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@ Motivation. Given a Laurent series G(q) = >, g,q", can we find an
arithmetic progression Mn + w such that gyniw = 07

o Ramanujan’s theta series.

a b) Z an (n+1) /2bn n—1)/2

n€Z
= (—a, —b, ab; ab)

@ We are interested in the case where G(q) is a product/quotient of theta
series.
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Background

e Mike Hirschhorn (2019). If

Zg —4"4°)o0(9, 6% '),

then
g(bn+2)=0.

e Jimmy Mc Laughlin (2021). If for b € {1,2,3}

Zg(n)qn _ (qb7 q7fb; q7)oo(q7+2ba q772b; q14)2o?

then
g(7n+4b) =0.
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(9,9 ";q")%
Qijrem(n)q" = A2
Zn: e (@, a7 g\

(qi’ qr—i; qr)é

.. n.__ o0

zn:ﬁ”’r’e’m(n)q - (=4 -

> Virem(mg" = (—q', a1 q" )5 (¢ 7 )L,
n

> Sirem(a” = (a0, a7 q Ve~ — ¥ PN,

> eijrem(ma =(q',a" a7 )L,
n

> Gijrem(n)d" = (=q',—q" a5 (d a7 q)T,
n

wa,j,r,e,m(n)q” =(q,q" ) (¢ a7 a0

n
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Results

Theorem (C. & Tang (2022))

)

{b, Y} k2K, (264+8m+5)u,20+1,2m+1 ((25 +8m+5)n+ (20+6m+4)k) =
{e, BY ok k,(8+6m+3)p,2042m+1,2m+1 ((85 +6m + 3)n+ (6¢ + 4m + 2)k
{o, BYak i, (ae+6m+5)u,20+4m+3,8m+2 (40 + 6m + 5)n + (20 + 2m + 2)k) =

)=0
)=0
)=0
{7, 6}k @er2ms3)utk, @er2mi3yu2ert2me1 (40 +2m + 3)n + (3¢ + m+ 2)k) =0,
)=0
)=0
)=0
)=0

)

)

{7, €}k, e +am+3)ut2k, (20+4m+3)p,2041,2m+1 ((25 +4m+3)n+ (20 4+ 2m+ 2)k) =
{7, 6}k, @eromzpu 2e41,2me1 (A€ 4+ 2m + 3)n+ (€ + m + 1)k) =

{7, €}k, 204 16m+9)p,2041,2m+1 ((24 +16m+9)n+ (20 +12m+ 7)k

{6, €Yok ,k,(160+2m+0)u,2041,2m+1 ((16€ 4+ 2m + 9)n + (104 + 2m + 6)k

)

)

i

Examples. (i). In the sixth equation, we choose (k, p, ¢, m) = (1,1,0,1), and get
7,1,5,1,3(5n +2) = 0 while 3>, 71,1,5,1,3(n)¢" = (—q, —4* 4°) oo (q, ¢°; ¢'°)3, is the series in

Hirschhorn's example.
(ii). In the fifth equation, we choose (k, i, 4, m) = (b,1,0,1), and get €p 74257,1,3(Tn+4b) =0

while 3= €.74267,1,3(n)a" = (6%, 4”2 q") o0 (q7722, ¢"72%; g**)3, is the series in Mc Laughlin’s
example.
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Theorem (C. & Tang (2022))
Ifged(2¢+1,2m+1) =1,

{7, 8} em+1)k, e+ 1)k, 2e+am+3)u,20+1,2m+1 (20 + 4m + 3)n — 2(2m + 1)2k) =0
ifged(2¢ +1,2m +2) =1,

{0, €} @m+2)k,(2641)k, (2+4m+5)p,20+1,2m-+2 ((24 +4m+5)n—2(2m + 2)2/() =0;
ifged(2¢ +2,2m + 1) = 1,

{7, €} @m+1)k, (4e+4)k,(40+2m+5),2642,2m4+1 ((4( +2m+5)n—3(20 + 2)2k) =0.
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Expanding and pairing powers of theta series

o Ramanujan’s Notebooks, Chapter XVI, Entry 29. If ab = cd, then
f(a, b)f(c,d) + f(—a,—b)f(—c,—d) = 2f(ac, bd)f(ad, bc),
and
f(a, b)f(c,d) — f(—a, —b)f(—c,—d) = 2af(b/c, ac’*d)f(b/d, acd?).
@ Setting a=c=qg* and b=d = g ¥™™, and then summing them,
f(q*, q7k+M)2 _ f(q2k7 g MY F (g™ gM) + qkf(q2k+M7 q72k+M)f(l’ q2M)‘

o Define the huffing operator for G(q) = >, 8,9" a Laurent series and M a
positive integer by

Hu(G(q)) = &mng"".

It a property that for any given series F in g",

Hm(G(q) - F(a")) = F(a") - Hu(G(a))-
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Expanding and pairing powers of theta series

o Schroter (1854).
f(q"x, ¢ /x) f(qu, q®/y)

A+B-1
Z q A+B+2A”x/y, qA+B—2Any/X)

~ 7¢-(qAB(A+B+2n) (XByA), qAB(A+Bf2n)/(XByA)) )

In particular,

1
f(qZ, q/Z)2 _ Z qnzznf(q2+2n’ q2—2n) f(q2+2"Z2, q2—2n/Z2) )
n=0
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Expanding and pairing powers of theta series

e Mc Laughlin (2019). For m > 3,

m—1

1 2
f(qz, q/z)m = Z Z e Z z”mfl q”%*F("z*ﬂl)er“'+(nm,1fnm,2)2

Nm— 170

3 H

( 2+2n1 q2 2n1)f(qm+2nm,1zm’ qm—2nm,1/2m)
-1

f (ql(l+1)+2(l+1)n;_1 —2in; , qi(i+1)72(i+1)n;_1+2in;) )

X

i=2
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Expanding and pairing powers of theta series

@ Write the theta power
f((_l)fiqk+A/7 (_1)mq—k+(A—A/))m _ Zﬂy,

where

e o/ is a theta series, usually times a power of —1 and a power of g;
o .7 is a series in g™

@ Quintuple product identity.

f(_q2k’_q#_2k)f(_q'u7—qzﬂ) i K m K- I
f((—l)nqk,(_l)nq,rk) = f((fl) g3kt ,(~1)%q 3k+2 )

+ (_1)n+1qkf((_1)nq3k+2u, (_1)nq73k+/¢) .
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Expanding and pairing powers of theta series

o Hidden symmetry (This is NOT trivial!). For each summand «/.% with
only one exception, there exists a companion summand «7’.%’ such that
F =

f((_l)rch—O—A’7 (_l)mq—k+(A—A/))m — Ty + Z (m n 427,,)9

(-, —q=2)  \" _
<f((—1)”qk’ (_1)mqu—k)> - Z (M + dll)/

The exceptional unpaired summand vanishes.
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Cancelation under the action of the huffing operator

@ Reformulate our seven series as

(7)) (X#7).

or with our pairing process,
(HFo+ Y (o +h)F) - (Zoto+ > (B +B1)9)

where .F and ¢ (including %y and %) are series in g™ for a certain M.
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Cancelation under the action of the huffing operator

e An important observation from existing coefficient-vanishing results:
We either encounter a series of cancelations according to the pairing process:

Hw (%) = 0,

Hwm (%)) = £Hu (%),
Hm (%o1) = £Hu (Bo),
Hu (01%1) = Hm (1 Bu),
H (<% %) = £Huy (%)),

or we uniformly have
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Cancelation under the action of the huffing operator

@ Consider
H(q) = V(1) g A M, (~1)rg AT A

% f((*l)Aqv+B/M, (71)/\q7v+(BfB/)M).

@ Rewrite in the summation form

%(q) _ Z (71)nm+)\nqAM(';')+A'Mm+BM(g)+B'Mn+um+vn+w.

m,n€Z
@ Determine the solution set {(m, n) : m,n € Z} of the linear congruence

um+vn+w=0 (mod M).
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Cancelation under the action of the huffing operator

Theorem (C. & Tang (2022))
Let d* = ged(u, v, M), d = ged(u, v), dy = ged(u, M) and d, = ged(v, M). Assume that
d* | w,
du(Av? + Bu?) | Av - dM,
dy(Av? + Bu?) | Bu - dM.

Assume also that

—vk+uX

(1)~ 4 =-1.

If there exists an integer J such that
2d(Av? + Bu?) | (2dMAv - J — 2dAvw — dAuv + dBu?
+ 2dA’uv — 2dB'u? — Auv? — BuP),
2d(Av? + Bu?) | (2dMBu - J — 2dBuw + dAv? — dBuv
— 2dA'v? 4+ 2dB'uv + AV3 + Bu?v),

then

HM (ji”(q)) =0.
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Cancelation under the action of the huffing operator

o Consider two companions of J2(q):

%(Q) — qu((_l)ﬁqu+A’M7(_l)mq—u+(A A/)M)
> f((—l))\qv+B/M, (_:l))\qfij(BfB’)M)7

%(q) = qu/f(( 1)”q“+AM ( 1)%q —ut(A— /\)M)
><f(( 1))‘q"+ ( )/\ —v+B’ M)

(q) _qu/ (( l)l*iqu-'r(A A") M( 1);@ —utA M)
% f(( l)Aqv+(B B’) M( 1)>\ —v+B’ M)
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Cancelation under the action of the huffing operator

Choose w = w + ( - 2—5/) v provided that B | 2B’v.

Theorem (C. & Tang (2022))

Let d* = ged(u, v, M), d = ged(u, v), dy = ged(u, M) and d, = ged(v, M). If w is a multiple of
K=1 (mod M/d"),
K =0 (mod d/ gcd(u, v, w)).

d*, we further let K be such that { Assume that

d*B|2B'v,
dy(Av? + Bu?) | Av - dM,
d,(Av? + Bu?) | Bu - dM,
(Av? + Bu?) | (A—2A"W? — (B — 2B )uv — 2Buw - K,
B(Av? 4 Bu?) | B(A — 2A")uv + A(B — 2B")v? + 2ABvw - K.
Then
Hu (#(q)) = (=1)*Hu (#(q)),

where

€= K

. (A—2A")v?—(B—2B’)uv—2Buw-K - B(A—2A")uv+A(B—2B')v*+2ABvw-K
Av2+Bu? B(Av2+Bu?) :
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Cancelation under the action of the huffing operator

Choose W = w + (1 - 2va> u+ < — %) v provided that AB | 2(A’Bu + AB'v).

Theorem (C. & Tang (2022))

Let d* = ged(u, v, M), d = ged(u, v), dy = ged(u, M) and d, = ged(v, M). If w is a multiple of
K=1 (mod M/d"),
K =0 (mod d/ gcd(u, v, w)).

d*, we further let K be such that { Assume that

d*AB | 2(A'Bu + AB'v),
du(Av? + Bu?) | Av - dM,
dy(Av? + Bu?) | Bu - dM,
A(Av? + Bu?) | B(A —2A")u? + A(B — 2B’)uv + 2ABuw - K,
B(Av? 4 Bu?) | B(A — 2A")uv 4+ A(B — 2B")v? + 2ABvw - K.
Then
Hu (#(q)) = (=1)°Hu (#(q)),

where

. B(A—2A")u?+A(B—2B')uv+2ABuw-K - B(A—2A")uv+A(B—2B")v*+2ABvw-K

g8 =3 A(AVZLBi?) B(AvZ+Bu?)
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An Example

o Target: Prove that if M =2+ 6m+ 3 and 0 = —(20 + 4m + 2)k, then for
k € {0,1}, A € {0,1} and any k such that ged(k, M) =1,

g K K — 20
Hm<q F((-1)"q", (~1)"g"M )
F—qk — gM—2k 2m+1
y (—¢°,—q ) o
(0 1 ™)
@ Generic Case.

f(— 2k,_ —2k+Mp m
q"f((—l)"””q"’k,(—l)"qak+M“)£(f((—(1)jqk,(_ql)xq—k+)w)) '

Set (¢,m) — (2¢,2m+1) and a = 1.
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An Example

Expanding and pairing powers of theta series.

K a K ,—a e K
FI(=1)* ¢, (—1)"q M) = e Fo + Y (o + (-1)" )7,
where each %, is a series in qM, and
% _ f((_l)nﬁqaké’ (_1)n€q—ak€+Mp,£)’
while o7, 27 are of the form

JZ%/ = qagkf((il)nfqakéJrMyg, (71)n£qfak£+Mu(€7§))7
Ay = qa(é—é)kf((_l)néqaké—}—Mu(é—f)’ (_1)n€q—akZ+Mu§)-

S. Chern (Dalhousie) General coefficient-vanishing results Mar 30, 2023 20 / 28



An Example

Expanding and pairing powers of theta series.

_ 2k _ —2k+Mp m
(f((f(l)jqk: (ql)qugw)> =2 @+ ()Y,

where each %(*) is a series in g™, and %, By are of the form

B = quf((_l) q3km+Mu(m+7— ( 1)/\m —3km+Mp(2m— 7—))

)

,@” = q(mf'r)k f ((71))\mq3km+Mu(2m ‘r), (71))\mq73km+Mp‘(m+T)) )
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An Example

o WANT to prove

k s F(— 2k’_ —2k+Mp m B
HM<q°f<(—1)~qa (1) <f((—(1>quk,(j1>w+)“”“>) >_0’

or
Hwm (qo (%90 + Z(M + (~1)"ety) 7 ) (Z(%/ +( 1)(>‘+1)mﬂ”)g) ) =0.

@ NEED to prove
Hu (q° %)) = —(=1)MDm,, (q° %),
and
Hu (q° %)) = —(—1)Hé+(A+1)mHM(qgﬂlle@//)-
Upon setting 7 — m — 7 in the above, we automatically have

Hm (g% 0 By) = —(—1)RF O My, (q7 <y %).
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An Example

Cancelation under the action of the huffing operator.

@ Use the First Cancelation Theorem with

H(q) = q° HB,
H(q) = " B

o Take
k= (20k A = (2m+1)A
u s (20K v o 32m+ 1)k
A — (20up B — 32m+1)u
A = 0 B — (2m+4+1+71)n
M — 20+6m+3
w — —(2+4m+2)k + Tk
o= —(20+4m+2)k+(2m+1— 1)k

e NEED to prove
Hm (q° %)) = —(—1)* Hy (q° «020).
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An Example

Cancelation under the action of the huffing operator.
o Let
do = ged (2¢,3(2m + 1)).
Then
d = ged(u, v) = dok.
Also, noticing that M = (2¢) + 3(2m + 1) and that k is coprime to M, we
have
d* =ged(u, v, M) = dy,
dy, = ged(u, M) = do,
d, = ged(v, M) = do.
We compute that
Av-dM
dy(Av2 + Bu?) 7’
Bu - dM B
d,(Av2 + Bu?)
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An Example

Cancelation under the action of the huffing operator.
@ Choosing K =1 gives
(A—2AW? — (B —2B")uv —2Buw - K
Av2 + Bu? N
B(A—2A")uv + A(B —2B')v? + 2ABww - K
B(Av? + Bu?) B
@ All divisibility conditions are satisfied!
@ Finally, we compute that

2,

-1

e=(40)r+ 2m+ 1)\

Hu (#(q)) = (=1)*Hm(#(q))-
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o Other divisibility criteria? For M =4/ 4+ 6m+8, 0 = —(2( +2m + 3)k,
k € {1}, A € {0,1} and any k such that ged(k, M) =1,

Hi <q0 F((—1)"g, (~1)7gM k)

» f(_q2k7_q,uM—2k) Am—+-4 N
(f((—l)/\qk,(_l),\qumk)) > =0.
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@ Schroter—Mc Laughlin type expansion formula for other g-series?
Richmond and Szekeres (1978) proved that if

Zg q" = q,q7'q8)
(6%,9° 4®)

n>0

then
g(4n+2)=0.

This result cannot be directly fit into our framework as we do not find a
Schréter—Mc Laughlin type expansion formula for the reciprocal of a generic
theta power. (Note. One known approach, like Andrews and Bressoud had
applied, is based on Ramanujan’s 121 formula to rewrite the series into a
certain summation form with finitely many summands.)
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Thank You!
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