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Part 1 — Introduction



Partition function

Definition (Partition)
A partition of n € N is a non-increasing sequence of positive
integers that sums up to be n.

Example

14=4+4+4+42



Partition function

Definition (Partition function)

The number of different partitions of n € N is the partition
function denoted by P(n). We define P(0) = 1.

Example — P(4)

All partitions of 4 are as follows:

4=4,
=3+1,
=242,
=2+1+1,
=1+1+1+1

Therefore, P(4) = 5.



Frobenius symbols

From the Ferrers diagram of a partition, we can construct a 2 by d

matrix by carrying out the following steps:

e Remove all the dots lying on the diagonal of the diagram.

o Fill the first row of the matrix with entries ry j, where rq  is
the number of dots on the j-th row that are to the right of
the diagonal.

e Fill the second row of the matrix with entries r> ;, where ry ; is
the number of dots on the j-th column that are below the

diagonal.



Frobenius symbols - Example (From C-W-Y)

For the partition 14 = 4 + 4 + 4 4 2 the Ferrer diagram is



Frobenius symbols - Example (From C-W-Y)

For the partition 14 = 4 + 4 + 4 4 2 the Ferrer diagram is

[ ] * L]
[ ] L] L]
o [ ] [ J
o o

Therefore the Frobenius symbol for this partition is

321
320/



Generalized Frobenius symbols and Generalized Frobenius par-

titions

We define the generalized Frobenius symbol, by allowing at most
N repetitions in each row of the Frobenius symbol. For a
generalized Frobenius symbol with entries r; ;, where i = 1,2, and
1 < j < d, the generalized Frobenius partition of n is given by

d

n=d+ Z(rlvf + ).

Jj=1

The number of Generalized Frobenius partitions of n is denoted by

qu(n).



N-Colored Generalized Frobenius Partitions

N-Colored Generalized Frobenius Partitions:

The entries in each row are distinct and are taken from N copies
of the non-negative integers distinguished by color and in each
row the entries are ordered according to the rule that x; < y; if

x < yorif x=y and i < j where i and j are integers in the
interval [1, N] indicating the color of the non-negative integer.
The number of N-colored generalized Frobenius partitions of n is
denoted by c¢pn(n). We note that c¢i(n) = P(n), the number of

ordinary partitions of n.



Example (From C-W-Y)

Below we list the 2-colored generalized Frobenius symbols which
give rise to the 2-colored generalized Frobenius partitions of 2:

Therefore, we have c¢»(2) =



Comparison with the partition function

Theorem (Kolitsch (1991))
For all n € Ng we have

cos(n) =5P(5n — 1) + P(n/5),

co7(n) =7P(Tn —2) + P(n/7),
and

cp11(n) = 11P(11n —5) + P(n/11).
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Theorem (Chan-Wang-Yang (2019))

For all n € Ny, we have

c¢3(n) = 13P(13n —7) + P(n/13) + a(n),

oo
where (a” q a( . When p > 17 is a prime then we
T
n=1

have

3 (ctntm—p-p (bn-E2) ~ Plare) ) g

n=0
_ hp(2) +2pP V2 (5(pz) /n(2))P
(9P; 9P) o

)

where h,(z) is a modular function on T'o(p) with a zero at co and a
pole of order (p + 1)(p — 13)/24 at 0.
11



Theorem (A., Nguyen (2023))
Let N be a squarefree positive integer with gcd(N,6) = 1.
i) Then for all n € Ny we have
N N N? — d?
con(n) = % i P <c12n — 24(12> + b(n),

where C(z) := (q; )N, >°°°, b(n)q" is a cusp form in
Sinv—1)/2(Fo(N), xn)-

i) We have C(z) =0 if and only if N =5,7, or 11.

iii) If N #5,7, or 11, then there is no M > 0 such that b(n) =0
for all n > M.

12



Theorem (A., Nguyen (2023))

Let N be a squarefree positive integer with (N,6) = 1. We have

N2 _ d2
conln Z d’ <d2 24> )

d|N

as n — o0.

13



The Generating Function

Let us denote the generating function of c¢p(n) by

Con(q) :=>  con(n)q”.

n=0

Andrews has given C®y(q) in terms of a theta function.

14



The Generating Function

Let
ZX D
1<i<j<N

be a quadratic form in N variables, and

fou(2) = ) ¢

xeZN

be the associated theta function. Then, we have

_ @N—l(z)
CCD/V(Z) - H(l - qn)N
n>1

ii5)



Part 2 — Quadratic forms and
Modular forms



Quadratic forms

Theorem

Let 6 be a positive definite quadratic form in 2k variables. Then
we have

fy(z) € Mk(To(N), xD),

where N is the smallest positive integer such that the matrix
N x Q! has even diagonal entries, where Q denotes the matrix
associated with 6 and

(-1)XS  ifS is odd and (—1)¥S =1 (mod 4),
(—1)k4S  otherwise,

D .=

where S denotes the squarefree part of det(Q).
16



Matrix associated with f,, (2)

The matrix @ associated with @y_1 is

1 - 1
1

Q=
1111 .- 2

It is calculated by Chan, Wang, Yang (2019) that det(Q) = N, and

N-1 -1 -1 -1 -~ -1

o1 ! -1 N-1 -1 -1 -~ -1
N

-1 -1 -1 -1 -+~ N-1

17



Modularity of f;,  (z)

Chan-Wang-Yang (2019)
Let N be a squarefree integer with gcd(N,6) = 1. We have
fon_1(2) € M(n—1)/2(To(N), xn), where

0y
il

w(2) = (

18



Modular forms

The modular subgroup of level N € N is defined by

FO(N):{(i 2) ’ a,b,c,d € Z, ¢ =0(mod n), adbc:l}.

Let kK € N and let x be a Dirichlet character mod N, where
x(—1) = (=1)*. We denote the space of modular forms of weight
k and character x on 'g(N) by My(Fo(N), x).

The Eisenstein and cusp form subspaces of My ([o(N), x) are
denoted by Ex(lo(N), x) and Sk(Fo(N), x), respectively. Then we

have
Mi(Fo(N), x) = Ex(Fo(N), x) @ Sk(To(N), x).

19



Modular forms

Thus, for f(z) =3 02 ar(n)q" € M(Fo(N), x), there are unique

functions

Er(z) =) _ er(n)q” € Ex(To(N),x)
and n=0

Ce(2) = cr(n)a” € S(To(N), ).
such that n=0

On the other hand, it is known that

cr(n) = O(n*/?).

20



Eisenstein series

Next, we describe how we write ef(n) explicitly in terms of
generalized divisor functions defined by

Yi<an€(n/d)p(d)d* ifneN,

O_k(eaw;n) = |fn¢N

where € and ) are primitive Dirichlet characters of conductors L
and M.
For example if n is odd, we have

or(x-a,x1:2 - n) = [ Y x-a(@/d)xa(d)d* | ow(x—a,x1: n)
d|2

= 2%o4(x—a, x1; 1)
21



Eisenstein series

Eisenstein series
We define the weight k Eisenstein series associated with € and

by

2k :
Ei(zi€,v) =e(0) — 5— > ow-1(e, ¥ n)e2minz

X n=1

where Y is a primitive Dirichlet character such that ¢-¢ = x, and
Bk, is the Bernoulli number associated with the Dirichlet

character .

22



Eisenstein series

The space Ex(I'o(N), x) admits a natural basis of weight k
Eisenstein series:

It is known that when k > 2 and (k, x) # (2, x1) the collection
E(To(N), x) = {Ex(dz;€,¢) | €4 = x and LMd | N}

forms a basis for the space Ex(I'o(N), x), and when k =1 or
(k,x) = (2, x1) the collection

Ex(To(N), x1) = {Ex(dz; €,9) | € -1 = x and LMd | N}

includes a basis for the space Ex(I'o(N), x1)-

23



Recall that

Thus, for f(z) =3 02 ar(n)q" € M(Fo(N), x), there are unique

functions

Er(z) =) _ er(n)q” € Ex(To(N),x)
and n=0

Ce(2) = cr(n)a” € S(To(N), ).
such that n=0

On the other hand, it is known that

cr(n) = O(n*/?).

24



Previous Results

Theorem (A., 2022-2023)

Let f(z) € Mk(To(N), x), where N,k € N, k > 1, x is a primitive
Dirichlet character with conductor dividing N and satisfying
x(—1) = (=1)*. Let Ef(z) be the Eisenstein part of f, then

E(z)= > > ar(e, ¢, d)Ef (Mdz; e, ),

where (e,y)eE(k,N,x) d|N/LM
k
p
) =T[—F R e w(d, c/M)S o(dy ¢/ M)[Fles,
ar(e, 9, d) pIHNpk_E(pw(p) C“VZ/L, ke, (ds €/ M)Sk v yim,e,(d €/ M)[fle,w
with e

e (gcdzj, C)> 4 (gcd(cd, c)> (ng(;i C)>k )

Sk,N,e,p(d, €)== p (ﬁ) 11 (%) )

plged(d,c),
0<vp(d)=vp(c)<vp(N)

25



Corollary

Let N be a squarefree integer with gcd(N,6) = 1. Let f(z) be a
modular form in My_1y/2(To(N), xn). Then we have

f(z) = [flyn

. Z [l (1— N)(N/d)N=2)/2
A(d, N) Bn-1)/2,xn

d|N
+ C(2),

n>1

where C(z) is some cusp form in Sn_1),2(To(N), xn) and

1 if d =1(mod 4) and N = 1(mod 4),
i if d =3(mod 4) and N = 1(mod 4),
( ) ( )
( ) ( )

and N = 3(mod 4),
and N = 3(mod 4).

A(d, N) =
( ) —i ifd=1(mod 4

1 ifd =3(mod 4

on-3)/2(Xn/d» Xai 1)q"

26



Part 3 — Modular identities




Constant terms

Let a € Z and ¢ € Ny be coprime. For an f(z) € My(F'o(N), x) we
denote the constant term of f(z) in the Fourier expansion of f(z)

at the cusp a/c by

az+b>

e [R —k
[f]a/c T zl—lg]oo(cz + d) f (CZ +d

b
where b, d € Z are such that ? J € SL»(Z). The value of
c

[f]./c does not depend on the choice of b, d.

27



Modular identities

To get necessary modular identities from the above theorem we
need to compute [fs,_,]1/4 for each d | N. It is known that we
have

o\ (V-1)/2
[fon_r]ija = <1> M’
d JN

where the quadratic Gauss sum Gpy(a, c¢) for N, a, c € N is defined
by

GN(a, C) — Z e27T139N(X)/C'

x€(Z/cZ)N
Therefore to calculate [fy,_,]1/4 we need to calculate Gy_1(1, d).

28



Gauss sum

Lemma

Let N € N. Let o, 3,y € N be mutually coprime. Then we have

Gn (v, aB) = Gn(By, a) Gu(ay, B).

29



Gauss sum - Recursion formula

Proposition

Let p be an odd prime, N € N be such that N > p—1 and a € N

are coprime to p. Then we have

ip—p?)/2 . (g),;P/Z ifN=p—1, orp,
GN a,p) =
(2.p) i(p—p%)/2 . (g) pP2Gy_p(a,p)  if N > p.

30



Gauss sum

Proposition
Let N > 1 be an odd positive squarefree integer and let p be a
prime divisor of N. If gcd(a, p) = 1, then we have

Gn-1(a, p) = iN=NP)/2. <Z>PN/2-

31



Gauss sum

Theorem

Let N be an odd positive squarefree integer, let d be a divisor of
N, and let a € Z with gcd(a,d) = 1. Then we have

a (N—
Gua(a,d) = (3) -1tz ghr2

32



Constant term of the theta function

Theorem

Let N be a positive squarefree integer such that gcd(N,6) =1
and d be a divisor of N. Then we have

[fon+ (2aja = 14N \/d/N.

33



Theta function in terms of Eisenstein series

Corollary
Let N be a positive squarefree integer such that gcd(N,6) = 1.
We have

1- N
fon_(2) =1+ _ C(d, N)(N/d)(’\’—3)/28()
d|N (N-1)/2,xn

X ZJ(N—3)/2(XN/d7 Xd:n)q"
n>1

+ G(2),
where C3(z) is some cusp form in S(y_1)/2(Fo(N), xn), with

{(1-Nd)/2

_ _ 4~ (N=1)/2
C(d”")::;\(c/,/\/):w)(i)(f)

34



Eta quotients

We use eta quotients to relate N-colored Frobenius
partitions to the regular partition function.

The Dedekind eta function 7(z), which is a holomorphic function
defined on the upper half plane H is defined by the product formula

T](Z) _ e7riz/12 H(l o e27rin2) _ q1/24 H(l _ qn) _ q1/24(q; q)oo
n=1 n=1

The quotients of products of 1(dz) for d € N in the form

Hnrd(dz), rq € 7,
d|N

are called the eta quotients.

85



Eta quotients

Generating function of the partition function

We have
ql /24

Lemma

Let N be a positive squarefree integer such that gcd(N,6) = 1.
For each d | N, we have

n"((N/d)z)

n(dz) € Min—1)/2(Fo(N), xn)-

36



Constant terms of eta quotients

Lemma

Let ¢ | N. Then we have

sogan] [0 ()" e
1/c

d.
s 0 otherwise.

37



Eta quotients in terms of Eisenstein series

Theorem

Let N be a positive squarefree integer such that gcd(N,6) = 1.
Then we have

n"((N/d)z) _ N/d d (1-N)
0(d2) =Xn/4(0) + (T> C(d, N) - N Biv1)/20n
x> on—3)2(Xn/d> Xdi 1)q"
n>1

+ Cl(z)a

where Cl(Z) € S(N_l)/z(ro(N)aXN)-

38



Partition function in terms of Eisenstein series

For m € N we define the operator U(m) by

U(m)’ Z anq" = Z anmq".

n>0 n>0
Recall that
gt/
=) _P(n)q"
77(2) n>0

Applying the operator U(N/d) to the left-hand side of the previous
modular identity we obtain:

nM(N/d)z) _ NN d?
77(dz):(q’q)‘l>v"zp(d?n24d?>q .

n>0

U(N/d)

If we apply the same operator to the right-hand side of the previous
modular identity and use properties of the sum of divisor functions we

obtain the next modular identity. 39



Partition function in terms of Eisenstein series

Theorem

Let N be a positive squarefree integer such that gcd(N,6) = 1.
Then we have

B 1-N
xn/a(0) + C(d, N) - (N/d)N 3)/28()
(N—-1)/2,xn
X ZU(N73)/2(XN/(/, Xdin)q"
n>1

N N? — d?
= N/d-(q:9)% - Z'D <dg” - 24d2> q" + G(2),
n>0

where Cy(z) is some cusp form in S(y_1)/2(Fo(N), Xn)-

40



Recall: Theta function in terms of Eisenstein series

Theorem

Let N be a positive squarefree integer such that gcd(N,6) = 1.
We have
1-N)

o1 (2) =1+ Y C(d, N)(N/d)N-3)/2 B(
i (N=1)/2,xn

x ZU(N—3)/2(XN/d7Xd; n)q"
n>1

+ G(2),

where C3(z) is some cusp form in Sn_1y/2(Fo(N), xn)-

41



Recall that

Theorem (A., Nguyen (2023))
Let N be a squarefree positive integer with gcd(N,6) = 1.
i) Then for all n € Ny we have

<N N? — d?

con(n) =Y N/d-P ah - M) + b(n),

dIN
where C(z) := (q; )N, >°°°, b(n)q" is a cusp form in
Sin-1)72(Fo(N), xn)-
i) We have C(z) =0 if and only if N =5,7, or 11.
iii) If N #5,7, or 11, then there is no M > 0 such that b(n) =0
for all n > M.

42



We start by proving part i). By combining the previous modular
identities we obtain

N2_d2
for_1(2) = (9, 9) 5 Z ZP<d2 g >qn+C(z)

d|N n>0

for some C(z) € S(n—1)/2(To(N), xn). We divide both sides of this
by (g; )Y to obtain

N N?—d? C
> con(n)g" = ZN/d-P(dzn— 24d2> q"+ ,(Z)N.

n>0 nzo le (q1 q)OO

Then the result follows by comparing coefficients of g” above.

43



Now we prove part ii) of the theorem. When N > 29 a squarefree
positive integer coprime to 6 and d < N a divisor of N then

% — 24d2 2 < 0. Therefore since cép(1) = N? we have
2 _ d2
b(1) = copn(l %\:’N/d P (d2 T >

= con(1) — P </i/> = N2 #0.

Hence, when N > 29 is a squarefree positive integer coprime to 6,
we have C(z) # 0.

44



Similarly when N = 13,17,19, or N = 23 we have

b(1) = con(1) = N- P (’V - szz: 1) -F (/D

2640 if N=13,
170 £0 if N =17,
266 40 if N =19,
506 £ 0 if N = 23.

This shows that C(z) # 0 when N =13,17,19, or N = 23.
Therefore by Kolitsch identities, we have C(z) = 0 if and only if
N =57, or 11.
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Finally, we prove part iii) of the theorem. We prove it by
contradiction. Assume that there is an M > 0 such that b(n) =0
for all n > M, then we would have

%) M C(Z)
bg" = by = —
; i ; T @k

The right-hand side of this equation is a meromorphic modular

function and the left-hand side is an exponential sum. This is
C(z) _
(o)l
N = 5,7, or 11 in the proof of part ii) of the theorem.

possible only if

0, which is shown to be false unless

46



Part 4 — Asymptotic behavior




Asymptotic behavior

Let
1-N

- B Gy

U(n) C(d, N)(N/d)N=3 26y 3 5(Xnyds Xdi )-

We start by investigating the size of U(n).

Lemma
We have U(n) > 0 for every n € N and

U(n) > nN=3/2 jf N > 5,
U(n) > n/loglogn if N =5.

47



Asymptotic behavior

For each non-negative integer r, we define V,(n) for n > 0 by:

ZV,(n)q”: L — = (ZP(n)q”) :Z Z HP(X,-)q”.

n>0 (q' q)oo n>0 n>0 xeNj i=1
> xi=n

We have:
Proposition
Forr>1:

N Vr(n)
(i) n||—>r20 Ve(n—1)
(i) lim Vea(n)

n—oo V), ( n)

=1

= 0.

48



Proof — Asymptotic behavior

When N =5, 7 or 11 from Sturm s theorem, we have
con(n) =3 qn N/d - P (%n - 24d2 ) (# 0). Therefore the
statement for N =5, 7 or 11 follows immediately. From now on

assume N > 11. By a modular identity from before we have

fona(2) = 1= U(n)q" € Sn_1)2(To(N), xn)-

n>1

49



Proof — Asymptotic behavior

Thus, by using Hecke bound, we have

fou1(2) =1 = U(n)g" = O(nN"D/*)q

n>1 n>1

On the other hand, by another modular identity, we have

. N2 —d
(G > (N/d)> P <d2 7> —1->"U(n)g" € Sy_1/2(To(N), xn)-

2
d|N n>0 24d n>1

Hence, by using Hecke bound, we obtain

2
(q;q)éVoZ(N/d)ZP<CI,\£” N24dzd> —1- u(n)

d|N n>0 n>1

n>1
50



Proof — Asymptotic behavior

Now we let V(n) := Vy(n) so that

=> V(n)q

n>0

With this notation and the earlier arguments, we obtain

con(n)— > V(m = o( > V(m)E(Nl)/4>7

{+m=n {+m=n

and

N2 —

Z(N/d)ZP((’j\gn TR ) > V(m

d|N n>0 {+m=n

=0 ( > V(m)e(’Vl)/“) . o

/+m=n



Proof — Asymptotic behavior

From above we have
lim cén(n)
n—00 N N2 — d?
S o (B 2

d|N
> V(m)u(€)+0< > V(m)e(N—W“)

{+m=n l+m=n

Hoo > V(m)u(£)+0< > V(m)e(NW“)

{+m=n
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Proof — Asymptotic behavior

To obtain the desired result, we prove:

> V(mydNDA = o ( > V(m)U(€)> as n — oo.

¢+m=n {+m=n

Since N > 11, we have that 2/(¢) > ¢(N=3)/2 dominates ¢(N-1)/4
when /¢ is large.
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Theorem (A., Nguyen (2023))
Let N be a squarefree positive integer with (N,6) = 1. We have

N  N2— g2
con(n) ~ > N/d-P (dQn — 24d2>

d|N

as n — oQ.
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Thanks!
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