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Partitions

Definition

A partition of an integer n is any nonincreasing sequence

λ := {λ1, λ2, . . . , λℓ}

of positive integers which sum to n.

Notation

The partition function is given by

p(n) := # partitions of n.

4 = 3 + 1 = 2 + 2 = 2 + 1 + 1 = 1 + 1 + 1 + 1 =⇒ p(4) = 5.
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Partitions in Number Theory

Theorem (Hardy–Ramanujan, 1918)

We have that

p(n) ∼ 1

4n
√
3
· eπ

√
2n
3 .

Theorem (Ramanujan, 1919)

For every n, we have that

p(5n + 4) ≡ 0 (mod 5),

p(7n + 5) ≡ 0 (mod 7),

p(11n + 6) ≡ 0 (mod 11).
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Proving Ramanujan-type congruences

There are a wide variety of explanations available for Ramanunan’s
congruences:

Dissection formulas for
∑

n≥0 p(5n + 4)qn (Ramanujan’s approach)

Theta functions and quadratic forms modulo p (Jacobi triple product)

Hecke operators (elementary or overconvergent)

Rank and crank equidistribution

Modular surfaces (Smoot et. al.)

and so on...
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Radu’s algorithm (Bird’s eye view)

Theorem

Let
∏

δ|M
∏∞

n=1

(
1− qδn

)rδ =
∑

n≥0 a(n)q
n. Then there is an explicit,

finite time algorithm where, given positive integers m ≥ 1, 0 ≤ t < m, and
a prime p, which outputs whether a(mn + t) ≡ 0 (mod p) for all n ≥ 0.

Proof.∑
n≥0 a(n)q

n is a modular form.

Construct an operator
∑

n≥0 a(n)q
n 7→

∑
n≥0 a(mn + t)qn.

This is essentially a modular form of a known weight and known
congruence subgroup.

If it has poles at i∞, multiply by a “suitably chosen” modular form so
that the result is now a holomorphic modular form of positive weight.

The Sturm bound says that congruences for these can be checked in
explicit finite time.
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The Sturm Bound

Definition

For a q-series
∑

n≫0 a(n)q
n over any ring, define

ord∞

(∑
n≫0

a(n)qn

)
= min{n ∈ Z : a(n) ̸= 0}.

Theorem (Sturm Bound)

Let k ≥ 1 be an integer and let Γ be a congruence subgroup of SL2(Z)
with finite index d. Let f be a holomorphic modular form for Γ of weight
k with integer coefficients. The following are true:

1 If f (q) ∈ Z[[q]] and ord∞(f ) > dk
12 , then f ≡ 0.

2 If f (q) ∈ (Z/mZ) [[q]] for m ≥ 1 and ord∞(f ) > dk
12 , then f ≡ 0

(mod m).
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The Many Faces of Sturm’s Theorem

Every sequence p(an + b) has infinitely many even and odd values

Ramanujan’s congruences are the only ones of type p (ℓn + b) ≡ 0
(mod ℓ) with ℓ prime.

Proof of Moonshine conjectures in representation theory

Congruences for hypergeometric functions and Apèry series

Explicit Sato-Tate theorems (Galois representations)

Divisibility properties of class numbers (Cohen–Lenstra connections)

and many more (mathematical physics, L-functions, Iwasawa theory,
...)
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Explicit Sato-Tate theorems (Galois representations)

Divisibility properties of class numbers (Cohen–Lenstra connections)

and many more (mathematical physics, L-functions, Iwasawa theory,
...)

William Craig (US Naval Academy) Local-to-global Sturm bounds 7 / 31



The Many Faces of Sturm’s Theorem

Every sequence p(an + b) has infinitely many even and odd values

Ramanujan’s congruences are the only ones of type p (ℓn + b) ≡ 0
(mod ℓ) with ℓ prime.

Proof of Moonshine conjectures in representation theory

Congruences for hypergeometric functions and Apèry series
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Proof of Sturm’s theorem

If f (τ) is a holomorphic modular form on SL2(Z) of weight k , then
the valence formula says that∑

τ

1

eτ
ordτ (f ) =

k

12
,

where eτ is the ramification of f at τ (2 and i , 3 at a cube root of
unity, 1 elsewhere).

A zero of order > k
12 at zero contradicts this formula, since f is

holomorphic (no poles to balance any extra zeros).

For a congruence subgroup Γ, the traceform

g :=
∏

γ∈SL2(Z)/Γ

f |kγ

is a modular form on SL2(Z) of weight dk and ord∞(g) = dord∞(f ).
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Where does Sturm come from?

Theorem (Riemann–Roch Theorem)

Let X be a compact Riemann surface of genus g, and let D be a divisor
on X . Then we have

l(D)− l(K − D) = deg(D) + 1− g ,

where:

l(D) is the dimension of the space of meromorphic functions f such
that (f ) + D ≥ 0.

K is the canonical divisor.

deg(D) is the degree of the divisor D.

g is the genus of the surface.

Corollary

Valence formulas are Riemann–Roch for the modular curves Γ\H.
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Take-away message

The Sturm bound is a geometric phenomenon (i.e. from Riemann
surfaces), not an arithmetic one.

If we want to extend the arithmetic applications of Sturm bounds to
non-geometric scenarios (mock modular forms, quasimodular forms,
meromorphic forms, . . . ), then we need a non-geometric approach to
Sturm bounds.

Question

How can we extend Sturm bounds to non-geometric scenarios?

Answer

Local-to-global principles “Mod p for all p =⇒ Z”
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Conceptual Frame

Start with non-geometric family of modular-adjacent objects.

Identify local relationship with modular forms (or some other
objects) that obey a (local) Sturm-type bound.

Show coefficients of the new non-geometric forms have explicitly
limited growth rates.

[Chinese Remainder Theorem + Linear Algebra] glue together
the local Sturm bounds into a global Sturm bound.
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Definition

Let k ≥ 1 be an integer.

The Eisenstein series of weight 2k is

E2k(z) := 1− 4k

B2k

∑
n≥1

σ2k−1(n)q
n, q = e2πiz .

A modular form of weight 2k for SL2(Z) is an element of the
algebra C[E4,E6] that has homogeneous weight 2k. The space of
weight 2k forms is denoted M2k .

A quasimodular form of weight 2k is any analytic function f (z) of
the form

f =
k∑

j=0

E j
2fj ,

where fj ∈ M2k−2j . The space of such forms of weight 2k is M̃2k .
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A New Sturm Theorem

Theorem (C, 2026)

Let k ≥ 1 be an integer, and let f ∈ Z[[q]] ∩Mk be a quasimodular form.

Then if ord∞(f ) >
⌈
k4 log(k)

2

⌉
, then f = 0.

Remark

Unlike in the classical Sturm argument, this bound is not identical to
the dimension dim M̃k ≍ k2. [Partly fixable]

Unlike in the classical Sturm argument, the traceform argument does
not transfer this bound to congruence subgroups. [Definitely fixable]

Unlike in the classical Sturm argument, the argument did not
immediately transfer to Z/mZ. [We will fix this soon]
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The non-geometric family of quasimodular forms

Modular forms have a holomorphic transformation law

f

(
az + b

cz + d

)
= (cz + d)k f (z).

This makes f (z) into a holomorphic differential on a Riemann surface
SL2 (Z) \H created from the same holomorphic action z 7→ az+b

cz+d .

Quasimodular forms do not have a holomorphic transformation; in
particular,

E2

(
az + b

cz + d

)
= (cz + d)2 E2(z) +

6c(cz + d)

πi
.

E ∗
2 = E2 − 3

πy fixes this transform, but is not holomorphic.

Therefore, there is not underlying geometry to use.
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Local relationship with modular forms

Proposition

Let f ∈ M̃2k for k ≥ 1, and let p ≥ 3 be prime. Then there exists
g ∈ M2kp such that f ≡ g (mod p).

Proof.

By Fermat’s little theorem and the Kummer congruences for Bernoulli
numbers,

Ep+1 ≡ E2 (mod p) and Ep−1 ≡ 1 (mod p).

Thus, if f =
∑k

j=0 fjE
j
2 for some modular forms fj ∈ M2k−2j , we have

f ≡
k∑

j=0

fjE
j
p+1E

2k−2j
p−1 (mod p),

which is modular of weight exactly 2kp.
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Growth of coefficients

Lemma

Let an, bn be two sequences with a0 = b0 = 1, |an| ≤ Anα(1 + log(n))γ ,

and |bn| ≤ Bnβ (1 + log(n))δ for 1 ≤ n ≤ N and α, β, γ > 0 integers.
Then if cn is the convolution of an and bn, we have

|cn| ≤ Anα(1 + log(n))γ + Bnβ (1 + log(n))δ +
ABα!β!

(α+ β + 1)!
nα+β+1(1 + log(n))γ+δ.

Lemma

Let the sequence sa,b,c(n) be the Fourier coefficients of E a
2E

b
4 E

c
6 with

2a+ 4b + 6c = 2k. Then we have the bounds

|sa,b,c(n)| ≤ 109 · 22k−1n2k−1 (1 + log(n))k .

Remark

Uniform bound valid for each element of a basis.

William Craig (US Naval Academy) Local-to-global Sturm bounds 16 / 31



Growth of coefficients

Lemma

Let an, bn be two sequences with a0 = b0 = 1, |an| ≤ Anα(1 + log(n))γ ,

and |bn| ≤ Bnβ (1 + log(n))δ for 1 ≤ n ≤ N and α, β, γ > 0 integers.
Then if cn is the convolution of an and bn, we have

|cn| ≤ Anα(1 + log(n))γ + Bnβ (1 + log(n))δ +
ABα!β!

(α+ β + 1)!
nα+β+1(1 + log(n))γ+δ.

Lemma

Let the sequence sa,b,c(n) be the Fourier coefficients of E a
2E

b
4 E

c
6 with

2a+ 4b + 6c = 2k. Then we have the bounds

|sa,b,c(n)| ≤ 109 · 22k−1n2k−1 (1 + log(n))k .

Remark

Uniform bound valid for each element of a basis.

William Craig (US Naval Academy) Local-to-global Sturm bounds 16 / 31



Growth of coefficients

Lemma

Let an, bn be two sequences with a0 = b0 = 1, |an| ≤ Anα(1 + log(n))γ ,

and |bn| ≤ Bnβ (1 + log(n))δ for 1 ≤ n ≤ N and α, β, γ > 0 integers.
Then if cn is the convolution of an and bn, we have

|cn| ≤ Anα(1 + log(n))γ + Bnβ (1 + log(n))δ +
ABα!β!

(α+ β + 1)!
nα+β+1(1 + log(n))γ+δ.

Lemma

Let the sequence sa,b,c(n) be the Fourier coefficients of E a
2E

b
4 E

c
6 with

2a+ 4b + 6c = 2k. Then we have the bounds

|sa,b,c(n)| ≤ 109 · 22k−1n2k−1 (1 + log(n))k .

Remark

Uniform bound valid for each element of a basis.

William Craig (US Naval Academy) Local-to-global Sturm bounds 16 / 31



Fitting it all Together: Outline

Suppose that the first m coefficients (m unknown) were enough to
determine an element of M̃2k ∩ Z[[q]] uniquely. Let d = dim M̃2k .

Then if we make a big m × d matrix out of the coefficients of the
basis {E a

2E
b
4 E

c
6 }2a+4b+6c=2k , this matrix A will have...

Full rank (i.e. every d × d minor is invertible)
Explicitly and uniformly bounded entries.

For N an m ×m matrix with entries ≤ B, then |det(N)| ≤ Bmmm/2.

Each minor of A must satisfy this bound.

Since minors of A have integer determinant, one can verify that its
minors have nonzero determinant using the Chinese remainder
theorem (i.e. check only for finitely many primes depending on m)

Quasimodular forms of weight 2k are, modulo these p, modular forms
of weight 2kp, to which we can apply the modular Sturm bound.

Therefore, we only need to verify up to ∼ k
6pmax coefficients in order

to check invertibility.

Restart this argument with new m if smaller than old m!
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Example of Algorithm

Definition

For x ≥ 1 an integer, define

Ek(x) := kk
k...

, exponentiating x times.

Lemma

Suppose that for some integer x ≥ 3, which may depend on k, we have

m < k2 Ek(x) Ek(x − 1)

coefficients of an element of M̃2k ∩ Z[[q]] are sufficient to determine that
form. Then

m < k2 Ek(x − 1) Ek(x − 2)

coefficients are sufficient as well. [Therefore, m ≤ kk+3 using x = 3]
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Proof of Key Lemma

Construct

A =



a1(0) a2(0) · · · ad(0)
a1(1) a2(1) · · · ad(1)
a1(2) a2(2) · · · ad(2)
a1(3) a2(3) · · · ad(3)
...

...
. . .

...
a1(m) a2(m) · · · ad(m)


,

By hypothesis, m is chosen such that A has at least one invertible
minor. (Note that by q-expansion principle, such m does exist)

Let N be this invertible minor. All coefficients of N satisfy the bound

≤ B(m, k) := 109 · 22k−1m2k−1 (1 + log(m))k .
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Proof of Key Lemma

By the Hadamard bound, we must have

| det(N)| ≤ M(m, k) := B(m, k)mmm/2.

Since det(N) ∈ Z, if we choose enough primes p1, . . . , pℓ so that
P =

∏ℓ
j=1 pj > M(m, k), then

det(N) ̸= 0 ⇐⇒ det(N) ̸≡ 0 (mod P)

since the interval [−M(m, k),M(m, k)] only contains one element
which is zero modulo P, namely 0.

Therefore, det(N) ≡ 0 (mod P).
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Proof of Key Lemma

This is true if and only if det(N) ≡ 0 (mod pj) for each p1, . . . , pℓ for
suitably large chosen pℓ, i.e. so that with m < k2 Ek(x) Ek(x − 1),

ℓ∏
j=1

pj >
(
109 · 22k−1m2k−1 (1 + log(m))k

)m
mm/2. (1)

We use p1 = 11 to avoid issues with low-lying Eisenstein series; then
using pn > n log(n) (weakened prime number theorem)

ℓ∏
j=1

pj > (ℓ log(ℓ))ℓ e−2ℓ−2.

ℓ = Ek (x − 1) satisfies (1), and pℓ ∼ Ek(x − 1) log Ek(x − 1).
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Proof of Key Lemma

Thus, we can verify that the original matrix A has full rank (linearly
independent columns) if and only if it does for primes from 11 up to
pℓ ∼ Ek(x − 1) log Ek(x − 1).

For each such prime p, the matrix A (mod p) has columns whose
entries are Fourier coefficients of elements of M2kp.

Therefore, by the classical Sturm bound, A (mod p) is determined
by kp

6 + 1 coefficients.

Across all 11 ≤ p ≤ pℓ, at most

kpℓ
6

+ 1 < k2 Ek(x − 1) Ek(x − 2)

coefficients verify that A (mod p) has full rank modulo P =
∏ℓ

j=1 pj .

But earlier, we established

det(N) ̸= 0 ⇐⇒ det(N) ̸≡ 0 (mod P).

Therefore, we could have chosen an invertible minor N by using only
m′ < k2 Ek(x − 1) Ek(x − 2) rows.
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The “Stabilization” Point

Corollary

Any element of M̃2k is determiend by its first kk+3 Fourier coefficients.

Proposition

Any element of M̃2k is determined by its first k4 log(k)
2 + 1 Fourier

coefficients.

Proof.

Apply same algorithm two more times:

kk+3 −→ O(k5 log(k)) −→ O(k4 log(k)) −→ k4 log(k)

2
+ 1.

Any further attempts at reduction only yield marginal improvements of the
O-constant.
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Questions

Question

Why did this procedure not yield dim M̃2k ≍ k2 bounds?

Answer

The use of the prime number theorem always inserts log(k) terms.

More than this, the Hadamard bound is a very crude bound on
determinants.

| det(N)| yields maximal value iff columns of N are orthogonal.
This is extremely far from being true if the columns are coefficients of
modular forms.
Thus, improvements on the Hadamard bounds in these special
cases are likely to yield better Sturm bounds (not exactly dim M̃2k ,
but O(k2 log(k)) could be done)

Could be done by a study of Rankin-Selberg convolutions, Perron
formulas, to study “angle between columns”.
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Why doesn’t the traceform work?

Question

Why doesn’t the theorem extend to congruence subgroups “immediately”?

Answer

Classical bounds don’t go straight through...

Trace of a form of weight k on a congruence subgroup of index d will
be a form of weight dk on SL2(Z).
Sturm bound here is O

(
d4k4 log(dk)

)
.

But assuming original form vanishing to O(k4 log(k)), one only obtains
linear factor in d for extra vanishing.

But, the general idea of the argument would still work if extra
multiplication is done.

Stronger bounds than this will follow if one starts the argument from
the beginning with a level N-specific basis (area for future research)

William Craig (US Naval Academy) Local-to-global Sturm bounds 25 / 31



Why doesn’t the traceform work?

Question

Why doesn’t the theorem extend to congruence subgroups “immediately”?

Answer

Classical bounds don’t go straight through...

Trace of a form of weight k on a congruence subgroup of index d will
be a form of weight dk on SL2(Z).

Sturm bound here is O
(
d4k4 log(dk)

)
.

But assuming original form vanishing to O(k4 log(k)), one only obtains
linear factor in d for extra vanishing.

But, the general idea of the argument would still work if extra
multiplication is done.

Stronger bounds than this will follow if one starts the argument from
the beginning with a level N-specific basis (area for future research)

William Craig (US Naval Academy) Local-to-global Sturm bounds 25 / 31



Why doesn’t the traceform work?

Question

Why doesn’t the theorem extend to congruence subgroups “immediately”?

Answer

Classical bounds don’t go straight through...

Trace of a form of weight k on a congruence subgroup of index d will
be a form of weight dk on SL2(Z).
Sturm bound here is O

(
d4k4 log(dk)

)
.

But assuming original form vanishing to O(k4 log(k)), one only obtains
linear factor in d for extra vanishing.

But, the general idea of the argument would still work if extra
multiplication is done.

Stronger bounds than this will follow if one starts the argument from
the beginning with a level N-specific basis (area for future research)

William Craig (US Naval Academy) Local-to-global Sturm bounds 25 / 31



Why doesn’t the traceform work?

Question

Why doesn’t the theorem extend to congruence subgroups “immediately”?

Answer

Classical bounds don’t go straight through...

Trace of a form of weight k on a congruence subgroup of index d will
be a form of weight dk on SL2(Z).
Sturm bound here is O

(
d4k4 log(dk)

)
.

But assuming original form vanishing to O(k4 log(k)), one only obtains
linear factor in d for extra vanishing.

But, the general idea of the argument would still work if extra
multiplication is done.

Stronger bounds than this will follow if one starts the argument from
the beginning with a level N-specific basis (area for future research)

William Craig (US Naval Academy) Local-to-global Sturm bounds 25 / 31



Why doesn’t the traceform work?

Question

Why doesn’t the theorem extend to congruence subgroups “immediately”?

Answer

Classical bounds don’t go straight through...

Trace of a form of weight k on a congruence subgroup of index d will
be a form of weight dk on SL2(Z).
Sturm bound here is O

(
d4k4 log(dk)

)
.

But assuming original form vanishing to O(k4 log(k)), one only obtains
linear factor in d for extra vanishing.

But, the general idea of the argument would still work if extra
multiplication is done.

Stronger bounds than this will follow if one starts the argument from
the beginning with a level N-specific basis (area for future research)

William Craig (US Naval Academy) Local-to-global Sturm bounds 25 / 31



Why Not Z/mZ?

Question

Why doesn’t the bound extend to Z/mZ?

Answer

For a vector space V with a basis in Z[[q]], there might be
f ∈ V ∩ Z[[q]] that are not Z-combinations of this basis.

Some famous examples:

∆ =
E 3
4 − E 2

6

1728
∈ Z[[q]], also

E 2
2 − E4

12
∈ Z[[q]].

How do we classify and remove such relations?
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Galois representations and modular form modulo p

Proposition (Serre, Swinnerton–Dyer)

Let k ≥ 0 be an integer, and let M2k and Mp
2k denote the spaces of

modular forms of weight 2k over C and Fp, respectively. Let M and Mp

denote the full algebras of all modular forms over C and Fp, respectively.
Then the following are true:

1 There are injective maps Mp
2k ↪→ Mp

2k+p−1 given by f 7→ fEp−1.

2 Let M(α) denote, for α ∈ Z/(p − 1)Z, the union of all modular forms
of weight congruent to α (mod p − 1). Then Mp =

⊕
α∈Z/(p−1)Z

M(α).

3 Let A(Q,R) be the isobaric weight p − 1 polynomial such that
A(E4,E6) = Ep−1, and let A denote the reduction of this polynomial
modulo p. Then there is an isomorphism

Fp[Q,R]/⟨A(Q,R)⟩ ∼−→ Mp.
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A(E4,E6) = Ep−1, and let A denote the reduction of this polynomial
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Implications for Sturm bounds

Proposition

Let k ≥ 10 be an integer. Then the space M̃2k has a Z-basis with the
property that for each f in the basis, its Fourier coefficients af (n) satisfy
the bound

|af (n)| ≤
(
k + 6

6

) k2

3

· 109 · 22k−1n2k−1 (1 + log(n))k .

Proof.

For a given basis in Z[[q]], one must bound

The number of independent mod p relations which can occur (follows
from Swinnerton–Dyer)
The way that “fixing” these bounds affects the size of coefficients (at

most, multiplies by dim M̃2k).

“Fixing example”: {E 2
2 ,E4} 7→ {E 2

2−E4

12 ,E4}
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Implications for Sturm bounds

Theorem (C, 2026)

Let k ≥ 1 be an integer, and let f ∈ R[[q]] ∩Mk be a quasimodular form
with coefficients in the ring R = Z or Z/mZ for m ≥ 2 an integer. Then if

ord∞(f ) >
⌈
k5 log(k)

12

⌉
, then f = 0.

Remark

The result is uniform in the ring, unlike our first result, but has the
downside of picking up an extra O(k)-factor in the bound.

Numerical basis calculations suggest that the coefficients do become
quite large, in which case this worsened bound might be structural
and not a sign of a weak bounding process
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Summary

Theorem (C, 2026)

Let k ≥ 1 be an integer, and let f ∈ Z[[q]] ∩Mk be a quasimodular form.

If ord∞(f ) >
⌈
k4 log(k)

2

⌉
, then f = 0.

If ord∞(f (mod m)) >
⌈
k5 log(k)

12

⌉
for an integer m ≥ 2, then f ≡ 0

(mod m).

Remark

A study of Rankin–Selberg convolutions and L-functions may lead to
improvements in order of magnitude to the bounds.

Lack of uniformity appears more structural, but may be repaired with
improved methods for producing Z-basis.
Generalization to congruence subgroups Γ will follow from a suitable
analysis of a basis for Mk (Γ) ∩ Z[[q]].
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End of Talk

Questions?

William Craig (US Naval Academy) Local-to-global Sturm bounds 31 / 31


