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Motivation

Let z € H and q = ™%, We define
n(z) = q*/% H(l —-q") (a weight 1/2 cusp form with eta-multiplier)
n>1
A(z) = n(2)** € S12(To(1)),

= Zr(n)q” = q—24q¢% +252¢° — 1472¢* + - - -
n>1
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Motivation

Let z € H and q = ™%, We define

n(z) = q*/* H(l —-q") (a weight 1/2 cusp form with eta-multiplier)
n>1
A(z) = 1(2)* € S12(To(1)),

= ZT(n)q" = q—24q¢% +252¢° — 1472¢* + - - -
n>1

Conjecture (Lehmer) For all n > 1, we have 7(n) # 0.
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Motivation

Let z € H and q = ™%, We define

n(z) = q*/* H(l —-q") (a weight 1/2 cusp form with eta-multiplier)
n>1
A(z) = 1(2)* € S12(To(1)),

= ZT(n)q" = q—24q¢% +252¢° — 1472¢* + - - -
n>1

Conjecture (Lehmer) For all n > 1, we have 7(n) # 0.
Ramanujan, Wilton, Kolberg, Ashworth, Lehmer For primes ¢ € {2,3,5,7,23,691},

T(n)=c-ou(n) (mod ™).
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Motivation

Let z € H and q = ™%, We define
n(z) = q*/% H(l —-q") (a weight 1/2 cusp form with eta-multiplier)
n>1
A(z) = n(2)** € S12(To(1)),

= ZT(n)q" = q—24q¢% +252¢° — 1472¢* + - - -
n>1

Conjecture (Lehmer) For all n > 1, we have 7(n) # 0.
Ramanujan, Wilton, Kolberg, Ashworth, Lehmer For primes ¢ € {2,3,5,7,23,691},

T(n)=c-ou(n) (mod ™).

Serre-Swinnerton-Dyer (1973)
Congruences for normalized Hecke eigenforms in Si(Io(1)) N Z[[q]].
(Key insight) Use of modular Galois representations (Deligne-Serre).
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Modular Galois representations

Theorem (Deligne)

Let k > 2 be an integer and f =3 <, a(n)q" € Sk(To(N), x) be a normalized
eigenform with (-adic integer coefficients. Then for each prime £, there exists a
continuous homomorphism

pe,r - Gal(Q/Q) — GLa(Zy)

such that for every prime p t N¢, the characteristic polynomial of py ¢(Frob,) is

X2 —a(p)X + x(p) p* 1.

Write pg r : Gal(Q/Q) — GLa(Fy), for the reduction of pe,f modulo £.

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Modular Galois representations

Theorem (Deligne)

Let k > 2 be an integer and f =3 <, a(n)q" € Sk(To(N), x) be a normalized
eigenform with (-adic integer coefficients. Then for each prime £, there exists a
continuous homomorphism

Pef GaI(@/Q) — GLz(Zg)

such that for every prime p t N¢, the characteristic polynomial of py ¢(Frob,) is

X2 —a(p)X + x(p) p* 1.

Write pg r : Gal(Q/Q) — GLa(Fy), for the reduction of pe,f modulo £.

Exceptional primes Let ¢ > 3 be a prime. We say that ¢ is exceptional for f iff

Im(pe,¢) does not contain SLa(Fy).

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Classification of exceptional primes

Let ¢ be an exceptional prime for a level-1 eigenform f with nebentypus x. Let
G =1Impr C GL2(Fy) and let H be its projective image.

@ If G is contained in a Borel subgroup, then £ is Type I. For all n > 1 with
(nvé) =1,
a(n) =n"ox_1-2m(n) (mod ¢).

Examples: 7(n) = noi(n) (mod 5), 7(n) = o11(n) (mod 691).
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Classification of exceptional primes

Let ¢ be an exceptional prime for a level-1 eigenform f with nebentypus x. Let
G =1Impr C GL2(Fy) and let H be its projective image.

@ If G is contained in a Borel subgroup, then £ is Type I. For all n > 1 with
(n, ) =1,
a(n) =n"ox_1-2m(n) (mod ¢).
Examples: 7(n) = noi(n) (mod 5), 7(n) = o11(n) (mod 691).
@ If H is dihedral, then £ is Type Il. For primes n { £ with (%) = -1,
a(n)=0 (mod ¢).

Example: If (%) = —1, then 7(n) =0 (mod 23).
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Classification of exceptional primes

Let ¢ be an exceptional prime for a level-1 eigenform f with nebentypus x. Let
G =1Impr C GL2(Fy) and let H be its projective image.

@ If G is contained in a Borel subgroup, then £ is Type I. For all n > 1 with
(n, ) =1,
a(n) =n"ox_1-2m(n) (mod ¢).
Examples: 7(n) = noi(n) (mod 5), 7(n) = o11(n) (mod 691).
@ If H is dihedral, then £ is Type Il. For primes n { £ with (%) = -1,
a(n)=0 (mod ¢).

Example: If (%) = —1, then 7(n) =0 (mod 23).

© If H= A4, Sy, or As, then £ is Type Il If H22 S, for primes p { N¢,

a(p)?

W =0,1,2,4 (mod ¢).

Example: For f = E4A, ¢ =59 is Type lll.

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Known results

Ribet (1975, 1985)
Extended Swinnerton-Dyer results to newforms of arbitrary weight k and level N > 1.
In general,

exceptional prime (small image) = exceptional congruence
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Known results

Ribet (1975, 1985)
Extended Swinnerton-Dyer results to newforms of arbitrary weight k and level N > 1.
In general,

exceptional prime (small image) = exceptional congruence

Martin (1996)
Proved there are only finitely many eta-quotients newforms and gave a complete
classification.

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin

Exceptional Congruences for Eta-Quotient Newforms



Motivation and Tools
[ee]e]e] ]

Known results

Ribet (1975, 1985)
Extended Swinnerton-Dyer results to newforms of arbitrary weight k and level N > 1.
In general,

exceptional prime (small image) = exceptional congruence

Martin (1996)
Proved there are only finitely many eta-quotients newforms and gave a complete
classification.

Boylan (2003)
Classify and prove all congruences of Type Ill for eta-quotient newforms.
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Known results

Ribet (1975, 1985)
Extended Swinnerton-Dyer results to newforms of arbitrary weight k and level N > 1.
In general,

exceptional prime (small image) = exceptional congruence

Martin (1996)
Proved there are only finitely many eta-quotients newforms and gave a complete
classification.

Boylan (2003)
Classify and prove all congruences of Type Ill for eta-quotient newforms.
Goal:

® C(lassify and prove Type | and Type Il congruences for eta-quotient newforms
modulo a prime.

® Extensions to prime powers.

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Framework for Type | congruences

Let f =3 a(n)q" € Sk(To(N), x) be an eta-quotient newform.

The form f satisfies Type | congruence provided 3 real-valued v, » mod N and
m' > ms.t.

a(p) = ¥(p)p™ + ¢(p)p™  (mod £),  Y(p)d(p)p™ ™ = x(p)p*"  (mod £).

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Framework for Type | congruences

Let f =3 a(n)q" € Sk(To(N), x) be an eta-quotient newform.

The form f satisfies Type | congruence provided 3 real-valued v, » mod N and
m' > ms.t.

a(p) = ¥(p)p™ + ¢(p)p™  (mod £),  Y(p)d(p)p™ ™ = x(p)p*"  (mod £).

Theorem (Sullivan, Stone, S., Jin)

Let f and v be as defined above. Then
O F3<m —m+1<{—2, then we have

O(f ® 1n) = 0™ (G —ppy1 @ 1y)  (mod £).

Moreover, we have £ < k or £ | (a(p) — v (p) ok—1(p)) for all primes p t N.
@ Ifm' —m+1¢€{2,¢—1}, then we have

O(f ® 1y) = 0™ (G @ Y1y)  (mod £).

Further, we have ¢ < k.

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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List of Type | congruences

Values of parameters in Theorem 2

f(z) Type |
¢ [mm | ¥ [(k,N)
3101
5 (1] 2
A(z) 2lilal w2y
6910 |11
2 (01
3 (01
n2n2)%| ¢ [1| 5] 2 |(82)
17 |10| 7
2 |of1| 13
n(2)nE2° | 3 (0] 1| (5)](63)
1310]5 |
2 (01 1
"7(22)12 3|01 1: (6,4)
2 |o|1]| 15
(2G| 5 0] 3] (5)] @5
1310]3 ],
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List of Type | congruences

Values of parameters in Theorem 2

f(z) Type | f(z) m[m [ 4 [(k,N)
CIm[m | & [N o, 20| e
37011 () n(2z)n(32) n(ez)? |3 0| 11 1o 1(5) (4,6)
5 |12 1
2lo]1 9
Alz) 7 (1] 4| (2D n(32)° 3lo]1]13(5) )
6910 |11 n(z)2n(112)° s[ol 1| 13 [(2,11)
2 101 n(ememzmaaz) 311 1w |219)
8 sl 3101
n(z)°n(22) 5 1] 2 1o | (8,2) [_n@)nB2)nG2)n(15z) [2[0]1 115 | (2, 15)
1710l 7 n(2z)27](101)2 § g 1 120 (2,20)
> ol 1] 13 7(32)°n(92)? 3lof1 191(5) (2,27)
6 6 - 2001 36
n(z)°n(3z)°| 3 |0 1 |(3)](6,3) n(62)* A | @, 36)
13105 (13) 3l0|1 112(3)
2101 1
12 4
n(2z) 3|01 14 (6,4)
2 (of1] 15
(2G| 5 0] 3] (5)] @5
1303 |

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin

Exceptional Congruences for Eta-Quotient Newforms



Main Results
0008000000

Remarks on Type | congruences

Remarks:
@ No congruences of type | for f with non-trivial character x.
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Remarks on Type | congruences

Remarks:
@ No congruences of type | for f with non-trivial character x.
@ When £ | N, we use n(€z) = n(z)¢ (mod £) to obtain an eta-quotient newform
g with with ¢-free level s.t. g = f (mod ¢).
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Remarks on Type | congruences

Remarks:
@ No congruences of type | for f with non-trivial character x.
@ When £ | N, we use n(€z) = n(z)¢ (mod £) to obtain an eta-quotient newform
g with with ¢-free level s.t. g = f (mod ¢).
©® We can associate the elliptic curve E : y2 — y = x3 — x, to the eta-quotient
newform f(z) = n(z)?n(11z)?, whose coefficients obey the congruence

ag(p)=p+1 (mod 5) for pt55
p+1—#EF,)=p+1 (modb5)
#E(Fp,) =0 (mod 5).

3
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Remarks on Type | congruences

Remarks:

@ No congruences of type | for f with non-trivial character x.

@ When £ | N, we use n(€z) = n(z)¢ (mod £) to obtain an eta-quotient newform
g with with ¢-free level s.t. g = f (mod ¢).

©® We can associate the elliptic curve E : y2 — y = x3 — x, to the eta-quotient
newform f(z) = n(z)?n(11z)?, whose coefficients obey the congruence

ag(p)=p+1 (mod 5) for pt55
p+1—#EF,)=p+1 (modb5)
#E(Fp,) =0 (mod 5).

@ (Combinatorial Interpretation) Let

D> v =[]0 -a"@—q"")>

n>0 n>1
Then we have v(n) = ve(n) — vo(n). Hence, we obtain for all (n,11) =1

v(n—1)=an(n) (mod5) where ann(n)= > d.

d|n
ged(d,11)=1

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Framework for Type Il congruences

The form f satisfies a Type Il congruence provided for all primes p with (%) = -1,

a(p) =0 (mod ¢).

Theorem (Sullivan, Stone, S., Jin)

Let f € Sk(To(N), x) be an eta-quotient newform and let £ be an exceptional prime of
Type Il for f. Then we have

£+1
2

O 7 (FR1y)=0(f®1y) (mod ¢),

and we have ¢ < k or

/- 2k—1 if f|U;#0 (mod¥)
T )2k—3 if flU;=0 (modZ¢)

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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List of Type Il congruences

f(z) 0] (k,N)| x
Az) B(12.1)] L
0(z)°n(22)° 3/ (82 | L
1(2)°n(32)° 3] (63 | 15
n(2z)2 3] (6,4) | 1,
n(2z)? @ (=) 11](6,16) | 1o
1(z)*n(2z)*n(42)* 7] 6.4 Ejg
n(z)*n(2z)’n(42)* © (=2)| " | (5,64) |(=*
n(z)*n(72)° 3] (3,7) (’_7)
3
1(32)° 5/ (49 | 13
7
1(22)%n(62)° 3 (3,12) Eig
1(22)°n(62)° ® (=*) (3,48) | (=2
n(z)n2)n(7z)n(14z) [3](2,14) | 1a
n(42)° 4
W(az)on(16z
= n(42)°® (;8) '
1(2z)%n(10z)? 31(2,20) | 1
n(62)*
Cg(2z)® 3 (2,36) | 16
l“’;’fgfffé = (2,144)| 11
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Remarks on Type Il Congruences

@ We recall that a form f has CM by x = <%) associated to K if and only if
f ®x = f. Serre’s (1985) work implies

<n< :
f is a CM newform — lim #{0<n< X a(n);éO}:

0
X—o0 X

When £ is exceptional of Type Il for one of CM forms, its coefficients vanish
modulo £ for a set of Dirichlet density > 1/2. We further remark that if f is a
newform with odd weight and real coefficients, then Corollary 1.2 of Schutt
(2009) asserts that f has quadratic nebentypus character ¢ and it has CM by
this character.

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Remarks on Type Il Congruences

@ We recall that a form f has CM by x = <%) associated to K if and only if
f ®x = f. Serre’s (1985) work implies

<n< :
f is a CM newform — lim #{0<n< X a(n);éO}:

0
X—o0 X

When £ is exceptional of Type Il for one of CM forms, its coefficients vanish
modulo £ for a set of Dirichlet density > 1/2. We further remark that if f is a
newform with odd weight and real coefficients, then Corollary 1.2 of Schutt
(2009) asserts that f has quadratic nebentypus character ¢ and it has CM by
this character.

@ Suppose that £ is exceptional of Type | with m —m= 4771 Then we have, for
all primes p t N¢,

a(p) = p"(1+p™ =) = p” (1 + P%> =p" (1 + (B)) = {éfﬂ ((g)):i

Hence, ¢ is exceptional of Type II.

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin

Exceptional Congruences for Eta-Quotient Newforms



Main Results
0000000800

Extensions of Type | to prime powers

Swinnerton-Dyer extends his congruence results on N =1 to prime power modulus.

7(n) = 1537 011(n) (mod 212) if n=5 (mod 8)
7(n) = n"Po71(n) (mod 5%) if ged(n,5) = 1.

(mod 3%) if n=1 (mod 3),

7(n) = 051 51551 (n) { (mod 37) if n=2 (mod 3).

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Extensions of Type | to prime powers

Swinnerton-Dyer extends his congruence results on N =1 to prime power modulus.
7(n) = 1537 011(n) (mod 212) if n=5 (mod 8)
7(n) = n"Po71(n) (mod 5%) if ged(n,5) = 1.
_ _e10 (mod 3%) if n=1 (mod 3),
n)=n n
7(n) 1231 ){ (mod 37) if n=2 (mod 3).

Our next result is a N > 1 analogue of these congruences.

Theorem (Sullivan, Stone, S., Jin)

Let ¢ be an exceptional prime of Type | for an eta-quotient newform f. Let t > 1 and
let0<m<m <¢(t) withm-+m =k—1 (mod ¢(£)). The following table gives
congruences of the form,

a(p) = p™ + p™ (mod £%) forall p=b (mod d). (1)

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Parameter values in Theorem 4

f(z) Cl(mm)] t]b d
2| (0,7 6 | all residue classes 64

n(z)*n(22)° 3 (12,1?’;) 3 | all residue classes 27
2] (05) | 45,7, 11, 19 24

n(2)%n(32)° 2| (05) |5 |13,17,23 24
2] (05) |61 24

2] (05) |83 8

2] (05) |97 8

2 0,5 10 |5 8

n(22)*2 2 E0,5§ 111 8
3 (14 | 225 9

3| (14) | 38 17,26 27

n(2)*n(52)" 5] (1.2) | 2|1 6 7, 11, 16, 18, 21, 24 25
s 20 (01) |23 7
1(32) 3| (03) | 4 |{3n+1:0< n<26}U{26,53,80} 81
1(z)?n(22)?n(32)?n(62)2 2| (0,1) | 2 |all residue classes 4
n(2)2n(112) 5] (01) | 2|1, 6, 11, 16, 21 25
n(z)n(2z)n(7z)n(14z) 3] (01) [2]1,4 7 9
n(z)n(3z)n(5z)n(15z) 2] (0,1) | 3 Jall residue classes 8
1(32)2(9z)? 3] (0.1) | 3|1 10, 19, 26 27

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Extensions of Type Il to prime powers

Theorem (Sullivan, Stone, S., Jin)

Let ¢ be an exceptional prime of Type Il for an eta-quotient newform f. Let t be a
positive integer. The following table gives all congruences of the form

FRL=f® (2) (mod #).

f(z) 1 t
n(22)12 3 | 1,23
n(3z)® 3 >

a6y | 3 | >
n(3z)%n(92)? 3 >
n(6z)* 3 >1

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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© Filtrations
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Modular forms mod ¢

® |et ¢ >5beprime, and let N> 1. For k >0,
My (Fo(N), X) (o) = { f € Mk(To(N), x) : g-exp(f) € Z)llqll }-

* We define M()(Fo(N)) == { f : f € M(To(N), x) ey } C Fellll.

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Modular forms mod ¢

® let £ >5 be prime, and let N > 1. For k >0,

My (Fo(N), X) (o) = { f € Mk(To(N), x) : g-exp(f) € Z)llqll }-
* We define M()(Fo(N)) == { f : f € M(To(N), x) ey } C Fellll.
® For f #0,

we(F) = min{ K >0:3g € My (To(N), x)() with & = 'f}, we(0) := —o0.

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Filtrations
(o] lelele]

Modular forms mod ¢

® let £ >5 be prime, and let N > 1. For k >0,

My (Fo(N), X) (o) = { f € Mk(To(N), x) : g-exp(f) € Z)llqll }-
* We define M()(o(N)) := {f : f € M(To(N), X)(¢) } C Fellqll.
® For f #0,

we(F) = min{ K >0:3g € My (To(N), x)() with & = 'f}, we(0) := —o0.

°* If0#f€ Mk(ro(N),X)(e), then
we(f)=k (mod £—1) since E,_y=1.

® For t > 1, the filtration modulo ¢¢ is well defined up to (£ — 1)¢t~1.

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Sturm Bound

® Sturm's theorem provides a method to test whether two modular forms with
l-integral coefficients are congruent modulo a prime £.

Joint work with Henry Stone, Eddie O’ Xiaolan Jin
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Sturm Bound

® Sturm's theorem provides a method to test whether two modular forms with
l-integral coefficients are congruent modulo a prime £.

® Let ordy(f(z)) = min{n >0: a(n) #0 (mod ¢)}.
® Buzzard showed that Sturm Bound for forms with non-trivial Nebentypus agrees
with Sturm bound for [o(N).

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Sturm Bound

® Sturm's theorem provides a method to test whether two modular forms with
l-integral coefficients are congruent modulo a prime £.

® Let ordy(f(z)) = min{n >0: a(n) #0 (mod ¢)}.
® Buzzard showed that Sturm Bound for forms with non-trivial Nebentypus agrees
with Sturm bound for [o(N).

Let N > 1, let £ be prime and let (z), g(z) € Mk(To(N), x)(¢)- Assume that

ord(f — g) > %[ro(l) : To(N)] where [[o(1) : To(N)] = N H (1 + %) .
p prime : p|N

Then we have ordy(f(z) — g(z)) = oo.

The same bound works modulo £t for t > 1.

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Ramanujan’s Theta operator mod ¢

® Ramanujan Theta operator

0:= qdiq = ﬁ% 0 Za(n)q" = Zna(n) q".

n>0 n>0
® Although 6 does not preserve modularity, but it behaves nicely mod £.

0: MO (ro(1)) — M), (Fo(1)) for £ > 5.

® Filtration behavior: wy(67) = wy(f) +£4+1—a(f — 1), a=0if £1w(f).
® (Chen-Kiming) For £ > 5,t > 1 and £t N, the theta operator induces

01 MOT(N) — M (T1(V), k() =2+2057 1 - 1),

® (Katz-Gross) Extended these constructions to levels N > 4.

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Theta Operator modulo powers of 2 and 3

Sullivan, Stone, S., Jin)

Let N> 1 and let ¢ € {2,3}. We define

o 24 ¢(2t), ifl=2andt>4
J=Jet = 24 ¢(3t), if£=3andt>2.

Then there exists an Eisenstein series Fy +(z) € M;(To(¢:71)) such that

Ex(z) = Foe(z) (mod £%).

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Filtrations
[ee]e]e] ]

Theta Operator modulo powers of 2 and 3

Sullivan, Stone, S., Jin)

Let N> 1 and let ¢ € {2,3}. We define

o 24 ¢(2t), ifl=2andt>4
J=Jet = 24 ¢(3t), if£=3andt>2.

Then there exists an Eisenstein series Fy +(z) € M;(To(¢:71)) such that

Ex(z) = Foe(z) (mod £%).

Consequently, for every f € My(Fo(N), x) one has the congruence

K K
OF = OF — — Exf = Of — —F, ,f d ¢t
22 o et (mod £)

Hence, we have 0f € M, (To(€:71N), x) (mod £%).

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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O Proofs
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Sketch of Proof of Theorem 2

® |et N> 1, and let k > 2 be even. We recall that f satisfies a Type | congruence
if and only if the following holds:

a(p) = ¥(p)p™ +$(p)p™ (mod £), P(p)d(p)P™ ™ = x(p)p* ! (mod £). (2)

® let 9, ¢ be real-valued char. mod N and let x = 1. Let £ > 3 be prime and
£+ N. By Dirichlet's Theorem on primes in AP in (2), it follows that

m+m =k—-1 (modf—1), vp=1y and m#m'. 3)

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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0@0000000

Sketch of Proof of Theorem 2

® |et N> 1, and let k > 2 be even. We recall that f satisfies a Type | congruence
if and only if the following holds:

a(p) = ¥(p)p™ +¢(p)p™ (mod £), P(p)d(P)P™ ™ = x(p)p* ! (mod £). (2)

® let 9, ¢ be real-valued char. mod N and let x = 1. Let £ > 3 be prime and
£+ N. By Dirichlet's Theorem on primes in AP in (2), it follows that

m+m =k—-1 (modf—1), vp=1y and m#m'. 3)

® We prove the result incase of 3<m —m+1</¢-2.
® We note that since f € Si(lo(NV), x) is a normalized Hecke eigenform, we have

ama(n) = > x(d)dla (). (4)

2
d|ged(m,n) d

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Proof (Continued)

® Let E = Gy_my1 ®Yly. For all primes pt N, using (2) and (3), we have

a(p) = p" Y(p)(L + p™ ™) = p™ (p) O —m(P) (mod 0).
® Multiplying both sides of by ply(p), we have

P 1n(p) a(p) = P 1n(p) ¥(P) T —m(p) (mod £) V p.

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Proof (Continued)

® Let E = Gy_my1 ®Yly. For all primes pt N, using (2) and (3), we have

a(p) = P Y(p)(L + p™ ™) = p™ (p) O —m(P) (mod 0).

® Multiplying both sides of by ply(p), we have

pin(p) a(p) = P™ 1n(p) ¥(P) Oy —m(P) (mod £) V p.
® Since f and E are normalized Hecke eigenforms for all T,, using multiplicativity
(4) and applying induction on n gives:
n1n(n) a(n) = n™ 1y(n) (n) 6 —m(n)  (mod £).
® We recall that the Eisenstein series has g-expansion

2(m' —m+1)

Gy — =1-
m' —m+1(2) By —mi1

Ot —m(M)q" € Mpy_pi1(To(1)).

® Therefore, we have

0(f ® 1y) = 6™FH(E)  (mod ).

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Bound on ¢

® By induction on j, it follows that for all 0 < j < m, we have

we(VE) = we(E) +j(¢+1) £ 0 (mod ).

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Bound on ¢

® By induction on j, it follows that for all 0 < j < m, we have

we(VE) = we(E) +j(¢+1) £ 0 (mod ).

® This implies that
we(0™HE) = wy(0"E) + L+ 1=m —m+ 14 (m+1)(£L+1).
® On the other hand, we have

We(@(f. ® 1/\1)) <k+£+1.

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Bound on ¢

® By induction on j, it follows that for all 0 < j < m, we have

we(VE) = we(E) +j(¢+1) £ 0 (mod ).

® This implies that
we (0™ LE) = wyp(0TE) + 4 +1=m —m+ 1+ (m+1)(¢+1).
® On the other hand, we have

we(0(F @ 1pn)) < k+£41.

® Thus, we deduce that m’ + mfé +1 < k. If m # 0 then m’ > m > 1 implies that
(< k—-3<k.

® For m=0, we have m’ = k — 1, and one can show that either £ < k or the
following holds:

fRly= G @Yly (mod Z)

implying that £ | (a(p) — ¥(p)ok—1(p)).

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Sketch of Proof of Theorem 7

® letl=3,lett>2 letj=2+ ¢(3") and let j/ = 2. Since j =’ (mod ¢(3%)),
by Kummer's congruence, we have

1 1

: B 1 7
1) 2 L= (med ). (9)

J'/

® Using Clausen-Von Staudt Theorem, we deduce that

v (ef—l ?) — o) > . (6)

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Sketch of Proof of Theorem 7

® letl=3,lett>2 letj=2+ ¢(3") and let j/ = 2. Since j =’ (mod ¢(3%)),
by Kummer's congruence, we have

1 1

: B 1 7
1) 2 L= (med ). (9)

J'/

® Using Clausen-Von Staudt Theorem, we deduce that
. B;
v (ef—l —/) — (e > t. ©)
J

® Substituting (6) in (5), and simplifying gives

—2(2+ ¢(3%)) 2

—  (mod 3%).
By 4(3t) B>

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Sketch of Proof of Theorem 7

® letl=3,lett>2 letj=2+ ¢(3") and let j/ = 2. Since j =’ (mod ¢(3%)),
by Kummer's congruence, we have

1 1

: B 1 7
1) 2 L= (med ). (9)

J'/

® Using Clausen-Von Staudt Theorem, we deduce that
. B;
v (@—1 —/) — (e > t. ©)
J

® Substituting (6) in (5), and simplifying gives

—2(2+4(3%) _ 2
By 4(3t) B>

(mod 3%).

® Hence, we conclude that

Erep)(2) = ENE(2) = —SEx(2)|(1-3V3) (mod 3). (1)

® Acting with the operator (1 — 3V3)™! on both sides of (7) gives the desired
result.

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Example

Let £(2) = 3 a(n)q" = 1(2)*n(22)° € Ss(To(2)), and let (£, 1) = (3,3).
® From Table 16, we have

a(p) = p+p =p(1+p) = p?(1+p") (mod 27)V primes p & {2,3}.

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Example

Let f(2) = 3 a(n)q" = 1(2)°n(22)° € Ss(To(2)). and let (£, 1) = (3,3).
® From Table 16, we have

a(p) = p+p =p(1+p) = p?(1+p") (mod 27)V primes p & {2,3}.

e Multiplying both sides by p3 15(p), we obtain

p* 12(p) a(p) = p** 12(p) (1 + p'°) (mod 27) V¥ primes p.

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Example

Let f(2) = 3 a(n)q" = 1(2)°n(22)° € Ss(To(2)). and let (£, 1) = (3,3).
® From Table 16, we have

a(p) = p? +p = p?(1+p) = p(1+p*) (mod 27)V primes p & {2,3}.
e Multiplying both sides by p3 15(p), we obtain
p* 12(p) a(p) = p** 12(p) (1 + p'°) (mod 27) V¥ primes p.
® Using (4) and induction on n gives the following relation for all n > 1:
12(n) n*a(n) = 12(n) n'® o19(n) (mod 27)
® Hence, we conclude that

3(f ®12) = 05(Goo ® 12)  (mod 27).

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Example

Let f(2) = 3 a(n)q" = 1(2)°n(22)° € Ss(To(2)). and let (£, 1) = (3,3).
® From Table 16, we have

a(p) = p+p =p(1+p) = p?(1+p") (mod 27)V primes p & {2,3}.

e Multiplying both sides by p3 15(p), we obtain
p* 12(p) a(p) = p** 12(p) (1 + p'°) (mod 27) V¥ primes p.

® Using (4) and induction on n gives the following relation for all n > 1:
12(n) n*a(n) = 12(n) n'® o19(n) (mod 27)
® Hence, we conclude that
3(f ®12) = 05(Goo ® 12)  (mod 27).
® Using Theorem 7, we obtain that 83(f ® 15) € Ses(T'0(36)) and
0% (G ® 12) € S320(M0(36)). Since E1g =1 (mod 27), to prove that
0°(f © 1) Ef§ = 6"(Goo ® 12)  (mod 27)

in S320(l0(36)), using Theorem 6, it suffices to check coefficients of index
n < 1920.

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Sketch of Proof of Type Il Congruences

Let £ > 3 be an exceptional prime of Type Il for an eta-quotient newform f. Then for
all primes p { N¢, we have a(p) =0 (mod £).

® We compute

p [(%) — 1] a(p) =0 (mod £) V primes p.

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Sketch of Proof of Type Il Congruences

Let £ > 3 be an exceptional prime of Type Il for an eta-quotient newform f. Then for
all primes p { N¢, we have a(p) =0 (mod £).

® We compute

p [(B) — 1] a(p) =0 (mod £) V primes p.

® Multiplying both sides by p 1y(p) gives

241

p 2 -1n(p)-a(p) = p-1n(p) - a(p) (mod £).
® Since f is a normalized eigenform for all T, using (4), induction on n > 0 gives

£41

n2 -1y(n)-a(n)=n-1y(n)-a(n) (mod ¢).

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Sketch of Proof of Type Il Congruences

Let £ > 3 be an exceptional prime of Type Il for an eta-quotient newform f. Then for
all primes p { N¢, we have a(p) =0 (mod £).

® We compute

p [(B) — 1] a(p) =0 (mod £) V primes p.

® Multiplying both sides by p 1y(p) gives

241

p 2 -1n(p)-a(p) = p-1n(p) - a(p) (mod £).
® Since f is a normalized eigenform for all T, using (4), induction on n > 0 gives

£41
2

n2 -1y(n)-a(n)=n-1y(n)-a(n) (mod ¢).

® Hence, we conclude that

05 (Fo1n) = 0(F® 1y) (mod £).

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Bound on ¢

To see that ¢ < 2k, we argue by contradiction, and use
41
Wg(o%(f@) 1n)) = we(f ® 1y)) to obtain £ € {1}, which isn't possible.
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Bound on ¢

To see that ¢ < 2k, we argue by contradiction, and use
41
Wg(o%(f@) 1n)) = we(f ® 1y)) to obtain £ € {1}, which isn't possible.
Let k < £ < 2k. Then we have
® flU; =0 (mod¢) = ¢{=2k-3
® flU #£0 (mod¥) = (=2k—1

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Bound on ¢

To see that ¢ < 2k, we argue by contradiction, and use
‘
Wg(o%l(f@) 1y)) = we(f ® 1y)) to obtain £ € {£1}, which isn't possible.

Let k < £ < 2k. Then we have
° flU;=0 (modf) = £=2k—3
® flU #£0 (mod¥) = (=2k—1

We note that £ — k+1 < 24571 < ¢ —2. We compute

K+0+1= wy(0fF) = we(e%f)=k+“71(€fl)fa(ffl)

Jk+ B —1)— (¢ —k+2)(¢—1)if f | Uy =0 (mod ¢)
S k+ B —1)— (0= k+1)(¢—1)if f | Uy £ 0 (mod ¢)

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Bound on ¢

To see that ¢ < 2k, we argue by contradiction, and use
‘
Wg(o%l(f@) 1y)) = we(f ® 1y)) to obtain £ € {£1}, which isn't possible.

Let k < £ < 2k. Then we have
° flU;=0 (modf) = £=2k—3
® flU #£0 (mod¥) = (=2k—1

We note that £ — k+1 < 24571 < ¢ —2. We compute

K+0+1= wy(0fF) = we(e%f)=k+“71(€fl)fa(ffl)

Jk+ B —1)— (¢ —k+2)(¢—1)if f | Uy =0 (mod ¢)
S k+ B —1)— (0= k+1)(¢—1)if f | Uy £ 0 (mod ¢)

Hence, we conclude that

’ 2k —3iff | Uy =0 (mod ¢)
2k —1iff | Up 20 (mod ¢)

Joint work with Henry Stone, Eddie O'Sullivan and Xiaolan Jin
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Thank you for your time.

Questions?

Joint work with Henry Stone, Eddie O

Exceptional Congruences for Eta-Quotient Newforms



	Outline
	Motivation and Tools
	Main Results
	Filtrations
	Proofs

