, and the difference between two parts can never be 1 and can be 2
only if both are odd. Let E(n) denote the weighted count of these partitions with
weight (—1)" for each partition that has exactly T parts that appear twice. Then

A(n) = B(n) = C(n) = D(n) = E(n).

@ 7()): the number of different parts in A that appear twice.

Theorem (C. [2021])

DIp))
T — — _Xq |q o0
E :Xﬂ(/\)y (/\)qlx\\ FA)EMA)-1) — ( )

e H(l _ Xq2n+1 - X2yq4n+2)
n>0
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@ & is the span one linked partition ideal #((I1, £),2), where
N={m=0,m=(1),73=(2),m =(2+2)} and

{£(7T1) = £(772) = {7T1,7'&'2,7T3,7T4},
L(m3) = L(m4) = {m1}.

@ Define for 1 < k < 4,

Gi(x) == Z xH )y T gIAL

AEE
Ao=7k
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AR\ (111 1) (1 F(x?)
RH|_[1 111 xq Fa(xq?)
F(x)] ~ 1 000 xq’ Fs(xa)
Fa(x) 1000 x2yq')  \Fa(xq®)
]
3 XY TOGA = Gy (x) + Galx) + Ga(x) + Galx) = Fi(x).
AEE
(*]

Fi(x) = (1+xq)F1(xq%) + (xa* + x°yq*) Fi(xq*).
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g-Borel operators:

Definition
Let K be a field. Let F(x) =3_ -, f(n)x" € K(q)[[x]]. We define the operator

By for k € Z by

x)) = Z f(n)qfk(;)x"

n>0

Lemma (C. [2021])

Let F(x) € K(q)[[x]]. For any integers k and N, and nonnegative integer M, we
have

Bk(x’V’F(qu)) =xMq~ k(% )Bk( F(xq"~ kM))
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e Applying B, and defining Q(x) := Bz (F1(x)):

(1-xq—x*yq*)Q(x) = (14 x¢°)Q(xq*).

(]
Q(0) = P(0) = 1.
(]
B 1 _|_Xq2n+2
Q) = nl;[O 1 — xq2r T — x2ygin+2’
°

Q(x) = B2 (Fi(x))

_B, (Z Xﬁ(x)yfqu)

AES

= 37 X TN g =2().
AEE
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Remark.
@ continuous q-Hermite polynomials H,(x; q):

) —n .
Hn(x; q) :== e 5o (q _’0; q, q"e*2“9> (with x = cos9),

where the basic hypergeometric series ,¢s is defined by

ap, a (a1;@)n -~ (ari q)n YT
o (B 80) = S et ey (0P ) e

n>0

o A family of g-orthogonal polynomials in the basic Askey scheme.

Corollary (C. [2021])

2(%)+4(5)+2MN+M-+2N XMV (

H(N) ‘r()\ |>\| q y)
X )
> b3 (9% ¢*)m(a? 4w

AEE M,N>0

where

tm(y) = (—i)MyM2Hu(Ly=/?; ¢%).
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Thank You!
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