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Finding odd values of p(n)
Introduction and Statement of Results

THE PARTITION FUNCTION

DEFINITION

p(n) :z#{)\:()\l2...2>\T>0)‘7“>0,Z)\¢:n}.

7

EXAMPLE
p(4) = 5 because

4=3+1=2+4+2=2+1+1=1+1+1+1.
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HARDY-RAMANUJAN-RADEMACHER FORMULAS

THEOREM (HARDY-RAMANUJAN, 1917)

1 Tn

eVE
4n\/§

p(n) ~

THEOREM (RADEMACHER)

= d
p(n) = B ’;Ak(”)\/%%

=9
where
X 17‘ hr 1
o mis(h,k)—2mwinh/k
Axm):= 3 e with s(h, k) Zg(*—{ J_§>
0<h<k =il

(h,k)=1
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PARTITION CONGRUENCES

THEOREM (RAMANUJAN, 1919)

For all m € N, we have
p(bm+4) =0 (mod 5)

p(Tm+5)=0 (mod 7)
p(1lm +6) =0 (mod 11)

THEOREM (WATSON, 1938; ATKIN, 1967)

0 (mod5%)if 24n=1 (mod 5%)
p(n) =0 (mod 7°)if 24n =1 (mod 7%72)
0 (mod 11°) if 24n =1 (mod 11°)
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PARTITION CONGRUENCES

THEOREM (ATKIN, 1968; ATKIN-O’BRIEN, 1967)
p(11%-13m +237) =0 (mod 13)
p(169n — 7) = kgp(n) (mod 13%) if 24n =1 (mod 13¢%)

where kq 18 an integer depending only on d.

THEOREM (ONO, 2000)

Let m > 5 be a prime, and let k be a positive integer. A positive
proportion of the primes £ have property that

mke3n + 1
p —

o )EO (mod m)

for every nonnegative integer n coprime to L.
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Introduction and Statement of Results

PARITY DISTRIBUTIONS OF p(n)

x #{p(n) odd : n < z} | Proportion
50000 25016 0.50032
100000 50200 0.50200
150000 75041 0.50027
200000 99766 0.49883
250000 124703 0.49881
300000 149758 0.49919
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PARITY DISTRIBUTIONS OF p(n)

CONJECTURE (PARKIN-SHANKS, 1967)

lim #{p(n) odd : n < x} 1

THEOREM (BELLAICHE-NICOLAS, 2016)
#{p(n) odd:n < x} > \/x/(logz)"/8.
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SUBBARAO’S CONJECTURE

THEOREM (ONO, 1996; RADU, 2012)
Ift >r >0, then

H{N =r (modt):p(N) odd}| = oo,
H{M =r (modt):p(M) even}| = oco.

OPEN PROBLEM

Construct explicit sequences of partition values of known parity.)
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FINITE SETS

THEOREM (EULER)

e n i n n(3n—1) n(3n+1)
(=g =1+> ()" ("5 +¢757).
n=1

n=1

THEOREM (GAUSS)

_q2m)2
Yoo d =TI, (11_qqn) , Ta=n(n+1)/2

CONSTRUCTION
Z?LOZO an = Hiil(l - q4n) : 2211 p(n)g" (mod 2)

= p(Tn — (642 £2§)) is odd for some j.
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SETS OF p(n) WITH ODD ELEMENTS

ONO’S QUESTION

Infinitely many nontrivial finite sets with some odd p(n)?

THEOREM 1 (C.-Z.)
If £ > 0 is odd, 51 ¢, the following finite sets contain an odd

element: 2
50 —5 . :
{p( 3 —16]) Z]EZZ()}

12502 — 21 AN
{p<8—64]):]6220}.
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EXAMPLES

EXAMPLE
¢ | Values from Set (1) ‘ Values from Set (2)
1 {p(0) =1} {p(13) = 101}
3 {p(5) =17} {p(10),p(74), p(138)}
7 {p(14),p(30)} {p(59),p(123),...,p(763)}
9 {p(18),p(34),p(50) } {p(47), p(111),...,p(1263)}
11 | {p(11),p(27),p(43),p(59),p(75)} | {p(32),p(96),...,p(1888)}

TABLE: Odd p(n)’s in blue

REMARK
The theorem is sharp.
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How DO WE PROVE THIS?

MODULAR FORMS
MOD 2
AND
HECKE NILPOTENCY
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MODULAR FORMS

DEFINITION
f:H — Cis a weight k modular (resp. cusp) form over SLy(Z) if:

@ f is holomorphic;

Q7 <ij_—2> = (cz + d)¥ f(2) for any (Ccl Z) € SL2(Z);

Q f= ZTLZHO ar(n)g™ (q:=e*™), ng >0 (resp. ng > 1).

DEFINITION

My, (resp. Sk) = space of weight k& modular (resp. cusp) forms.
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EXAMPLES OF MODULAR FORMS

EISENSTEIN SERIES

Ey(2) =1+240) o3(n)q", Ee(z) =1-1504> o5(n)

n>1 n>1

We have By = Eg =1 (mod 2).

DELTA FUNCTION

~a[[a -

REMARK
The elements of My NZ[[q]] are polynomials in Ejy, Eg, A.
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MOoODULAR FORMS MoOD 2

DEFINITION
(mod 2) : f € My N Z[[q]]},

Let My = {f = X as(n)q" =
Si={f =Y agn)g" = f (mod 2): f € Sy NZ[ql]}.

Fact
S Mj, can be identified by Fy[A] C Z[[q]].

PROPOSITION
oo
A= Z g/ Al (mod 2).

m=1
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HECKE OPERATORS

NOTATION
The Hecke operator T, for prime p acts by

Ty | f = Z (af(pn) “‘pkflaf(n/p)) 4"

n=1

where af(n/p) ;=0 if p{n.

Fact
T, preserves My, (resp. Sk).

REMARK
Hecke operators commute: Ty, 1), | f = Tp, Ty, | f-

C. Cossaboom, S. Zhou Finding odd values of p(n)



Finding odd values of p(n)
Introduction and Statement of Results

HECKE OPERATORS MOD 2

ACTION OF T}, MODULO 2
If f=> a(n)q", we have

T,| f=> (a(pn) +a(n/p))q" (mod 2) (p+#2),

n=1

To| f= Za(Zn)q” (mod 2).
n=1
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HECKE NILPOTENCY

THEOREM (SERRE, TATE 1994)
T, (p # 2) act “locally nilpotently” on Fo[A].

DEFINITION

The degree of nilpotency of a cusp form f is

d(f) =min{d >0:Tp,...Tp, | f =0, Vp1,...,pq primes}.
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EXAMPLES

EXAMPLES
e T, | A =0 for any prime p, so d(A) = 1.
A if p=3 (mod 8)

o d(A3) =2 since T) | A® =
0  otherwise.

QUESTION
What about d(f) for f = A28 + A0 4 A7 4 A7

REMARK
In general, d(f + g) < max{d(f),d(g)}, but not equal.
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NATURAL QUESTIONS

QUESTIONS
@ How does one overcome d(f + g) # max{d(f),d(g)}?

@ How does one calculate d(f)?
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COMPUTING d(f)

THEOREM 2 (C.-Z.)
e f o Z AT Write f Zf]7 where f] = Z A Then

e va(mi)=j
Q For each j, we have d(f;) =j+d (Z Am1/2j>

@ d(f) = max{d(f;)}.

va(mq)=j

REMARK

Theorem 2 is a key part of our algorithm for computing d(f).

C. Cossaboom, S. Zhou Finding odd values of p(n)



Finding odd values of p(n)
Computing d(f)

WORK OF NICOLAS AND SERRE

Fact

The Hecke algebra T),, p # 2 is determined by 73 and T5.

DEFINITION

o The code of m = > 32, ;2" is [n3(m),n5(m)] € N?, where

oo oo
ng(k) = Bait12', ns(k) =) Paiya2"
i=0 i=0

e The height of m is h(m) = n3(m) + ns(m).

EXAMPLE

13=12%3+122 402! +1.20
ng(13) =121 +02° =2, n5(13) =12°=1=h(13) =2+1=3
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WORK OF NICOLAS AND SERRE

NOTATION

Let F C F3[A] denote the subspace generated by A, A3 A% .. ..
Let > order odd m lexicographically by (h(m),ns(m)).

THEOREM (NICOLAS—SERRE, 2012)
For f=A™ + ...+ A™" € F, with m1 = ma > ..., ordered by code,

T3n3(m1)T;5(m1) | f=A.

Moreover, d(f) = h(f) + 1= h(m1) + 1.
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EXAMPLE

EXAMPLE (ODD EXPONENTS)
Let f = A" + A'> + A7, Then, we have

Thus, we have

d(f) = h(f) + 1 = h(15) + 1 = n3(15) + n5(15) + 1 = 5.
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PROOF OF THEOREM 2

RECALL: THEOREM 2

Let f=3,50 Q™. Set fj =3, (mi=; AT and write f =3, f;.
(1) d(f;)=j+d (ZVQ(mi):j Asi), where s; = m; /272 (M),

(2) d(f) = max;{d(f;)}.

PROOF.

DT | f= Zaf(2n)q" (mod 2) = T, | Z A2Zmi — Z A

} n>0 m; EN m; EN
T | f5; =5 A% (mod 2) = d(f) >d(>A%)+j.
Converse inequality: induction on j.
(2) Goal: d(fi + f;) = max{d(f:),d(f;)}. WLOG, d(fi) > d(f;).
Indeed, T;3(T21'|fi)T;5(T27'|fi)T2i | (fi + f;) = A. O
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ALGORITHM FOR COMPUTING d(f)

Let f =) A™ be a cusp form.
STEP 1. Set fj = 3., (m=j A™
STEP 2. For each j, compute

d( 3 ’Amz‘/’”): max {h(m;/29)} + 1.

va(mo)=i v

STEP 3. For each j, compute

aif)=j+a( > A,

va(mi)=j

STEP 4. Find the degree of nilpotency of f using
d(f) = max {d(fj)}.

0<5<v

C. Cossaboom, S. Zhou Finding odd values of p(n)



Finding odd values of p(n)
Computing d(f)

EXAMPLE OF COMPUTING d(f)

EXAMPLE (MIXED EXPONENTS)
Consider f = A28 + A0 L AT 4 A%
(1) Decompose:
f=A1284 (A0 4 A% 4 AT = A2 (A15-22 + AQQ) + A7
(2) Compute degree of nilpotency for each component:
d(A?8) =7+ d(AY) =
d(A%0 + A%) = (A 2"' AQQ) =24 d(AP) =2+ h(15) =7,
d(A") =ng(7) + ns(7) + 1 = 3.
(3) Assemble:
d(f) = max{d(A'?8),2 + d(A'),d(A")} = max{8,7,3} = 8.
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NATURAL QUESTION

QUESTION

How many cusp forms have a given degree of nilpotency?

FIrRST GUESS

Seems plausible that there are infinitely many!
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COUNTING f WITH FIXED d(f)

THEOREM 3 (C.-Z.)
If n € N, then

#{f € BafA] 1 d(f) = n} = 2758 BT

PRrROOF.
@ For f =73, A™ define s; = m;/2v2(M) . Then

d(f) = max;{ns(s;) + ns(s;) + va(m;) + 1}.

@ There are (”;2) triples with
ns(s;) + ns(s;) +ve(m;) +1 < n.

@ This gives us 2("5%) cusp forms with d(f) < n.
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NATURAL QUESTION

QUESTION

o How are degrees of nilpotency distributed in spaces §k?

o Any limiting distribution as k& — co?
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DISTRIBUTIONS

THEOREM 4 (C.-Z.)

The degrees of Hecke nilpotency in spaces §k do not have a
limiting distribution as k — oo.

STRATEGY

We construct sequences of weights {k, }, {k},} such that

#{fd(f) =m,} 1 #{f:df) =me} 3

1Sk | 2’ 1Sk | 4’

where my, := max¢{d(f) : weight of f < k}.
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HISTOGRAMS
EXAMPLE
0.0 L L L 0.0 H=———me e L n
n—1 ) v : :
{kn} = {12,96,...,12 +12) 2%*! .} (K} := {ky, + 24}
=0

F1GURE: Histograms for weights 96 and 72.
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PARITY OF p(n)

THEOREM 5 (C.-Z.)
Fiz s > 1 and odd ¢ > 0 with 51 {. There exists some
ip€{iodd:0<i<2t—1,2n #2571 i1, V0<r<s—2}

such that the following finite set contains an odd element:
Biog2 _ 4°—1
p 873 —4S'j ‘jGZZO .

@ s =2 = Theorem 1, set (1).
@ s =3 = Theorem 1, set (2).

REMARK
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PROOF OF THEOREM 5

Parity of p(n)

q-series

Parity of coefficients of A(*+*~1)/3

combinatorics

Parity of coefficients of T2 ~'|A®*~1)/3

code

Parity of coefficients of A

C. Cossaboom, S. Zhou Finding odd values of p(n)



Finding odd values of p(n)
Odd partition values

STEP 1: ¢-SERIES
Let s > 1.

45 -1

o
(HZT 843>'(ip(k>q8’f+“?> (mod 2)
k=0

Using the convolution formula and comparing coefficients:

aAz;ssl(n)_p<n >+er(] ( 3 —45j> (mod 2).
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STEP 3: CODE

4° —1
°

3 — 1 4#0-2F1-22-0-23+1 -2 .o 419252

° [n3 (453_1),% (483_1” =[0,1+2+---+2°%=[0,2°"" —1].

o Using the code, we have,

271 A = A (mod 2).
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STEP 2: COMBINATORICS

STEP 2: COMBINATORICS

® ary|¢(n) is a linear combination of {ap(pin) : i <t,2] (i —1t)}.

af(n) : a(n)
/ AN
ar,|f(n) : a(pn)  a(p~'n)
/ AN / N
aTg|f(n) : a(p®n) 2a(n)  a(p >n)
7 N / N / N
an3|f(n) : a(p®n)  3a(pn) 3a(p~'n) alp3n)
/N /N /N 7 N
args(n): a(p'n) da(p®n)  6a(n) 4da(p~n) a(p”'n)

WARNING

a(n/p') := 0 whenever p { n.
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STEP 2 (CONT.)

CORRECTED DIAGRAM

For example, in the case where v,(n) = 0, we have:

as(n): a(n)
7N\
ar,|f(n) : a(pn) 0
% VRN
arz)s(n) : a(p’n)  a(n) 0
S NN
aT,?’If(n) : a(p?’n) 2a(pn) 0 0
SN TN N /N
apa;p(n): a(p'n)  3a(p®n)  2a(n) 0 0

NOTATION

cpti(n) is the coefficient associated with a(p‘n) in the tth row.

v
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STEP 2 (CONT.)

LEMMA

Given t,n € N, we have

epui(n) = Cpi—1,i-1(n) + cpi—1,i41(n) if max{—vp(n),—t} <i <t
e 0 if i < max{—vp(n),—t} ori >t.

V.

IDEA

¢p.ti(n) can be described by a modified Pascal’s triangle.
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1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 ) 10 10 5 1
1 6 15 20 15 6 1



-1 10 -4

15 =5

6 -3

20 -10

4 -3

10 -6 )

15-10

—4




1 1 0
1 2 1 0
1 3 3 1 0
1 4 6 4 1 0
1 5 10 10 ) 1 0



1 2 1 -1 0
1 3 3 -1 1 -1 0
1 4 6 -1 4 -2 1 -1 0
1 ) 10-t 10-3 5 -3 1 -1 0






1 1 0
1 2 0 0
1 3 ©) 0 0
1 4 5 2-2.1 0 0
1 5 9 721 2-2.1 0



1 1 0
1 2 0 0
1 3 2 0 0
1 4 5 0 0 0
1 5 9 ) 0 0 0
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STEP 2 (CONT.)

PROPOSITION

Let v := vp(n).

t 20+v—1 t—20+1—w
() -2 ( e+ 18] )( - m) (rmod 2)

Cp,t,i(n) =

REMARK

t
o p'|n= (,”) is sufficient

2

@ p'{n = remove overcounted contributions from a(n/p™), m > v,(4).
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STEP 2 (CONT.)

LEMMA
If 5t n, then

Ci = C50s-1_1,(n) =

0 (mod2) ifi=2°"1—2"—1 for some r € Z
1 (mod2) ifi#2t—2"—1VreZ.

PROOF.

=" =1 20— 1 27t ¢
Ci = <2sl1i> - Z < / ) <2511i _ K) (mod 2).
2 1<6<25—2-1 2

(287:71) isoddV0<a<2'—1 and (*;") is odd iff £ =2, so

2571 _ 2’V‘+1
ci=1+ Z 22711 _ o (mod 2).

1<r<s—3 2
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PROOF OF THEOREM 5

PROOF.

Set m = 43[7_1 and choose odd ¢ with 51 £.

T5257171 |A™ =A (mod?2) = Z aam(54*) =1 (mod 2).
0<i<2°"'—1 odd
274257 _i—1 Vr>0

Since aam (5¢?) is odd for some ig, there is some j > 0 such that

Biog2 _ 4°—1
p<83—45j =1 (mod 2).
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SUMMARY

THEOREM (C.-Z.)

d(f) = maxo<;j<o {j +d (ZVQ(W):J. Amj/Zj)} .

THEOREM (C.-Z.)

n(nt1)(n+2) (n=1)n(n+1)
6 -2 6 .

If n > 0, then #{f : d(f) =n} =2

THEOREM (C.-Z.)
Fix s > 1 and £ > 0 odd, 5 { £. Then there is some odd element in

ip2_45—1
{P(“%—‘ls'j) : jEZZO}

for some odd 4 <2571 —1,i#£2°1 —2" —1V0<r<s—2.
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